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SIX  PLACE  TABLES  OF  THE  DEBYE  ENERGY 
AND  SPECIFIC  HEAT  FUNCTIONS 
By  James  A.  Beattie 


The  computation  of  the  following  tables  was  begun  in  1920. 
The  Debye^  equations  for  energy  contents  and  specific  heats  of 
solids  had  not  at  that  time  been  completely  tested.  The  only 
tables  of  the  Debye  functions  are  those  contained  in  Nemst’s 
"  Theoretischen  und  Experimentellen  Grundlagen  des  Neuen 
W&rmesatzes  ”  (1918)  which  includes  a  table  for  C,  to  three 
significant  places  calculated  for  steps  of  0.1  in  the  argument,  and 
E 

a  table  for  —  to  four  or  three  places  for  steps  of  0.01  from  0  to  2, 

and  increments  of  0.1  from  2  to  16  in  the  argument. 

As  a  preliminarj-  to  a  comparison  of  the  Debye  eqviation  with 
the  experimental  data,  it  was  decided  to  compute  tables  of  these 
functions,  having  an  acciu^cy  of  six  significant  figures.  The 
time  has  not  been  available  for  a  study  of  the  experimental  data, 
and  hence  the  tables  are  now  published  alone.  Since  the  beginning 
of  the  present  computations,  comparisons  of  the  Debye  equations 
with  the  data  have  made  it  appear  improbable  that  the  Debye 
theory  gives  a  complete  explanation  of  the  specific  heat  of  solids. 
However  it  is  believed  that  such  functions  as  are  here  computed 
will  appear  in  more  complete  explanations  of  the  specific  heat  of 
solids;  moreover  the  same  definite  integral  which  occurs  in  the 
Debye  equation  has  appeared  in  other  theoretical  investigations, 
and  so  it  has  been  thought  best  to  present  the  tables  at  this  time. 

The  Debye  equations  are 


V 

C, 


9RT  f*y^dy 

K*  Jo  e^-1 

'Wo  e^—l 


) 


1  Debye,  Ann.  Phys.  (IV)  39,  789  (1912). 


(1) 


(2) 
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in  which  U  and  C,  are  the  energy  and  specific  heat  at  constant 
volume  of  a  solid,  R  is  the  gas  constant  per  mol,  T,  the  absolute 


0 

temperature,  and  x  —  — ,  where  6  is  a  temperature  characteristic  for 
^  hv 

each  solid,  and  has  the  value  9—-^.  In  this  expression  h  is 


Planck’s  constant,  a  frequency  characteristic  of  the  substance, 
and  k  the  value  of  R  divided  by  the  Avagadro  number. 

Since  R  is  an  experimentally  determined  constant,  whose  value 
is  known  to  only  about  0.03  per  cent,  a  table  should  be  independent 
of  its  absolute  value.  This  end  may  be  conveniently  accomplished 
by  noticing  that  when  7—  oo ,  x—O,  hence 

C«-3R  • 


and  we  may  therefore  write 


I 


U  _3  r*j^dy 

fcZ^^Jo 

C,  ^12  r*  ^dy  3x 

^Jo  ^-1 


(3) 

(4) 


The  functions  represented  by  equations  (3)  and  (4)  are  the  ones 
presented  in  Tables  I  and  II. 

The  definite  integral 


/•» 

Jo  7^ 


(5) 


occurs  in  both  equations  and  is  obviously  a  ftmction  of  x  alone. 
It  can  be  transformed  into  the  following  form* 


r  y*dy 

TT* 

6  ' 

Jo  e*—l 

“l5 

1 

'MX  n*x* 

n*x*‘ 

(6) 


To  calculate  the  value  of  the  integral  for  each  entry  in  the  table 
from  Equation  6  would  be  very  laborious.  Hence  this  equation 
was  used  to  calculate  the  function  only  for  each  increment  of 

•  Debye,  loc.  cit.  pp.  797  and  789. 

*  Debye,  loc.  cit.  pp.  801  and  802. 
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0.5  in  X  beginning  with  the  value  1  and  ending  with  24,  sufficient 
places  being  carried  to  give  an  accuracy  of  one  unit  in  the  tenth 
significant  figure.  • 

The  next  step  was  to  draw  up  a  table  for  increments  of  0.05  in 
the  argiunent.  For  this  interpolation,  use  was  made  of  Simpson’s 
rule  in  the  form 


i: 


fix)dx^ 


Ax 

T 


[/(a) + 4/  (xi)  ] + Uixid + 4/(xi)  +fixi)  ] 

•  •  •  +(/(*2»-2)  +  4/(X2».i)+/(5)] 

y* 

The  value  of  the  integrand  computed  for  each  increase 


of  .025  in  from  1  to  24,  *.e..  Ax  *0.025.  The  application  of 
Simpson’s  rule  gave  values  of  the  integral  (5)  for  each  increase  of 
0.05  in  the  argument.  For  these  calculations  the  values  of 
were  obtained  by  computing  the  value  of  y  logic  f  and  determining 
the  antilogarithms  using  Vega’s  Ten  Place  Tables  (Thesaurus 
Logarithmorum  1794).  y*  was  obtained  from  Barlow’s  Tables. 
All  multiplication  and  division  were  carried  out  with  the  aid  of  a 
mechanical  calculating  machine.  Simpson’s  rule  requires  the 
addition  of  four  quantities  for  each  successive  value  and  hence 
to  pass  from  1.0  to  1.5  by  steps  of  .05  requires  forty  additions. 

Therefore  the  number  of  significant  figures  retained  in  » were 


such  as  to  give  12  significant  figures  in  the  final  v^lue  of  the 
integral  although  only  ten  were  good  since  the  starting  value  for 
1.0  had  only  10  significant  figures.  By  this  method  however  no 
calculation  errors  were  introduced  by  the  use  of  Simpson’s  rule. 


At  each  successive  value  of  0.5  in  the  argument  the  value  of 


f’fdy 
Jo  ^-1 


calculated  to  ten  correct  figures  by  Equation  6  was  used  as  a 
starting  point  for  the  next  Simpson  rule  series. 

It  is  interesting  to  note  that  Simpson’s  rule  allows  of  a  most 
accurate  calculation  of  this  integral.  At  the  end  of  each  increment 
of  0.5  in  the  argiunent  the  value  of  the  integral  calculated  from 
Simpson’s  rule  was  compared  with  the  value  calculated  by  Equa¬ 
tion  6.  The  discrepancies  were 
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Series  Error  by  use  of  Simpson’s  rule 

1.0— 1.5  14  in  tenth  significant  figure 

1.5— 2.0  10  in  tenth  significant  figure 

2.0— 2.5  and  successive  series  0  in  tenth  significant  figure 


The  function  ■  ^  -  passes  through  a  maximum  at  about  2.80  and 
e^—1 


in  the  range  1.0  to  2.0  differs  from  a  quadratic  sufficiently  to  cause 
the  errors  given  above.  In  the  first  two  series  the  errors  were  dis¬ 
tributed  among  the  results  by  linear  interpolation  and  these  cor¬ 
rected  values  used  for  the  further  computation.  The  value  of 
the  integral  was  then  known  to  ten  significant  figures  for  each 
increment  of  0.05  in  x  from  the  value  1  to  the  value  24,  with  an 
allowable  error  of  2  in  the  tenth  place. 

For  the  next  interpolation  to  increments  of  0.01  in  the  argu¬ 
ment,  use  was  made  of  the  trapezoidal  rule;  since,  with  this  rule, 
it  is  possible  to  obtain  a  value  for  the  integral  for  each  calculated 
value  of  the  integrand. 

rf{x)dx~  ^  {[/(a)+/(xi)]+ [/(*!)+/(**)]+  .  .  . 


The  value  of  A  x  was  0.01. 

It  will  be  noticed  that  between  any  two  successive  known  values 
of  the  integral  only  four  unknown  values  remained,  i.e.,  of  the 
series  1.00, 1.01, 1.02,  1.03,  1.04, 1.05,  etc.,  the  value  of  the  integral 
for  the  two  end  figures  were  known.  It  was  therefore  believed 
that  the  trapezoidal  formula  would  give  results  accurate  to  about 
8  places  since  the  range  of  the  interpolation  was  so  small  and  the 

spacings  of  x  so  close  together.  The  value  of  —  was  calculated 
I  r  —  1 

for  every  increment  of  .01  in  the  argument  except  those  values 
ending  in  00  or  05,  which  had  been  already  determined.  Sufficient 
places  were  used  to  give  an  accuracy  of  9  places  in  the  added  values 
of  the  integral.  After  each  increment  of  .05  in  the  argument  the 
value  of  the  integral  determined  to  10  significant  figures  by  use 
of  Simpson’s  rule  was  used  for  the  next  series  of  foiu:  values,  and 
also  used  to  check  the  preceding  series. 

It  was  found  that  for  the  values  of  the  argument  1.0  to  2.0  it 
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was  Still  necessary  to  use  Simpson’s  rule  in  order  to  obtain  the 
required  accuracy.  Above  2.0  however  the  trapezoidal  rule  gave 
the  required  accuracy  and  was  used.  From  2  to  3  the  maximum 
error  due  to  the  use  of  this  rule  for  any  series  of  five  successive 
values  was  24  in  the  ninth  place,  and  this  was  distributed  linearly 
between  the  four  intervening  values.  Between  three  and  four 
the  maximum  discrepancy  was  14  in  the  ninth;  from  four  to  five, 
4  in  the  ninth;  and  above  five,  two  in  the  ninth  place. 


The  value  of  the  integral 


f’^dy 
Jo  e^—1 


was  now  known  for  each  .01 


increase  in  x  from  1  to  24,  with  an  accuracy  of  ten  places  for  those 
values  ending  in  0  or  5  and  to  nine  places  for  those  ending  in  1,  2, 
3,  4,  6,  7,  8,  or  9. 

The  functions  of  Equations  (3)  and  (4)  were  then  computed, 
using  in  every  case  nine  significant  figures  (all  the  figures  in  x* 
were  used)  until  the  last  operation  had  been  finished  when  the 
resulting  values  were  rounded  off  to  eight,  places.  The  first  and 
second  differences  were  determined  and  the  values  so  adjusted 
that  the  second  differences  were  smooth. 

C 

For  the  interval  0  to  1  in  the  argument  — -  was  expanded  into 

^^fOO 

a  f)ower  series  in  x,  *  giving  the  result 


i  -  IH  /■* 2!^  _  3x 
«  x*Joe^-l  e*-l 


- 1 .0-  0.05x*+ 1.78571429  X  10‘®x<  -  5.51 1464  X 10"  V 
+  1.57828X  10"*x®-4.336X  10"V®+  1.16X  10‘^*'*-3X  10"‘ V 


The  value  of  this  sum  was  computed  to  ten  significant  figures  for 

each  increment  of  .01  in  x.  In  order  to  obtain  — — — ,  it  is  necessary 

3x  .  ^ 

to  add  — - (which  must  be  known  to  ten  significant  figures)  and 

r  —  1 

divide  by  four.  It  is  therefore  necessary  to  know  the  value  of  e* 
to  twelve  places  for  the  smaller  values  of  *,  since  two  places  are 

*  Debye,  loc.  cit.  p.  799. 


I 


6 


BEATTIE 


lost  when  1  is  subtracted.  In  order  to  obtain  this  acau^cy  we 
notice  that 


f*-*-*-e'e* 


V  2!  3!  4!  5!  / 


and  when  h  » .01 


- 1.010050167084168  e* 


and  hence  beginning  with  e®  1  it  is  possible  to  obtain  e*  for  each 

step  of  .01  in  *  from  0  to  1  by  multiplication.  The  values  of  — ^ 
C 

and  — -  so  computed  were  roiuided  off  to  eight  significant  places, 
and  the  first  and  second  differences  made  and  smoothed. 


A  new  six  place  table  was  then  typewritten  from  the  eight  place 
table,  all  values  ending  in  50  or  over  in  the  eighth  place  being 
increased  one  unit  in  the  sixth.  The  six  place  table  was  differenced 
for  first  and  second  differences  and  the  second  differences  studied 


for  smoothness  in  all  cases  where,  in  the  eight  place  table,  the  last 
two  figures  were  between  47  and  53.  In  the  final  six  place  table 
two  successive  differences  never  differ  by  more  than  two  units 
in  the  last  place;  i.e.,  a  run  of  8,  8,  9,  7,  8,  8,  may  occur  but  not 
8,  8,  9,  6,  8,  8.  It  is  believed  that  the  maximum  error  in  the  final 
table  is  one  unit  in  the  sixth  significant  figure  and  that  this  should 
not  occur  very  often. 

The  table  ends  for  the  argument  24,  since,  above  this  value,  the 
functions  can  be  calculated  to  six  significant  places  from  a  simple 
cubic  expression.  From  Equation  6  when  x«24,  we  have 


-  —  -0.00000059 
15 


-  6.49393940  -  0.00000059 


and  since 


i: 


IT* 

Is 


the  error  introduced  by  neglecting  the  area  under  the  curve  from 
X  24  to  X  »  X  is  six  in  the  eighth  significant  figure.  The  value  of 


♦  % 
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— —  for  24  is  .0000000027  and  this  term  can  also  be  neglected 

C  . 

since  it  does  not  affect  the  sixth  significant  figure  of  — —  which  has 

the  value  0.00563710  when  the  argument  is  24.  For  greater  values 
of  X  the  errors  introduced  by  these  simplifications  are  still  smaller. 
Hence  we  can  set 

_U _ 

TC,^  15  X* 

_  19.481818 

c,.  15  X* 

77.92727 

*• 

The  tables  are  given  in  the  succeeding  pages.  It  is  suggested 
that  for  3^,  i.e.,  C,.,  the  value  5.9613  be  taken  if  the  15*  calorie 
is  used  in  the  measurement  of  energy,  5.9665  if  the  20*  calorie  is 
used,  and  24.9431  if  the  joule  is  used. 

In  order  to  obtain  9  the  characteristic  temperature  from  data 
on  specific  heat,  it  is  necessary  to  divide  C,  for  the  temperature 
T  by  5.9613  (C,„)  and  determine  the  argument  x  corresponding 
to  the  measured  value  of  C,  from  Table  II.  Multiplication  of  x 
by  T  gives  9.  To  obtain  the  total  energy  at  any  temperature  T 
knowing  9,  it  is  necessary  to  determine  x  by  dividing  9  by  T,  and 

find  the  value  — ^^—corresponding  to  the  known  value  of  x  from 

Table  I.  The  value  of  U  at  the  temperature  T  is  then  found  by 
multiplying  this  value  by  T  and  by  5.9613.  For  values  of  *  >24 
use  the  equations  given  at  the  bottom  of  the  tables. 


when  x>24 


when  jc>24 


A 
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Sumnuiry 

Tables  to  six  significant  figures  of  the  Debye  energy  and  specific 
.  heat  functions 


U  _S  f*  j^dy 
3RT^x>Jo  e'-l 
C,  /**  ^dy  _  3x 
Jo  e^-l  7^1 

have  been  prepared  for  values  of  x  from  0  to  24.  The  variable  x 

has  the  value  y  where  is  a  “characteristic  temperature  ”  of  the 

solid  in  question  and  T  is  the  absolute  temperature  at  which  C, 
and  U  are  measured.  For  3R  the  value  5.9613  calories  per  degree 
is  suggested  when  the  energy  is  measured  in  terms  of  the  15® 
calorie  and  24.9431  if  the  joule  is  used.  It  is  believed  that  the 
maximum  error  in  the  tables  is  one  unit  in  the  sixth  significant 
place. 

For  values  of  x  greater  than  24  an  error  of  less  than  one  in  the 
sixth  significant  figure  is  introduced  by  using  the  simple  equations 

U  19.481818 
3RT~  X* 

C,  77.92727 
3/?  "  X* 
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•^cfco  ^>afO  t^ooo  o  '«>o«  r»«a> 

ood  odd  odd  ^ 


V/2RT 


io<o 


t«ooa> 


'«>o<o  *^soa» 
meocq  comeo  coeoco 


U/ZRT 


20.0  0.00243522  0IX)243157  0.00242793  0.00242429  0.00242067  0.00241705  0.00241343  0.00240983  0.00240623  0. 
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8.0  0.138187  0.137750  0.137315  0.136881  0.136449  0.136019  0.135590  0.135162  0.134736  0.134312 


12.0  0.0447801  0.0446705  0.0445613  0.0444525  0.0443439  0.0442357  0.0441279  0.0440204  0.0439132  0. 


16.0  0.0190182  0.0189826  0.0189471  0.0189118  0.0188765  0.0188413  0.0188061  0.0187711  0.0187361  0.0187013 
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COMPOUNDS  OF  CAYLEY  PRODUCTS  OP 
DETERMINANTS  OF  HIGHER  CLASS 

By  Lbpinb  Hall  Ricb 

Binet  and  Cauchy  showed  that  the  product  of  two  rectangular 
matrices  is  a  matrix  whose  determinant  is  equal  to  the  stun  of 
the  products  of  corresponding  determinants  of  the  factor  matrices. 
In  a  limited  way  Gegenbauer  extended  the  theorem  to  matrices 
of  higher  cl^s  elongated  in  one  direction,  the  limitation  being 
upon  signancy.  Lecat^  has  removed  this  limitation.  We  wish  to 
use  this  generalized  Binet-Cauchy  relation,  but  as  Lecat  reserves 
his  proof  for  later  publication  we  first  offer  a  proof.  We  then  by 
means  of  the  extended  relation  show  that  adjoints  and  compounds 
of  Cayley  products  of  determinants  of  any  classes  and  any  signan- 
cies  are  the  like  Cayley  products  of  the  adjoints  and  compounds 
of  the  factor  determinants,  thus  generalizing  the  theorems  known 
for  ordinary  or  2-way  determinants*. 

To  prove  the  generalized  Binet-Cauchy  relation  we  make  use 
of  an  extended  Albeggiani  expansion  established  in  a  previous 
paper.*  We  here  restate  it.  Albeggiani  showed  that  if  any  k 
2-way  matrices  of  order  n  be  added,  the  sum  is  a  matrix  whose 
determinant  can  be  expressed  as  an  algebraic  sum  of  products  of 
minors*  drawn  from  the  k  matrices.  The  minors  are  drawn  as 
follows:  from  any  matrix  a  minor  of  any  order  (an  element  being 
considered  as  a  minor  of  the  first  order)  is  taken,  then  from  any 
other  matrix  a  minor  of  any  order  is  taken  whose  rows  and  col¬ 
umns  are  all  different  in  their  position-numbers  from  those  of  the 
first  minor,  and  so  on  until  the  sum  of  the  orders  of  the  minors 
taken  is  n;  the  product  of  these  minors  is  formed,  and  to  it  a  sign 
is  prefixed  which  is  determined  in  the  usual  way  by  the  inversions 

^  M.  Lecat,  Coup  d'oeil  sur  la  thiorie  de  la  ntulHpUcalion  des  diterminants 
tupirieurs  dans  son  itat  actuel,  Ann.  Soc.  ici.  de  Bruxelles,  Vol.  XLVI  (1926), 
p.  1,  at  p.  16.  The  scope  of  Gegenbauer’s  work  is  here  stated. 

S  Compounds  of  Scott  product  determinants  are  treated  in  a  paper  with  that 
title,  by  the  present  writer,  in  Vol.  V,  No.  4,  p.  238,  June  1926,  ot  this  journal. 

*L.  H.  Rice,  Some  determinant  ex^nsions,  American  J.  of  Math.,  Vol  XLII 
(1920),  p.  237. 

4  By  minors  we  mean  the  determinants  of  minor  matrices;  the  same  usage 
is  employed  later. 
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of  order  in  the  n  row  numbers  and  the  inversions  of  order  in  the 
n  coltunn  numbers  as  they  occur  in  the  minors  of  the  product. 
Such  a  signed  product  is  called  a  signed  mixed  perjunct  of  the 
set  of  k  matrices;  at  one  extreme,  if  the  minor  first  taken  be  of 
order  n  this  alone  will,  with  a  plus  sign,  constitute  the  perjunct, 
while  at  the  other  extreme,  if  k^n,  there  will  be  n  individual  ele¬ 
ments  in  the  perjunct.  If  k<n,  the  latter  t)rpe  will  not  occur. 
Albeggiani’s  theorem  is:  If  A  be  any  2-way  determinant,  the  sum 
of  all  the  signed  mixed  perjuncts  of  any  set  of  matrices  whose  sum 
is  the  matrix  of  A,  is  an  expansion  of  A.  The  extension  referred  to 
is.  If  A  be  any  p-way  determinant,  the  sum  of  all  the  signed  mixed 
perjuncts  of  any  set  of  matrices  whose  sum  is  the  matrix  of  A,  is 
an  expansion  of  A.  In  this,  a  mixed  perjunct  means  a  product 
of  minors  drawn  precisely  as  in  the  2-way  case  from  different 
matrices  (now  p-way)  of  the  set;  and  the  sign  is  determined  by 
the  inversions  of  order  in  the  n  layer  numbers  of  each  signant 
direction. 

The  manner  of  use  of  this  extended  expansion  may  perhaps 
best  be  made  clear  by  framing  a  proof  of  the  Binet-Cauchy 
2-way  relation  by  means  of  Albeggiani’s  theorem.  Take  two 
rectangular  matrices  F  and  G,  F  having  r  rows  ahd  s  columns 
(5>r)  and  G  having  s  rows  and  r  coltunns,  and  form  the  matrix 
product  FG  of  r  rows  and  r  columns  with  5-nomial  elements  of 

J 

the  t3rpe  2  fagjk-  Form  a  set  of  ^  matrices  of  order  r,  of  which  the 

;th  has  for  its  general  element  ,-whose  stun  therefore  is  FG. 
Now  every  minor  (not  a  single  element),  of  whatever  order,  of 
each  of  these  matrices  vani.shes,  because  its  rows  are  proportional. 
Hence  all  the  non-vanishing  mixed  perjuncts  consist  each  of  r 
single  elements  lying  in  r  of  the  s  matrices.  But  any  r  of  the  s 
matrices  add  to  form  a  matrix  (with  r-nomial  elements)  which  is 
obviously  the  product  of  two  square  matrices  of  order  r  lying  in 
F  and  G  in  corresponding  positions  horizontally  and  vertically, 
respectively.  Therefore  the  determinant  of  FG  is  equal  to  the  sum 
of  the  products  of  corresponding  determinants  of  F  and  G. 

The  extended  Albeggiani  expansion  serves  in  the  same  way  to 
prove  the  generalized  Binet-Cauchy  relation.  Take  two  elon¬ 
gated  matrices  P  and  Q,  P  being  of  class  p  and  being  of  order  r 
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in  each  direction  except  the  pth  direction,  in  which  the  order  is 
s  (s>r),  and  Q  being  of  class  q  and  being  of  order  r  in  each  direc¬ 
tion  except  the  first  direction,  in  which  the  order  is  s.*  Thus  each  of 
the  files  of  the  last  direction  in  P  and  each  of  the  files  of  the 
first  direction  in  Q  consists  of  s  elements,  and  when  each  of  these 
files  of  P  is  multiplied  by  each  of  these  files  of  Q  the  elements 

of  the  Cayley  product  PQ  are  produced,  each  an  r-nomial.  The 
locant  of  an  element  of  PQ  consists  of  p-\-q—2  indices,  the  first 
p— 1  of  these  being  the  locant  of  the  file  of  P,  and  the  last  9— 1 
of  them  being  the  locant  of  the  file  of  Q,  combined  in  the  element. 
It  is  easy  to  see  that  a  Binet-Cauchy  relation  must  involve  a 
determinant  of  PQ  having  an  odd  number  of  signant  indices 
among  the  first  p—\  indices  and  an  odd  number  among  the  last 
q—\  indices,  and  must  involve  determinants  of  order  r  of  P  and 
Q  having  signant  the  same  indices  respectively,  plus  the  pth  index 
of  those  of  P  and  the  first-index  of  those  of  Q.  Fix  on  such  a  de¬ 
terminant  of  PQ  together  with  the  correlated  sets  of  determinants 
of  P  and  Q,  each  of  these  sets  consisting  of  (r)  determinants,  each 
determinant  of  one  set  corresponding  to  a  determinant  of  the  other 
set;  i.e.,  the  determinant  of  P  that  lies  in  the  pth  selection  of  r 
layers  of  the  last  direction  corresponds  to  the  determinant  of  Q 
that  lies  in  the  pth  selection  of  r  layers  of  the  first  direction.  We 
may  now  put  into  words  the  Binet-Cauchy  relation. 

The  determinant  of  PQ  is  equal  to  the  sum  of  the  products  of  corre¬ 
sponding  correlated  determinants  of  P  and  Q. 

In  proof,  we  form  a  set  of  (p-j-^— 2)-way  matrices  of  order  r, 
of  which  the  /th  has  for  its  general  element  the  ;th  term  in  the 
general  element  of  PQ.  Every  minor  (not  a  single  element),  of 
whatever  order,  of  each  of  these  matrices  vanishes.  The  reason  given 
in  the  2-way  case  does  not  apply  here,  but  a  reason  can  be  given 
in  the  2-way  case  which  will  apply  here.  Think  of  any  minor  of 
the  second  order  in  the  2-way  case,  and  any  term  of  it,  -fi’jgjk't 
where  *  and  t'  are  the  row  numbers  and  k  and  k'  the  column  num¬ 
bers  of  the  minor;  this  term  is  equal  and  of  oppc^te  sign  to  the 
term  ^f^gjk’  fvjgjh’,  therefore  the  minor  vanishes  by  pairs  of  terms, 

*  Either  matrix  might  be  dongated  in  any  direction;  the  directions  chosen 
are  for  convenience. 
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and  therefore  every  minor  of  whatever  order  vanishes.  So  here, 
the  typical  pair  of  terms  may  be  written  as 

=c  -0. 

the  signs  being  opposite  because  an  odd  number  of  signant  k’s 
have  suffered  interchange.  Hence  all  the  nonvanishing  mixed 
perjuncts  of  the  set  of  s  matrices  consist  each  of  r  single  elements 
lying  in  r  of  the  s  matrices.  But  any  r  of  the  s  matrices  add  to 
form  a  matrix  (with  r-nomial  elements)  which  is  obviously  the 
product  of  the  matrices  of  two  "  corresponding  correlated  determi¬ 
nants  of  P  and  Q"  specified  in  the  theorem;  whose  determinant, 
then,  is  the  product  of  these  determinants.  The  sum  of  all  such 
products  thus  equals  the  sum  of  the  signed  mixed  perjuncts,  and 
this  equals  the  determinant  of  PQ. 

We  now  apply  this  generalized  Binet-Cauchy  relation  of  Lecat 
to  compounds.  Let  A  and  B  be  matrices  of  classes  p  and  q  and 
of  order  n.  Take  any  determinant  of  A  having  the  last  index 
signant,  and  any  determinant  of  B  having  the  first  index  signant. 
Form  the  Cayiey  product  matrix  AB,  and  take  that  determinant 
of  A  B  whose  signant  indices  are  the  same  as  those  of  the  determi¬ 
nants  of  A  and  B  (other  than  the  last  of  A  and  the  first  of  B), 
which  is  therefore  the  product  of  those  determinants.  Form  the 
mth  compounds  of  these  three  determinants.  If  we  write 

then  an  element  of  the  mth  compound  of  A  (B)  is  obtained  by 
letting  the  *’s  each  take  only  certain  m  values.  Denote  by 
writing  a  Greek  letter  [under  an  index  that  it  may  take  oily  certain 
m  values  identified  by  the  Greek  letter.  From  the  matrix  A  form 
a  matrix  A'  by  deleting  all  but  m  layers  of  every  direction  but  the 
last,  deleting  all  but  the  i,th  selection  of  m  layers  of  the  gth  direc¬ 
tion.  From  the  matrix  B  form  a  matrix  B'  by  deleting  all  but  m 
layers  of  every  direction  but  the  first,  deleting  all  but  the  /t,th 
selection  of  m  layers  of  the  gth  direction.  These  matrices  are 
elongated  in  the  last  and  the  first  direction  respectively,  and  play 
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the  parts  of  the  preceding  P  and  Q.  Form  the  Cayley  matrix 
product  A'B': 

m 


. 

hk\k%.Jlq 

- 

•1  ‘F-l 

«a  «« 

‘1  *1 

This  is  of  order  m  and  is  a‘  minor  matrix  of  AB,  and  its  determinant 
is  an  element  of  the  mth  compound  of  the  determinant  of  AB. 
Therefore  this  element  is  equal  to  the  siun  of  the  products  of 
corresponding  correlated  determinants  of  A'  and  B'.  But  these 
two  sets  of  correlated  determinants  are  elements  of  the  mth  com¬ 
pounds  of  the  determinants  of  A  and  B\  more  precisely,  they  are 
the  elements  of  a  file  of  the  last  direction  of  the  compound  of  the 
determinant  of  A,  and  the  elements  of  a  file  of  the  first  direction 
of  the  compound  of  the  determinant  of  B\  and  still  more  precisely, 
the  locants  of  these  files,  respectively  and  when 

combined  form  the  locant  of  the  element  of  the  compoimd  of  the 
determinant  of  AB.  We  have  therefore  proved 

Theorem  I.  The  mth  compound  of  a  Cayley  product  of  two 
determinants  of  any  classes  and  any  signancies  is  the  like  Cayley 
product  of  the  mth  compounds  of  the  factor  determinants. 

In  particular  the  theorem  applies  to  (n  — l)th  compounds.  An 
(n  —  l)th  compound  is  of  order  n  and  may  be  formed  by  replacing 
each  element  of  the  determinant  by  its  complementary  minor  in 
the  determinant.  The  adjoint  of  the  determinant  may  be  obtained 
from  the  (n  — l)th  compound  by  multiplying  each  even-numbered 
layer  of  each  signant  direction  by  —  1,  since  this  turns  every  com¬ 
plementary  minor  into  a  cofactor.  We  shall  now  prove 

Theorem  n.  The  adjoint  of  a  Cayley  product  of  two  determinants 
of  any  classes  and  any  signancies  is  the  like  Cayley  product  of  the 
adjoints  of  the  factor  determinants. 

Proof.  Starting  with  the  (n  —  l)th  compounds  of  the  determi¬ 
nants  of  A,  B,  and  AB,  first  let  us  multiply  by  —1  each  even- 
numbered  layer  of  each  signant  direction  except  the  pth  direction 
in  the  (n— l)th  compound  of  the  determinant  of  A,  and  at  the 
same  time  multiply  by  —  1  the  same  layers  of  the  corresponding 
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directions  in  the  (n  — l)th  compound  of  the  determinant  of  AB, 
which  are  all  the  signant  directions  among  its  first  p—l  directions. 
Secondly,  let  us  multiply  by  —1  each  even-numbered  layer  of 
each  signant  direction  except  the  first  direction  in  the  (n— l)th 
compound  of  the  determinant  of  B,  and  at  the  same  time  multiply 
by  —1  the  same  layers  of  the  corresponding  directions  in  the 
(ti  — l)th  compotmd  of  the  determinant  of  AB,  which  are  all  the 
signant  directions  among  the  last  q—l  directions.  We  have  now 
turned  the  latter  compound  into  the  adjoint  of  the  determinant 
of  AB,  but  we  have  not  quite  produced  the  adjoints  of  the  determi¬ 
nants  of  A  and  B.  We  must  still  multiply  by  —1  the  even- 
numbered  layers  of  the  pth  direction  of  the  compound  of  the 
determinant  of  A  and  those  of  the  first  direction  of  the  compound 
of  the  determinant  of  B,  using  thus  an  even  number  of  —  I’s. 
Remembering  that  each  element  of  the  compound  of  the  determi¬ 
nant  of  y4B  is  expressible  as  an  n-nomial  whose  even  terms  are 
products  of  elements  from  the  layers  just  operated  on,  we  see 
that  all  that  is  left  to  do  is  to  prefix  the  sign-factor  —  1  to  both 
elements  of  each  such  product  in  order  to  make  the  adjoint  of 
the  determinant  of  A  B  take  the  form  of  the  Cayley  product  of 
the  adjoints  of  the  determinants  of  A  and  B. 


NOTE  ON  SURFACES  IN  A  NON-RIEMANNIAN  SPACE 
By  C.  L.  E.  Mooeb 


1.  In  1907  Segre'  wrote  his  fundamental  paper  on  Differential 
Projective  Geometry,  which  caused  great  activity  among  the 
young  geometers  of  Italy.  Ten  years  later  Levi-Civita*  introduced 
into  Riemannian  geometry  his  notions  of  parallelism.  Since  then 
geometers  all  over  the  world  have  been  very  active  developing  both 
Riemannian  and  non-Riemannian  geometry.  It  is  the  purp)ose  of 
this  note  to  show  how  the  methods  of  Segre  can  be  applied  to  this 
new  geometry.  I  shall  have  need  of  only  contravariant  vectors  and 
define  parallelism  of  these  and  make  no  assumption  concerning 
covariant  vectors. 

•  The  parallel  displacement  of  a  vector  ^  is  defined  by 

+  Ty  r  dx  »0,  r,  i,  1,  2  .  .  .  n.  (1) 

The  fimctions  Fy  will  be  assumed  to  be  symmetric  in  *.  j.  This 
system  is  neither  covariant  nor  contravariant  but  is  written  in  this 
form  (one  upper  and  two  lower  indices)  so  that  Einstein’s  conven¬ 
tion  of  summing  on  repeated  indices  (one  upper  and  one  lower) 
can  be  used. 


2.  Surfaces  in  S-qmce.  First  let  us  consider  a  surface  lying 
in  a  non-Riemannian  space  of  three  dimensions.  Let  the  co6rdi- 
nates  x  of  the  space  be  functions  of  two  parameters  u,  v,  and  let 
these  functions  be  assumed  to  be  continuous  and  to  possess  con¬ 
tinuous  derivatives  of  the  first  few  orders.  Then  the  tangent  vec¬ 
tors  to  the  codrdinate  lines  passing  through  a  point  P  are 

d«’  •  dv 

and  the  tangent  plane  at  P  is 

(3) 

where  8  is  the  generalized  Kronecker  symbol.* 


1  Su  una  classa  di  superficie  eoc.  Atti  di  Torino,  1907. 

*  Nozioni  di  parallelismo  in  una  varieta  qualunque.  Rend.  Circoto.  Mathe- 
matico  di  Palermo,  Vol.  42,  1917. 

*  Mumaghan,  Bulletin  Amer.  Math.  Soc.  Vol.  31  page  323.  Moore,  this 
Journal  Vol.  5  page  190. 


38 


RICB 


directions  in  the  («  — l)th  compound  of  the  determinant  of  AB, 
which  are  all  the  signant  directions  among  its  first  p—\  directions. 
Secondly,  let  us  multiply  by  —1  each  even-numbered  layer  of 
each  signant  direction  except  the  first  direction  in  the  (n— l)th 
compound  of  the  determinant  of  B,  and  at  the  same  time  multiply 
by  —1  the  same  layers  of  the  corresponding  directions  in  the 
(«  — l)th  compound  of  the  determinant  of  AB,  which  are  all  the 
signant  directions  among  the  last  9  —  1  directions.  We  have  now 
turned  the  latter  compound  into  the  adjoint  of  the  determinant 
o(  AB,  but  we  have  not  quite  produced  the  ad  joints  of  the  determi¬ 
nants  of  A  and  B.  We  must  still  multiply  by  —1  the  even- 
numbered  layers  of  the  ^h  direction  of  the  compound  of  the 
determinant  of  A  and  those  of  the  first  direction  of  the  compound 
of  the  determinant  of  B,  using  thus  an  even  number  of  —  I’s. 
Remembering  that  each  element  of  the  compound  of  the  determi¬ 
nant  of  A  B  is  expressible  as  an  n-nomial  whose  even  terms  are 
products  of  elements  from  the  layers  just  operated  on,  we  see 
that  all  that  is  left  to  do  is  to  prefix  the  sign-factor  —  1  to  both 
elements  of  each  such  product  in  order  to  make  the  adjoint  of 
the  determinant  of  A  B  take  the  form  of  the  Cayley  product  of 
the  adjoints  of  the  determinants  of  A  and  B, 


NOTE  ON  SURFACES  IN  A  NON-RIEMANNIAN  SPACE 
By  C.  L.  E.  Moou 

1.  In  1907  Segre'  wrote  his  fundamental  paper  on  Diflferential 

Projective  Geometry,  which  caused  great  activity  among  the 
yotmg  geometers  of  Italy.  Ten  years  later  Levi-Civita*  introduced 
into  Riemannian  geometry  his  notions  of  parallelism.  Since  then 
geometers  all  over  the  world  have  been  very  active  developing  both 
Riemannian  and  non-Riemannian  geometry.  It  is  the  purp>ose  of 
this  note  to  show  how  the  methods  of  Segre  can  be  applied  to  this 
new  geometry.  I  shall  have  need  of  only  contravariant  vectors  and 
define  parallelism  of  these  and  make  no  assumption  concerning 
covariant  vectors.  '■ 

•  The  parallel  displacement  of  a  vector  ^  is  defined  by 

(1) 

The  functions  Fy  will  be  assumed  to  be  symmetric  in  ».  j.  This 
system  is  neither  covariant  nor  contravariant  but  is  written  in  this 
form  (one  upper  and  two  lower  indices)  so  that  Einstein’s  conven¬ 
tion  of  stunming  on  repeated  indices  (one  upper  and  one  lower) 
can  be  tised. 

2.  Surfaces  in  3-space.  First  let  us  consider  a  surface  lying 
in  a  non-Riemannian  space  of  three  dimensions.  Let  the  co6rdi- 
nates  x  of  the  space  be  functions  of  two  parameters  u,  v,  and  let 
these  functions  be  assumed  to  be  continuous  and  to  possess  con¬ 
tinuous  derivatives  of  the  first  few  orders.  Then  the  tangent  vec¬ 
tors  to  the  coordinate  lines  passing  through  a  point  P  are 

*;-!*.  (2) 


and  the  tangent  plane  at  P  is 


where  8  is  the  generalized  Kronecker  symbol.* 

1  Su  una  classa  di  superficie  ecc.  Atti  di  Torino,  1907. 

I  Nozknu  di  parallelismo  in  una  varieta  qualiinque.  Rend.  Circolo.  Mathe- 
matioo  di  Palermo,  Vol.  42,  1917. 

>Mumaghan,  Bulletin  Amer.  Math.  Soc.  Vol.  31  page  323.  Moore,  this 
Journal  Vol.  5  page  190. 
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Any  direction  through  P  b 

dx  •*Xudu-\-}hdv.  (4) 

The  tangents  to  the  parametric  lines  at  the  point  jc' are 

^  dv,  jc;  +  dv.  (5) 

du  dv  du  dv 

The  directions  through  P  parallel  to  the  directions  (5)  are  (neglect¬ 
ing  infinitesimals  of  higher  order) : 

✓.-I-  ifil  dtt  +  ^v+  ry  (xi-l-  dv)  ixidu+4  dv). 

du  dv  y  du  dv  ' 

(6) 

4-\-  ^du+^dv\-Tij(xi+  ^du-^^dv)ixidu+xidv). 
du  dv  ^  du  dv  r 

Since  by  (1)  a  pencil  of  vectors  is  carried,  by  a  parallel  displace¬ 
ment,  into  a  pencil  of  vectors,  the  plane  at  P  parallel  to  the  tangent 
plane  to  the  surface  at  the  point  3^ -\-dx^  is  determined  by  the  t 

vectors  of  (6).  The  conjugate  to  the  direction  (4)  is  then  defined 
as  the  direction  in  which  this  last  plane  cuts  the  tangent  plane  at 
P.  This  is  entirely  analogous  to  the  definition  of  conjugate  direc¬ 
tions  in  ordinary  3-space. 

The  intersection  of  (3)  and  the  plane  determined  by  (6)  is 
(Mdu-j-  Ndv)xu—{Ldu-\‘Mdv)4 

where 

L~\x[:Cxnu\,  M^\x,4x„\,  iV- lacIaiCl 

if  we  put 
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The  direction  of  the  intersection  is  then 

Mdu-^Ndo  Su 
L  du+M  dv 
or 

Ldu^+M{du^+dvSu)-\- N  dv^^O.  (7) 

(At  the  outset  we  assumed  that  the  Fy  were  symmetric  in  *,  /. 
This  was  necessary  in  order  to  make  (7)  take  this  symmetric  form.) 
The  asymptotic  or  self-conjugate  directions  are  defined  by 

,  L  du*■^■2M  du  dv+Ndv^~ 0.  (8) 

By  assuming  the  asymptotic  lines  for  parametric  lines  this  becomes 
Mdudv~0  (80 

or  in  other  words  the  codrdinates  satisfy  the  relations 
L~N~0. 

This  is  equivalent  to  saying  that  the  coordinates  of  the  surface  are 
solutions  of  the  two  sets  of  partial  differential  equations 

jci,  — r—1,  2,  3. 

In  this  case  there  are  three  equations  in  each  set  while  in  ordinary 
3-space  there  is  a  single  equation.  From  the  definition  of  L  we 
see  that  L  —  0  shows  that  the  vector  *1*  lies  in  the  tangent  plane 
but  is  the  vector  at  P  which  is  parallel  to  the  para¬ 

metric  ciu^e  t)  — const,  at  the  point  u-\-du  and  this  will  likewise  lie 
in  the  tangent  plane.  In  ordinary  space  we  can  define  the  osculat¬ 
ing  plane  as  the  plane  passing  through  the  tangent  line  and  parallel 
to  the  nearby  tangent  line.  Here  then  we  will  define  the  osculating 
plane  as  the  plane  determined  by  the  tangent  vector  at  P  and  the 
vector  through  P  parallel  to  the  near  by  tangent  vector.  Hence  L  —  0 
shows  that  the  osculating  plane  of  an  asymptotic  line  is  tangent  to 
the  surface.  If  a  pair  of  conjugate  directions  are  taken  as  parametric 
then 

M-0 

which  states  that  the  tangent  vector  to  one  parametric  line  is 
moved  by  parallelism  along  the  other  parametric  line  into  a  tan¬ 
gent  to  the  surface. 
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If 


LN-AP~0 

the  asymptotic  directions  coincide.  If  this  is  identically  satisfied, 
take  the  parameter  curves  as  conjugate  and  we  have  either 


L-0,  M-0; 

or 

Af-0.  AT-O. 

Suppose  the  first.  These  relations  show  that  any  tangent  to  the 
surface  is  moved  by  parallelism  along  the  lines  const,  into 
tangents  to  the  surface.  For  L— 0  shows  that  the  tangent  to  the 
curve  i>*const.  at  u+du  is  moved  by  parallelism  into  the  tangent 
plane  at  P  while  Af  —  0  shows  that  the  tangent  to  the  curve  «  — 
const,  at  the  same  point  is  moved  by  parallelism  into  the  tangent 
plane  at  P.  Hence  any  linear  combination  of  these  directions  will 
have  the  same  property.  We  can  then  say  that  the  tangent  planes 
to  the  surface  at  points  of  a  curve  v  —  const,  are  moved  by  paral¬ 
lelism  along  the  ctu~vre  into  tangent  planes  or  the  tangent  planes 
along  such  a  curve  are  all  parallel.  This  surface  is  then  the  analogue 
of  the  developable  surface  in  ordinary  space.  In  ordinary  space 
the  lines  »» const,  are  straight  lines,  that  is  geodesics.  The  same  is 
not  in  general  true  here. 

Geodesics  are  defined  as  ou^es  such  that  tangent  vectors  are 
moved  along  the  curve  into  tangent  vectors*  of  the  curve.  If  the 
line  ©“Const,  is  a  geodesic 

icJi,  ^  A  Xu  (9) 


where  is  a  function  of  u  and  v.  If  L“0, 
must  satisfy  the  two  systems  of  equations 


M“0,  the  codrdinates 


dV  ,  d*‘ 

av  ,  rr  ^  , 

dudv  ^  du  dv 


du  ov 

du  ov 


r-1,  2,  3  (10) 


where  A,  B,  C,  D,  are.fxmctions  of  u  and  v.  If  these  systems  are 

dx!' 

compatible  one  necessary  condition  is  that -  obtained  from 

du'dv 


*See  Schouten,  Der  Ricd-Kalk^,  page  76. 
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each  of  the  above  equations  are  equal.  Thus  differentiating  the 
first  with  respect  to  v  and  the  second  with  respect  to  u  and  equating 
for  the  third  derivatives,  after  substituting  for  the  second  deriva¬ 
tives  from  (10)  we  obtain 

Exn  +  Fx^ 

where 

(ry)-^(r:*)-r;,r'*-f-r:»ry 


and  E  and  F  are  functions  oi  A,  B,  C,  D  and  their  derivatives. 
The  quantity  R  is  what  Schouten  calls  the  curvature  quantity. 
If  R  vanishes  we  see  that  N  must  also  vanish  unless  B—0.  So 
that  if  we  assume  that  L  — 0,  Af  —  0,  the  first  of  equations 

(10)  becomes 

A  Xu 

which  means  that  the  curves  e— const,  are  geodesics. 

If  the  surface  contains  a  pencil  of  geodesics  passing  through  P, 
that  is  if  it  is  a  geodesic  surface  with  pole  P  then  Xu  do 

must  be  tangent  to  a  geodesic  for  every  value  of  du/dv.  Then 
from  (9) 

xlu  du'-\-2xui  du  dv+3^  di^^  A  (xL  du-j-ai  dv) 
and  since  the  parametric  lines  are  geodesics  we  must  have 

x«-0 


and  consequently  at  P,  N^O.  Hence  if  the  tangent  plane 

to  a  geodesic  surface  at  the  pole  is  displaced  by  parallelism  in  any 
direction  it  remains  tangent  to  the  surface. 


If 


L-M-iV-0 


at  every  point  of  the  siu^ace,  by  an  argument  similar  to  that 
above  we  see  that  any  tangent  vector  to  the  surface  is  displaced  by 
parallelism  into  a  vector  tangent  to  the  surface.  The  surface  is 
then  totally  geodesic.*  For  let  new  codrdinates  be  chosen  so  that 

*E.  Cartan,  La  geotn^trie  des  espaces  de  Riemann.  Paris,  Gauthier- Villars 
1925,  page  39. 
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the  given  surface  is  one  of  the  codrdinate  surfaces  say  x*— 0, 
then  the  equations  of  parallel  displacement  for  a  vector  tangent  to 
the  surface  become 

If  these  equations  are  to  be  satisfied  for  any  displacement  dx^  the 
third  equation  shows  that 

r*y-o.  ».y-i,2  (11) 

If  the  equations  define  geodesics.  The  first  two  alone 

define  geodesics  on  the  surface  and  since  (11)  is  satisfied  every 
geodesic  of  the  surface  is  a  geodesic  of  the  whole  space. 

3.  Surfaces  lying  in  N-space.  Next  let  the  surface  be  im¬ 
mersed  in  a  non-Riemannian  space  of  n-dimensions,  in  which 
parallelism  is  defined  by  (1).  A  tangent  direction  to  the  stirface  at 
the  point  P  is 

/  “ x»  du-\-x[  dv.  (12) 

The  tangent  at  the  near  by  point  in  the  direction  of  (12)  is 

I'+di'^^Xu  du+x,dv  +  4*^  du'+2  du  dv 
our  ouov 

H - (ft).  (13) 

dt)* 

I 

The  direction  at  P  parallel  to  (13)  is 

7'+dr'+rur*T^.  (14) 

The  osculating  plane  of  a  curve  to  which  (12)  and  (13)  are  near  by 
tangents  is  determined  by  (12)  and  (14)  or  since  i'  is  common  to 
both,  the  osculating  plane  is  determined  by 

•f  and  dr'-h  Ty 
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or  in  tenns  of  the  codrdinates  by 

xiudu*+2xl^,duclv-i-:^dv*-i-:^dHt-^x^(Pv.  (15) 
The  second  vector  is  the  sum  of  the  two 

xwm  du*+2xl,  du  dp-fav,  dr*,  xl  d*«+x^  (Pv 

the  last  of  which  lies  in  the  tangent  plane.  If  the  direction  du:dv 
is  held  fixed  and  dhi.cPv  is  allowed  to  vary  we  get  the  osculating 
planes  of  all  the  curves  which  have  the  same  tangent  at  P.  Hence 
tht  osculating  planes  of  the  curves  issuing  from  P  in  the  same  direction 
generate  a  3-space  which  contains  the  tangent  plane.  This  is  the 
osculating  3-space. 

If  the  direction  du  ulv  is  allowed  to  vary  (15)  shows  that  the  locus 
of  the  osculating  3-spaces  is  a  quadric  cone  of  four  dimensions.  All 
the  osculating  planes  lie  in  the  5-space  determined  by  the  vectors 

r  r  r  r  r  /,  ^\ 

Xuu,  X„,  Xf,,  Xn,  X, .  (16) 

This  5-space  will  contain  the  planes  passing  through  P  and  parallel 
to  the  tangent  plane  at  a  near  by  point  in  any  direction. 

If  the  vectors  of  (16)  are  connected  by  a  linear  relation  the  above 
cone  will  degenerate  into  the  4-space.  That  is  if 

Axuu-\-2B  x„-\-Cx^A-DxnA-Ex,^0,  r- 1,  2, . . .  n  (17) 
the  cone  degenerates  into  a  4-space. 

If  the  codrdinates  of  a  surface  identically  satisfy  the  set  of  equations 
(17)  there  are  two  directions  through  each  point  P,  such  that  the  tangent 
plane  at  P  and  the  plane  through  P  parallel  to  the  tangent  plane  at  a 
near  by  point  on  one  of  them  will  intersect  in  a  vector  tangent  to  the 
other.  For  if  in  eqtiation  (6)  we  allow  r,  t,  j  to  take  values  from  1 
to  n,  the  plane  through  P  parallel  to  the  tangent  plane  at  P-^dP 
is  determined  by  the  vectors 

Xu+xludu-\-xl,dv,  (18) 

xj-l-xl,  du-\-x^  dv, 

and  the  tangent  plane  at  P  by  the  vectors  xi,  x^.  These  planes 
will  have  a  vector  in  common  if  the  vectors  (18)  and  xJi,  xj  lie 
in  a  3-space.  If  (17)  is  satisfied  the  vectors 

r  r  r  r  f 


Xum,  Xpt.  Xu,  Xu 
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will  lie  in  a  4-space.  Choose  coordinates  so  that  this  is  one  of  the 
codrdinate  spaces  so  that  the  components  of  the  above  vectors 
vanish  if  r  >  4.  Then  the  plane  defined  by  (18)  will  cut  the  tangent 
plane  x.,  x,  if 

|xw  dtt+xlt  dt;  Xwdu+Xwdv  xl  x^  {■■O 
or 

x„  xl  xl  |di«*-H  |xl,  x^  Xm  X  ^  |d«  do 

+  1x1,  xl,  xl  xl  |dtr*-0.  «  (19) 

Then  through  each  point  there  are  two  directions  such  that  the 
plane  at  P  parallel  to  the  near  by  tangent  plane  will  intersect  the 
tangent  plane  at  P  in  a  vector.  If  we  put 

I.-  1x1,  xl,  xlxl  1,  Af»  jxl,  xl,  xlxl  1, 

1x1,  xl,  xl  ad  1 

and  take  one  root  of  (19)  _ 

du  -M-\-VM'-ALN. 
do  2L 

then  the  direction  of  the  intersection  of  (18)  with  the  tangent 
plane  will  be 

^_-M-VAP-iLN 

2L 

For  taking  the  outer  product  of  (18)  and 
xl  S«+xl  8t> 


we  have,  neglecting  infinitesimals  of  higher  order 

(xl,xlad)  du  S«+(xl,xlad)  (d«  Sc+dc  SM)+(^d,xlxl)  do  8t> 

where  (xl,xlxl)  is  the  outer  product  of  the  three  vectors  and 
likewise  for  the  other  terms.  Substituting  the  above  values  for 
du  Bu 

~  and  ^  this  last  expression  becomes 


(adrxlxl)  \x\mcu^  1  -  (aclwclxl)  lxl,ad,xlxl  1  (xl,xlxl)  1  xl,xl,xlxl  1 
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The  quantity  inside  the  bracket  is  the  intersection  of  the  tangent 
plane  and  the  3-space  determined  by  Xm,,  Xm,  Xn  and  hence 
when  multiplied  by  the  tangent  plane  (x!^,)  will  vanish  and 
the  theorem  is  proved.  If  the  coordinates  of  the  stu^ace  then 
satisfy  equations  (18)  the  directions  defined  by  (19)  are  the  Segre 
characteristics. 


4.  H3rper8urfaces  in  N-space.  Let  the  hypersurface  be  given 
parametrically  by 


x^=x  («i,  ui,  .  .  .  «,.i),  2,  . 

dx[_ 


A  direction  dx’’*  -^^du,  at  a  point  P  is  said  to  be  conjugate  to  the 

direction  8x^  *=  - if  the  intersection  of  the  tangent  hyper- 

da* 

plane  at  P  and  the  parallel  through  P  to  the  tangent  hyperplane 
at  x'’-|-8x^  contains  the  direction  dj/.  The  tangent  hyperplane 
at  x^-|-8x^  is  determined  by  the  vectors 


da,  da,^i#* 


n-1 


and  the  parallel  to  this  through  P  is  determined  by 

■^+x<*8a* 

da, 


(20) 


where 


dV  ,  dx^  dx* 
^  duidui  dui  d«* 


Multiplying  (outer  product)  the  vectors  of  (20)  we  have,  neglecting 
infinitesimals  of  second  and  higher  orders. 


dx" 

Vda,  ’ 

da« 

da,^i/ 

+  1 

hi!  i 

^d«i 

0 

da,_, 


dji 


<+l 


^n-\) 


(21) 


1 


where  the  parentheses  indicate  the  outer  product.  If  then  dx' 
lies  in  the  intersection  of  this  with  the  tangent  hyperplane,  it  must 
be  contained  in  the  hyperplane 

V.9«,  »u,  Sii..,/ 

since  the  first  term  of  (21)  is  the  tangent  h3T)erplane.  The  condition 
that  dxr  lies  in  this  is 

^  dxT  3/  . 


.  . 

or  putting  -  •  ■ 

dui 


SQfj  dui  3w^>-0. 
a 


If  two  parametric  lines  «<,  uj  are  conjugate  obviously 


The  asymptotic  lines  are 

Zilij  dui  duj >■  0.  (24) 

There  are  then  through  each  point  of  the  hypersurface  a  quadric 
cone  of  asymptotic  directions.  If 


this  asymptotic  cone  will  have  a  vector  vertex  and  if  this  direction 
is  taken  for  the  parametric  line  ui,  then  we  must  have 

fly-O.  *-l,  2...n-l.  (25) 

If  this  is  satisfied  'identically  we  have  from  the  definition  of  Qy 
If  the  determinant  of  the  quadratic  form  (24)  vanishes  identically,  that 
is  if  the  asymptotic  cone  at  each  point  has  a  vector  for  vertex,  the  tangent 
hyperplane  is  moved  by  parallelism  along  this  vector  into  a  near  by 
tangent  plane. 

This  is  the  generalization  of  Segre’s*  theorem.  If  the  asymptotic 
cone  of  a  surface  has  a  rectilinear  vertex,  this  line  lies  on  the  surface 
*  Preliminari  di  una  theoria  ecc.  Rend,  di  Palermo  vol.  30,  p.  112. 
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and  the  tangent  hyperplane  at  any  point  is  tangent  at  every  point 
of  the  vertex  line  passing  through  the  point  of  contact.  Thus  in 
Euclidean  space  the  hypersurface  contains  a  geodesic  (straight  line) 
of  the  space  passing  through  each  point  and  the  tangent  hyper¬ 
planes  are  tangent  all  along  these  geodesics.  In  the  non-Rieman- 
nian  case  we  are  considering,  however,  this  is,  in  general,  not  the 
case. 

Equations  (25)  show  that  the  coordinates  satisfy  the  equations 


5**'  r  5*' 
dui*  dui  dui 


duidun^  dui  duk 


(26) 


If  we  differentiate  the  first  with  respect  to  and  the  second  with 
respect  to  ui  and  equate  the  third  derivatives  thus  obtained,  we 
find  a  result  like  that  for  three  dimensions,  viz: 

If  the  coordinates  do  not  satisfy  any  other  equations  besides 


Qii  “  *■  ...  “  ii-i  “  0 

the  parametric  lines  Ui  will  be  geodesics  if 

d  r  d  f  r  I  r  < 


THE  SIMSON  LINES  OF  A  TRIANGLE, 

THE  THREE  CUSPED  HYPOCYCLOID  AND  THE 
MORLEY  TRIANGLES.* 

By  Philip  Franklin 

1.  Introduction.  Steiner*  in  1856,  gave  a  discussion  of  the 
curve  enveloped  by  the  Simson  lines  of  a  triangle.  At  the  close 
of  the  paper,  he  mentions  the  possibility  of  generating  the  curve 
by  “  rolling,”  and  certain  other  ways,  suggested  to  him  by  Schlafi. 
These  facts  presumably  follow  from  his  earlier  discussion,  but  their 
deduction  is  not  given  explicitly.  In  most  of  the  later  treatments, 
they  are  proved  analytically.* 

The  methods  of  generating  the  curve  in  question,  and  in  particu¬ 
lar  its  being  a  three-cusped  hypocycloid,  seemed  sufficiently  inter¬ 
esting  to  justify  a  synthetic  treatment  which,  starting  from  well- 
known  theorems  of  projective  and  metric  geometry,  would  lead  to 
these  results  with  a  minimum  of  extraneous  material.  While  the 
chief  ideas  here  used  go  back  to  Steiner,  the  argument  here  given 
is  considerably  simpler  and  more  direct  than  that  implicitly  con¬ 
tained  in  his  work.  The  relation  to  the  Morley  triangle  given  in 
Theorem  VI  is  believed  to  be  new. 

2.  The  Simson  lines.  We  begin  by  proving  the  classical 
theorem:* 

If,  from  a  point  on  the  circumscribed  circle  of  a  triangle,  three 
perpendiculars  are  drawn  to  the  sides,  the  points  in  which  they  inter¬ 
sect  the  sides  are  colinear.  Furthermore  this  line,  the  Simson  line  of 
the  given  point,  contains  the  mid-point  of  the  segment  joining  the 
given  point  with  the  ortho-center  of  the  triangle. 

Let  (Fig.  1)  P  be  the  given  point  on  the  circum-circle  of  the 
triangle  ABC,  and  O  the  ortho-center.  Prolong  the  altitudes  AO 

^  Presented  to  the  American  Mathematical  Society,  October  30,  1926. 

•Uebcr  cine  besondere  Curve  dritter  Claste  (una  vierten  Grades),  Werke, 
Vol.  2.  pp.  641-647. 

*e.p.  Loria,  Spezielle  Algebraische  und  Transzendente  Ebene  Kurven, 
Leipzig,  1910,  Vof.  1,  p.  158. 

♦ Steiner,  Werke,  Vol.  1,  p.  206. 
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and  CO  to  meet  the  circum-circle  in  A'  and  C  respectively.  Draw 
PC*  to  cut  AB  in  K,  and  PA*  to  cut  BC  in  L.  By  applying  Pascal’s 
theorem  to  the  hexagon  ABCC*PA*,  inscribed  in  the  circle,  we  see 


that  KOL  is  a  straight  line.  Draw  a  perpendicular  from  P  to  AB, 
cutting  in  C\,  and  KOL  in  Cj.  Similarly  draw  PAiAt.  Since 
angle  CM 5  equals  angle  C*CB  (same  arc)  equals  angle  BAA*  (both 
complementary  to  angle  B);  AB  is  the  perpendicular  bisector  of 
C*0.  Projecting  from  K,  we  see  that  it  also  bisects  PCt  at  C|. 
Similarly  Ai  bisects  PAt.  If  Pi  is  the  mid-point  of  the  segment 
OP,  CiPiAi  is  a  straight  line. 

By  a  similar  construction,  we  may  show  that  CiPiBi  is  a  straight 
line,  and  consequently  Ai,  Bi,  Ci,  are  colinear,  as  stated  in  the 
theorem,  and  the  line  joining  them  contains  P\. 

3.  The  Simson  lines  and  the  nine-point  circle.  We  shall,  fol¬ 
lowing  Steiner,  use  the  nine-point  circle  of  the  triangle  and  its  rela¬ 
tion  to  the  Simson  lines.  We  shall  prove: 
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Lemma  1.  The  Simson  line  of  a  point  cuts  the  nine-point  circle 
of  the  triangle  in  two  points,  a  first  point  on  the  line  joining  the  given 
point  with  the  ortho-center,  and  a  second  which  is  the  intersection  of 
this  Simson  line  with  the  perpendicular  Simson  line. 

We  recall  that  the  nine-point  circle  of  a  triangle  is  the  circtim- 
circle  of  the  triangle  formed  with  the  mid-points  of  the  sides  of  the 
given  triangle  as  vertices.  Since  the  median  point  of  the  given 
triangle  is  a  center  of  similitude  for  these  two  triangles,  it  is  also  one 
for  the  two  circles.  Furthermore,  as  a  center  of  similitude  of  the 
two  triangles,  one  of  which  is  twice  as  large  as  the  other,  it  will  be 
colinear  with  any  two  corresponding  points  of  these  triangles,  and 
divide  the  segment  joining  them  in  the  ratio  two  to  one.  Thus  it 
will  divide  the  two  ortho-centers,  O  and  O',  and  the  two  circum- 
centers,  Q  and  Q*,  in  this  ratio.  But  the  ortho-center  of  the  small 
triangle  is  evidently  the  circum-center  of  the  large  triangle,  so  that 
M,  the  median  point,  0,  O'^Q,  and  Q'  are  colinear,  with  A/Q* 
2(2^^,  and  OA/“2Af(2,  From  this: 

0Q~0M-\-MQ~GQ'M~2{iQ'M-Q'M)~2i0M-Q'M)~20Q'. 

Since  the  circum-circle  with  center  at  Q  is  twice  as  large  as  the  nine- 
point  circle  with  center  at  O',  O  is  the  external  center  of  similitude 
of  these  two  circles.  As  P  is  on  the  circum-circle,  P\,  which  bisects 
OP,  is  on  the  nine-point  circle,  and  is  the  first  point  mentioned  in 
the  lemma. 

To  prove  the  statement  about  the  second  point,  let  (Fig.  2)  P 
be  the  point  on  the  circum-circle  diametrically  opposite  to  P* 
0,  C ,  Pi  and  K  are  located  as  in  Fig.  1,  and  K'  is  the  point  for  P' 
corresponding  to  K,  Pi  that  corresponding  to  Pi.  PiS  and  PiS 
drawn  parallel  to  OK  and  OK’  respectively,  are  the  Simson  lines 
for  P  and  P'.  BuU  as  A  P  is  the  perpendicular  bisector  of  OC', 
angle  A'O AT'* angle  KC’ K’  =^90°  (on  diameter).  Thus  PiSP/** 
90®.  But,  from  the  similitude  of  the  circles  with  respect  to  0,  PP’, 
a  diameter  of  the  circum-circle,  projects  into  PiPi,  a  diameter  of 
the  nine-point  circle.  Thus  S,  a  right  angle  on  this  diameter,  is  on 
the  nine-point  circle,  and  is  the  second  point  of  the  lemma. 

We  next  establish 

Lemma  2.  The  angle  between  the  Simson  lines  for  two  points  is 
measured  by  one  half  the  arc  cut  out  by  the  points  on  the  circum-circle. 
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or  one  half  the  arc  cut  out  on  the  nine-point  circle  by  the  first  points 
of  intersection  of  these  lines. 

For,  if  in  Fig.  2,  we  imagine  P*  and  P  to  be  no  longer  at  the 
extremity  of  a  diameter,  while  S  will  no  longer  be  on  the  nine-point 


Fif  .  2 


circle,  we  shall  still  have,  angle  PiS  angle  ATO AT'* angle 
KC*  K\  which  is  inscribed  in  arc  PP\  As  before,  the  similitude 
gives  arc  Pi  Pi'  equal  in  degrees  to  arc  PP'. 

4.  The  three-cusped  hjrpocycloid.  We  are  now  in  a  position 
to  prove 

Theorem  I.  The  Simson  lines  of  a  triangle  envelop  a  three- 
cusped  hypocycloid. 

Let  (Fig.  3)  the  circle  RiNi  roll  on  the  inside  of  the  circle  NNi, 
three  times  as  large  as  the  first.  Any  point  Pi,  fixed  to  the  rolling 
circle,  will  trace  out  a  three-cusped  hypocycloid.  The  normal  to 
the  hypocycloid  at  Pi  passes  through  the  instantaneous  center  Ni 
and  hence  PiPi  is  the  tangent  to  the  hypocycloid  at  Pi.  But  we 
have: 

angle  Pi  Pi  N^i*  1/2  angle  PiPiA^i  — 3/2  angle  Pi. 

In  consequence  of  this 

angle  PiSi(2' -  angle  PiPiiVi— angle  NQ'Ri^l/2  angle  NQ'Pi. 
This  shows  that  the  angle  made  by  the  tangent  to  the  three-cusped 
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hypocycloid  at  a  point  with  a  fixed  direction  is  one  half  the  angle 
between  the  radius  drawn  to  one  of  its  intersections  with  the  circle 
TPu  and  a  fixed  radius.  As  the  circle  rolls,  (/Pi  txims  about  (/, 
while  PiRi  turns  about  Pi  at  one  half  the  rate.  Since  PiRi  takes 
all  possible  directions  in  the  course  of  the  motion,  we  may  start 
it  in  any  direction,  let  it  revolve  as  just  described,  and  it  will 
envelop  a  three-cusped  hypocycloid. 


Now  recall  Lemma  2.  The  lemma  tells  us  that,  if  we  start  P  at 
a  fixed  place  on  the  circiun-circle,  and  let  it  move  aroimd.  Pi  will 
move  around  the  nine-point  circle  at  the  same  angular  rate,  while 
the  angle  between  t^e  moving  Simson  line  and  the  fixed  one  will 
change  at  half  this  rate.  Thus,  by  the  statement  just  made,  it 
will  envelop  a  three-cusped  hypocycloid. 


5.  Other  methods  of  generating  the  envelope.  We  shall  now 
establish  certain  other  methods  of  generating  the  envelope.*  We 
shall,  for  brevity,  refer  to  the  envelope  as  the  Steiner  curve. 
We  have: 

■Cf.  Steiner,  1.  c.  Vol.  2,  pp.  644,  646. 
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• 

Theorem  II.  If  a  family  of  parabolas  be  drawn,  each  tangent  to 
the  three  sides  of  a  triangle,  the  tangents  to  them  at  their  vertices  envelop 
the  Steiner  curve  of  the  triangle. 

Let  us  (Pig.  1)  construct  a  parabola  with  P  as  its  focus,  and 
LOK  as  directrix.  Since  we  showed  in  section  2  that  AB  was  the 
perpendicular  bisector  of  PC*,  C*,  on  CiCa  peipendicular  to  the 
directrix,  is  on  our  parabola  and  AB  is  the  tangent  to  the  parabola 
at  this  point.  Similarly  BC  and  AC  are  tangent  to  the  parabola. 
As  P  moves  around  the  circle,  the  Simson  line,  and  in  consequence 
the  parallel  LOK  takes  all  possible  directions,  by  Lemma  2.  If  now 
we  are  given  any  parabola  tangent  to  the  three  sides  of  the  triangle 
A  BC,  we  may  find  a  point  P  whose  corresponding  LOK  is  parallel 
to  the  directrix  of  the  given  parabola.  The  parabola  with  P  as 
focus  and  LOK  as  directrix  touches  the  three  sides  of  the  triangle, 
and  since  it  has  the  same  direction  for  its  axis,  must  coincide  with 
the  given  parabola.  Hence  the  tangent  to  this  parabola  at  its 
vertex;  parallel  to  LOK  and  halfway  from  this  line  to  P  is  the 
Simson  line  of  P,  which  proves  our  theorem. 

A  second  method  of  generating  the  curve  is  given  by 

Theorem  III.  If  a  family  of  rectangular  hyperbolas  be  drawn, 
each  passing  through  the  three  vertices  of  the  triangle  (and  in  conse¬ 
quence  through  the  ortho-center),  their  asymptotes  envelop  the  Steiner 
curve  of  the  triangle. 

Suppose  (Fig.  2)  we  construct  a  rectangular  hyperbola  with  PiS 
and  PiS  as  asymptotes,  which  passes  through  0.  P|,  Pj'  and  Ci 
are  the  intersections  of  OC  with  the  asymptotes  and  the  nine-point 
circle,  respectively.  Since  O  is  one  center  of  similitude  for  the 
circles,  Ci  bisects  OC.  Now  OC  is  the  Simson  line  for  the  point  C, 
while  AP  is  that  for  the  point  diametrically  opposite  to  C,  so  that 
Cl  is  the  first  point  of  intersection  of  OC  with  the  nine-point  circle. 
Thus,  by  Lemma  2,  angle  CiP»S  is  measiued  by  one  half  arc  CiPi, 
and  in  consequence  equals  angle  CiSP*.  Thus  CiS  equals  CtPt, 
and  similarly  CiP*'.  As  Ci  bisects  PjP*',  SCi  is  the  diameter  con¬ 
jugate  to  the  chord  CP*  PtO  for  the  degenerate  hyperbola  con¬ 
sisting  of  the  asymptotes,  and  hence  also  for  the  hyperbola  through 
O.  Consequently  this  hyperbola  goes  through  C,  and  similarly 
through  A  and  B.  If  now  we  are  given  any  rectangular  hyperbola 
circumscribing  triangle  ABC,  we  may  find  a  point  5  with  two 
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.^mson  lines  through  it  parallel  to  its  asymptotes.  The  hyperbola 
with  these  as  asymptotes  which  passes  through  O  circumscribes  the 
triangle,  and  since  it  has  parallel  asymptotes,  must  coincide  with 
the  given  hyperbola.  Hence  its  asymptotes  are  Simson  lines, 
which  proves  the  theorem. 

To  establish  our  next  method  of  generating  the  ciu^e,  we  need 
the  theorem  that  if  two  triangles  are  inscribed  in  one  conic,  they 
are  cinnunscribed  to  a  second.*  There  are  two  interesting  exam¬ 
ples  of  this  theorem  contained  implicitly  in  the  above.  Thus  in 
Fig.  1,  the  triangle  ABC,  and  the  triangle  with  vertices  P  and  the 
two  circular  points  at  infinity  are  both  inscribed  in  the  circle. 
They  are  circiunscribed  to  the  parabola  of  Theorem  II,  since  the 
parabola  is  tangent  to  the  line  at  infinity,  and  the  isotropic  lines 
through  P,  its  focus.’  Also  as  0  is  on  the  directrix  of  the  parabola, 
the  tangents  to  the  parabola  through  this  point  will  be  perpendicu¬ 
lar.  The  triangle  they  form  with  the  line  at  infinity  and  A  BC  are 
both  circumscribed  about  the  parabola.  They  are  inscribed* in  the 
hyperbola  of  Theorem  III  with  asymptotes  parallel  to  these  tan¬ 
gents,  since  this  hyperbola  goes  through  O,  A,  B,  and  C. 

We  may  now  prove 

Theorem  IV.  If  a  family  of  conics  be  drawn  each  tangent  to  the 
three  sides  of  a  triangle,  and  passing  through  its  ortho<enter,  the 
tangents  to  these  conics  at  points  diametrically  opposite  to  the  ortho¬ 
center  envelop  the  Steiner  curve  of  the  triangle. 

Consider  one  of  the  hyperbolas  of  Theorem  III.  It  is  circum¬ 
scribed  to  triangle  A  BC,  and  also  to  the  degenerate  triangle  with 
one  vertex  at  0,  and  two  coinciding  at  the  point  at  infinity  on  one 
asymptote.  The  sides  of  this  degenerate  triangle  are  the  asymptote, 
and  the  line  through  O  parallel  to  the  asymptote  counted  twice. 
By  the  theorem  just  mentioned,  these  two  triangles  must  have  a 
common  inscribed  conic.  This  conic  will  be  tangent  to  the  sides 
of  triangle  ABC,  the  asymptote,  and  the  two  coincident  lines 
parallel  to  the  asymptote  through  0,  i.e.,  tangent  to  the  parallel 
through  0  at  0.  For  varying  positions  of  the  hyperbola,  the  tan¬ 
gent  to  this  conic  at  O  will  take  all  possible  directions,  and  hence 

*Thi8  ia  essentially  a  corollary  of  Pascal’s  theorem  applied  to  the  hexagon 
ABCA'B’C*  and  Bnanchon's  theorem  applied  to  abcc'Va'. 

TCoolidge,  Treatise  on  the  circle  and  sphere,  Oxford,  1916,  p.  122. 
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a  conic  of  this  type  can  be  found  to  coincide  with  any  given  conic 
tangent  to  the  sides  of  triangle  ABC,  and  passing  through  the 
ortho-center.  The  tangent  to  this  conic  at  the  point  diametrically 
opposite  to  0  will  be  the  parallel  tangent  to  the  conic,  i.e.,  the 
asymptote  to  the  corresponding  hyperbola,  and  hence  will  touch 
the  Steiner  curve. 

6.  The  relation  of  the  hypocycloid  to  the  Morley  triangles. 

There  is  an  interesting  relation  between  the  orientation  of  the 
Steiner  epicycloid  and  a  certain  equilateral  triangle  connected  with 
the  given  triangle.  The  equilateral  triangle  is  that  which  figiues  in 
the  following  theorem,  due  to  John  Morley.* 

If  the  three  angles  of  a  triangle  be  trisected,  the  triangle  whose 
vertices  are  each  the  intersection  of  a  pair  of  trisectors  adjacent  to  a 
side,  is  equilateral. 

We  reproduce  the  proof  given  by  J.  M.  Child.*  In  Fig.  4,  let 
angles  B  and  C  be  trisected,  determining  X,  and  draw  XY  and 
XZ  so  that  angle  angle  XZC‘= 60° +>1/3.  Since  X  is  the 

in-center  of  triangle  BDC,  the  perpendiculars  PX  and  XQ  are 
equal,  so  that  triangles  PXF  and  QAZ  are  equal,  and  YX^ZX. 
Also,  since  angle  PZX7=  180°-2P/3— 2C/3,  angle  yAZ  =  60°,  and 
triangle  XYZ  is  equilateral. 

Now  draw  RY  so  that  RB^XB,  and  similarly  ZS  so  that 
SC=  XC.  This  makes  triangles  BYX  and  BYR  equal,  and  angle 
/?F?=  180°— 2A/3.  Thus  the  circle  through  RYZ  is  such  that 
RZ  subtends  this  angle,  or  2/1/3  at  the  circumference.  But 
RY»  YX^  YZ,  so  that  this  is  the  circle  in  which  YZ  subtends 
an  angle  >1/3  for  points  on  the  same  side  as  D.  In  the  same  way 
the  circle  through  YZS  is  this  circle,  and  since  R  Y,  YZ  and  ZS 
each  subtend  >1/3,  RS  subtends  A,  and  the  circle  passes  through 
A ,  which  accordingly  is  trisected  by  A  V  and  AZ,  so  that  these 
points  may  be  located  as  X  was. 

From  the  angles  used  in  this  proof,  we  see  that  angle  ZXC  - 
60°+B/3.  Hence  the  slope  angle  of  XZ  referred  to  BC  is  60°+ 

*Cf.  Mathematical  Gazette,  Vol.  11,  1922-23,  pp.  164,  and  171.  The  proof 
given  here  applied  to  the  internal  trisectors  will  be  found  on  p.  171.  The 
perspectivity  of  the  internal  triangle  was  called  to  my  attention  by  Prof.  W.  C. 
Graustein. 
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(B— 0/3.  The  slope  angles  of  ZY  and  YX  are  180®+(iB--O/3 
and  300®+ (5— 0/3  respectively. 

We  prove  one  more  property  of  the  Morley  triangle,  as  we  shall 
hereafter  refer  to  triangle  XYZ. 

The  Morley  triangle  is  perspective  to  the  given  triangle.  If  BX 
prolonged  meets  AC  in  X',  we  have  from  the  law  of  sines: 

CX'  sin  C-  X'B  sin  5/3;  'X'A  sin  A-^X'B  sin  25/3. 
Consequently: 

ex' IX' A  -  (sin  A  sin  5/3)/(sin  C  sin  25/3). 

If  CX  prolonged  meets  ABm  X",  we  have  similarly: 

A  X"/X"B~isin  5  sin  2C/3)/(sin  A  sin  C/3). 

If  AX  prolonged  meets  BC  in  A',  we  have  from  Ceva’s  theorem, 
A'C/BA'  -  {CX'I  X'AKAX"/  X"B) 

—  (sin  5  sin  5/3  sin  2CI2)I (sin  C  sin  C/3  sin  25/3). 

If  5'  and  C  are  defined  analogously  to  A',  and  the  corresponding 
ratios  set  up,  the  form  shows  that  the  product  of  the  three  is  unity, 
so  that  AX,  CY,  and  BZ  are  concurrent.* 

There  are  three  equilateral  triangles  formed  from  the  points  of 
intersection  of  trisectors  of  one  internal  angle,  and  two  exterior 
angles  of  the  triangle.  Their  relation  to  triangle  XYZ  is  analogous 
to  that  of  the  escribed  and  inscribed  circles.  If  in  Fig.  4,  we  use 
the  exterior  angles  at  5  and  C,  and  the  interior  angle  at  A,  on 
replacing  the  letters  by  those  with  subscript  1,  and  in  the  calcula¬ 
tions  replacing  A,  5  and  C  by  —  A,  180“— 5  and  180“— C  respec¬ 
tively,  the  proof  given  above  applies  to  this  case  and  shows  that 
X\  ViZi  is  equilateral.  As  before,  we  may  prove  it  perspective  to 
ABC  and  on  calcufating  the  slope  angles  of  the  sides  find  them 
parallel  to  those  of  XYZ. 

As  it  is  essential  for  our  proof  that  the  angles  trisected  be  so 
designated  that  their  sum  is  180“,  we  must  use  two  exterior  and 
one  interior  angle,  and  an  examination  of  special  limiting  cases 

•This  proof  evidently  depends  merely  on  the  fact  that  BX,  BY;  CX,  CZ; 
A  Y,  AZ  are  isogonal  lines,  so  that  the  perspectivity  is  merely  a  special  case 
of  a  general  theorem  on  isogonals.  In  particular,  it  will  apply  to  triangles 
form^  of  fi-aectors,  although  these  triangles  will,  of  course,  not  in  general 
be  equilateral. 
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shows  that  not  only  does  the  proof  fail,  but  other  combinations  of 
trisectors  fail  to  give  equilateral  triangles. 


We  may  combine  oiu:  results  in 

Theorem  V.  If  the  angles  made  by  the  sides  of  a  triangle  be  tri¬ 
sected,  using  either  three  internal  angles,  or  one  internal  and  two 
exterior  angles,  and  the  three  intersections  of  pairs  of  trisectors  adja¬ 
cent  to  a  side  be  used  as  the  vertices  of  a  new  triangle,  this  triangle 
will  be  equilateral.  Each  such  triangle  will  be  perspective  to  the 
original  triangle,  and  each  pair  of  them  will  be  perspective  with  one 
another,  having  their  sides  parallel. 

We  must  next  investigate  the  orientation  of  the  Steiner  h5qx)- 
cycloid.  In  Fig.  5,  O'  is  the  center  of  the  nine-point  circle  of  triangle 
A  BC,  passing  through  D,  E,  F,  the  mid-points  of  the  sides,  and  0 
is  the  ortho-center.  Since  O  is  a  center  of  similarity  for  the  nine- 
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point  circle  and  the  circum-circle,  G,  the  point  on  the  circle  and 
on  OA,  bisects  OA.  Thus  GF  is  parallel  to  OC,  so  that  angle 
FC7/C— angle  COK^B.  Also,  angle  FED^C.  Hence  angle 
FGD^C,  and  angle  DGK ^B—C.  Also,  as  DKG  is  a  right  angle, 
DG  passes  through  (^. 


Draw  JHI,  an  arbitrary  Simson  line.  Let  its  slope  angle  with 
BC,  CJI^z.  We  have  angle  KIJ ^z—90°,  and,  by  Lemma  2, 
angle  HQ'G^2(z—90°).  Finally,  from  quadrilateral  IHQ'G,  we 
have: 

angle  Q'H /-fangle  Q'GK wangle  HQ'G+angle  KI J, 
or 

angleO'Hy+5-C-3  2-270“. 

If  O'  Hy  is  a  right  angle,  its  measure  must  be  90“±«180“,  and  the 
corresponding  values  of  z  are  (5— Q/3+120“±m60“.  One  set  of 
angles  corresponding  to  three  distinct  positions  oi  I J  are : 

60“+(B-O/3;  180“+(5-O/3;  300“=}- (5-0/3. 

As  the  Simson  lines  for  which  (^HJ  is  a  right  angle  are  those  tan¬ 
gent  to  the  nine-point  circle,  i.e.,  the  tangents  to  the  hypocycloid 
at  points  opposite  to  the  cusps,  they  are  parallel  to  the  sides  of  the 
triangle  whose  vertices  are  at  the  cusps.  As  the  values  just  written 
are  identical  with  those  foimd  above  for  the  slope  angles  of  the  sides 
of  the  Morley  triangles,  we  have: 


0  ^ 
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Theorem  VI.  The  equilateral  triangle  whose  vertices  are  the  three 
cusps  of  the  Steiner  hypocycloid  has  its  sides  parallel  to  those  of  the 
Morley  triangles. 

This  is  illxistrated  in  Fig.  6,  where  XYZ  is  the  internal  Morley 
triangle  and  UVW  are  the  three  cusps.  L,  M  and  N  are  points 
whose  Simson  lines  are  the  tangents  at  the  cusps,  while  L’,  M',  N* 


are  those  whose  Simson  lines  are  the  tangents  at  the  points  opposite 
to  the  cusps,  i.e.,  are  parallel  to  the  sides  of  triangles  UVW  or 
XYZ. 

It  may  be  noticed  that  the  directions  of  the  sides  of  these  tri¬ 
angles  may  be  obtained  by  measvuing  the  slope  angles  of  triangle 
A  BC  with  respect  to  an  arbitrary  line,  and  finding  the  lines  whose 
slope  angles  are  the  average  of  these  three.  As  the  slope  angles  of 
the  sides  are  determined  to  within  multiples  of  180®,  the  average 
is  determined  to  within  multiples  of  60°,  which  gives  the  three  dis¬ 
tinct  directions.  They  are  the  simplest  set  of  three  directions 
differing  by  120°  which  can  be  defined  in  an  intrinsic,  symmetrical 
way  in  terms  of  the  directions  of  the  sides  of  a  triangle. 
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LICHTENBERG’S  FIGURES 

By  William  Phblps  Allis  and  Hans  MUllbk 

Though  Lichtenberg  discovered  the  figures  which  bear  his  name 
early  in  the  science  of  electricity,  they  have  apparently  been  little 
studied,  and  the  theory  of  their  formation  is  yet  unknown.  Peder- 
sen‘  attempted  to  explain  their  formation,  but  he  could  not  satis¬ 
factorily  explain  the  marked  difference  between  the  positive  and 
negative  figures.  With  a  view  to  explaining  their  formation  it  has 
seemed  useful  to  study  systematically  the  changes  in  these  figures 
with  the  conditions  affecting  their  formation.  In  this  paper  only 
the  experimental  results  are  presented,  without  any  attempt  at  a 
theory.  The  variations  in  the  size  of  the  figures  are  studied  in 
terms  of  three  independent  variables:  the  potential  of  the  impulse, 
the  thickness  of  the  dielectric,  and  the  diameter  of  the  electrode. 
All  other  conditions  were  maintained  as  nearly  constant  as  possible. 

The  electrical  system  used  in  producing  the  figures  is  represented 
diagramatically  in  Fig.  1.  A  condenser  C  of  about  .001  microfarad 
capacity  is  charged  by  a  Wimshurst  machine  W.  It  can  discharge 
through  a  resistance  R  of  20,000  ohms  by  jumping  a  gap  G  between 


Diagram  of  Connoctiona 
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Fig.  1 


two  1  cm.  spheres.  The  gap  is  illuminated  by  a  mercury  lamp  M 
so  that  the  spark  potential  is  a  definite  function  of  the  separation 
of  the  spheres.  Its  value  was  taken  from  Kohlraush’s  tables.  When 
the  condenser  discharges  it  sends  an  electric  pulse  along  a  wire  to 

IP.  O.  Pedersen,  Det.  Kgl.  Danske,  Vid.  Sels.  Mat.-Fys.  Medd.,  I.  11,  1919 
and  IV,  10,  1922. 
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the  Lichtenberg  condenser  L.  This  condenser  is  formed  of  a  pile 
of  elements.  The  lower  one  is  a  large  aluminum  plate  which  is 
connected  to  one  armature  of  the  condenser.  On  this  is  placed  a 
number  of  plates  of  glass  3/16  inch  thick  and  14  inches  square.  The 
upper  plate  is  rubbed  with  vaseline  and  a  photographic  film 
(Kodak  film-pack)  made  to' adhere  to  it.  The  vaseline  was  found 
to  be  necessary  to  make  the  film  lie  perfectly  flat,  which  is  quite 
essential  to  the  formation  of  a  regular  figure.  On  this  film  is  placed 
a  small  electrode  E.  This  is  in  general  a  small  brass  cylinder,  4  mm. 
high  and  1  to  7.5  cm.  in  diameter.  The  under  side  of  the  cylinder 
is  turned  slightly  dished  and  then  ground  on  a  plane  surface  so  that 
it  should  have  a  good  edge  and  lie  perfectly  flat  on  the  film.  Any 
scratch  or  irregularity  of  the  edge  produces  a  corresponding  irregu¬ 
larity  in  the  figure.  This  electrode  is  connected  to  the  wire  from  the 
spark  gap.  When  the  pulse  traveling  along  the  wire  reaches  this 
electrode  it  produces  a  visible  discharge  which  appears  to  go  out 
from  the  electrode  and  travel  along  the  surface  of  the  dielectric. 
This  discharge  is  recorded  by  the  film  and  appears  on  development 
as  a  Lichtenberg  figure.  That  this  is  an  actual  transport  of  charge 
is  attested  by  the  fact  that,  after  the  electrode  has  been  removed, 
there  is  a  secondary  discharge  as  the  film  is  lifted,  which  appears  to 
be  poured  from  the  surface  of  the  film. 

NEGATIVB  FIGURE 


Fig.  2 

4fi  KUO  Volts 
24  nun  Dielectric 


»  -  'll'", 


ALLIS  AND  MULLER 


The  figures  are  measured  by  drawing  a  circle  completely  enclos¬ 
ing  the  figure  but  touching  the  outermost  tips  of  the  rays.  The 
difference  between  the  radius  of  this  circle  and  that  of  the  electrode 
was  termed  the  radius  of  the  figure  r.  No  measurements  were 
recorded  unless  the  figure  was  quite  symmetrical,  so  that  ntunerous 
rays  on  all  sides  of  the  figure  touched  the  circle.  In  this  way  results 
were  obtained  which  were  reproducible  to  within  a  fraction  of  a 
millimeter.  Above  a  certain  potential,  however,  the  figures  can  no 
longer  be  made  circular,  the  beginning  of  the  irregularity  being 
determined  apparently  by  the  size  of  the  figure  rather  than  by  the 
spark  potential  V. 

The  figures  differ  remarkably  according  to  the  polarity  of  the 


pulse.  Let  us  consider  first  those  produced  by  a  negative  pulse 
(Fig.  2).  The  radius-potential  curve  for  these  figures  is  a  parabola 
and  therefore  if  r  is  plotted  against  a  straight  line  is  obtained 
(Fig.  3).  That  is 

r-cV*  for  f  <1.5  cm. 
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where  c  depends  on  the  thickness  of  the  dielectric  but  not  on  the 
diameter  of  the  electrode.  Curve  IV  shows  measiu^ments  with 
electrodes  of  1  cm.  and  7.5  cm.  diameter,  all  other  conditions  being 
identical. 

The  variation  of  r  with  the  thickness  of  the  dielectric  is  shown  in 
the  lower  ciu^  of  Fig.  4.  This  curve  could  not  be  reduced  to  a 
simple  formula. 

The  behavior  of  the  positive  figures  is  more  complicated.  For 
low  potentials  the  radius  increases  linearly  with  the  potential 
(Fig.  5),  but  the  straight  line  does  not  pass  through  the  origin. 
There  is  a  certain  potential  below  which  no  figure  is  formed.  This 
initial  potential  depends  on  the  thickness  of  the  dielectric  though 
apparently  little,  if  at  all,  on  the  size  of  the  electrode.  The  slope 
of  the  line  changes  a  little  with  both  of  these  variables.  The  linear 
relation,  however,  does  not  continue  to  hold  at  higher  potentials. 
There  is  a  sharp  break  in  the  curve  at  a  certain  critical  potential, 
the  cxuve  above  this  point  somewhat  resembling  a  parabola. 

This  break  in  the  curve  must  be  connected  with  some  physical 
effect  which  starts  at  the  critical  potential  and  which,  by  absorbing 
prevents  the  normal  increase  in  the  size  of  the  figure. 
Indeed  at  this  point  the  appearance  of  the  figiue  changes.  Figures 
made  at  lower  potentiab  have  rays  of  approximately  uniform 
brightness  (Fig.  6).  At  higher  potentials,  however,  the  rays  have 
a  brighter  part  at  their  base,  which  we  have  termed  the  "  inner 
figure  ”  (Fig.  7).  This  inner  figive  just  appears  at  the  break  in  the 
curve  and  then  increases  in  size  with  the  potential.  In  figtu^  of 
radius  greater  than  6  cm.  this  inner  figure  attains  the  same  size 
and  becomes  irregular  in  the  same  way  as  the  corresponding  nega< 
tive  figiue  (Figs.  8  and  9). 

The  critical  pot^tial  increases  with  the  diameter  of  the  electrode 
and  with  the  thickness  of  the  dielectric.  Because  the  break  in  the 
curve  comes  lower  for  a  small  electrode  the  rays  are  shorter  at  a 
given  potential  around  a  small  electrode  than  arotmd  a  larger  one. 
The  critical  potential  seems  to  be  a  ftmction  of  the  curvatxue  of 
the  electrode  rather  than  of  its  size,  for  if  an  electrode  whose  out¬ 
line  is  not  circular  is  used  the  inner  figure  appears  first  there  where 
the  curvature  is  greatest.  This  causes  the  rays  issuing  from  the 
curved  parts  to  be  shorter  than  those  issuing  from  the  less  curved 
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parts  (Fig.  10),  provided  the  potential  is  above  the  critical  potential 
for  the  curved  parts. 

The  radius-thickness  of  dielectric  curves  also  shows  a  break  where 
the  inner  figure  appears,  though  here  it  would  be  possible  to  draw  a 
smooth  curve  through  the  experimental  points  obtained.  The 
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Potitire  Hfure  sround  an  oblong  electrode. 
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break  here  marks  the  highest  point  of  the  curve.  Figures  formed 
with  a  greater  thickness  of  dielectric  are  simple,  those  formed  with 
a  smaller  thickness  have  the  inner  figure. 

In  all  these  measurements  the  electrical  circuit  was  not  changed. 
The  only  changes  in  the  natme  of  the  ptilse  were  those  produced 
by  changing  the  spark  gap. 


THE  ELASTIC  DEFORMATION  OF  PIPE-BENDS 

By  PmoF.  William  Hovgaako 
A.  Introduction 

The  solution  here  offered  of  a  very  complex  problem  is  an 
approximation  obtained  by  a  simple  straightforward  method,  but 
is  believed  to  be  sufficiently  accurate  for  practical  purposes.  A 
more  rigorous  solution  was  attempted  by  the  method  of  variation, 
but  was  found  to  lead  to  involved  differential  equations,  which 
seemed  impossible  of  solution. 

It  has  long  been  known  that  pipe-bends  show  much  larger 
deflections  than  can  be  accounted  for  by  the  ordinary  formula 
for  bending  of  curved  solid  bars  where  no  sensible  deformation  of 
the  transverse  section  takes  place  within  the  elastic  limit.  Expieri- 
ments  made  by  Dr.  A.  Bantlin  of  Stuttgart'  showed  that  the  dis¬ 
placement  of  the  ends  of  double-offset  pipe-bends,  when  subject 
to  forces  tending  to  alter  the  curvature,  might  be  as  much  as  five 
times  greater  than  found  by  the  ordinary  theory  of  bending.  His 
experiments  comprised  various  types  of  bends  of  different  materials 
and  were  carried  out  with  scientific  accuracy.  The  ends  of  the 
bends  were  free  to  turn  about  knife-edges  normal  to  the  plane  of 
the  bend  so  as  to  be  free  from  any  restraint  other  than  that  exerted 
by  forces  tending  to  compress  the  bend. 

Dr.  Bantlin  ascribed  the  discrepancy  between  the  observed  and 
calctilated  displacements  entirely  to  the  formation  in  the  process 
of  bending  of  corrugations  or  buckles  in  the  wall  of  the  pipe  on 
the  concave  side  of  the  bends  and  stretching  of  the  material  on 
the  convex  side.  He  suggested  that  these  deformations  caused  a 
virtual  reduction  in  the  modulus  of  flexure  El  and  hence  aug¬ 
mented  the  deflections  but  Dr.  Th.  v.  Karman  of  Gottingen 
advanced  the  theory*  that  the  principal  cause  of  the  discrepancy 
was  a  deformation  of  the  circular  pipe  section,  which  takes  a  flat¬ 
tened  oval  form  tmder  these  conditions.  It  can  be  seen  at  once  that 

1  “  Porm&ndenmg  tind  Beanspruchung  federnder  Ausgldchrohre,”  Mitth. 
aber  Forschunssarbeiten,  Heft  M,  1910. 

>Zeitschr.,  Vereines  £><nitscher  Ingenieure,  Band  55,  1011,  p.  1889  "  Uber 
die  PormAnderung  dunnwandiger  Rohre.” 


70 


HOVGAARD 


when  a  curved  pipe  is  subject  to  a  bending  couple,  tending,  for 
instance,  to  increase  the  curvature,  the  tensile  stresses  on  the  con¬ 
vex  side  and  the  compressive  stresses  on  the  concave  side  must  have 
a  tendency  to  push  the  wall  on  both  sides  of  a  transverse  section  in 
towards  the  neutral  surface  *  Hereby  the  moment  of  inertia  of 
the  section  is  reduced,  but  this  in  itself  cannot  account  for  any 
material  increase  in  curvature  of  the  bend.  The  chief  cause  of  this 
is  that  the  material  farthest  from  the  neutral  axis  is  by  this  defor¬ 
mation  enabled  to  shirk  its  duty  and  is  largely  relieved  of  the 
stresses,  so  that  the  angular  deflection  of  the  bend  will  be  much 
increased  before  equilibrium  with  a  given  bending  moment  is  estab¬ 
lished.  On  the  basis  of  certain  assumptions  for  the  radial  and  tan¬ 
gential  displacements  of  the  middle  surface  of  the  tube  wall.  Dr. 
V.  Karman  developed  formulas  by  which  the  augmented  deflec¬ 
tions  could  be  largely  explained,  and  showed  that  the  stresses  did 
not  follow  the  linear  law  of  the  ordinary  theory  of  bending,  having 
a  maximxun  nearer  the  neutral  axis  than  according  to  that  theory. 
The  latter  point,  however,  could  not  be  verified  as  no  strain  meas¬ 
urements  were  made  in  Dr.  Bantlin’s  tests. 

Prof.  H.  Lorenz  of  Danzig  has  offered  another  quite  different 
solution*  based  on  the  equilibrium  of  the  stress  forces  acting  on  an 
element  of  the  tube  wall.  The  deflections  of  a  pipe-bend  calculated 
by  his  formulas  are  shown  in  one  case  to  give  a  better  correspond¬ 
ence  with  Dr.  Bantlin’s  experiments  than  do  those  of  Dr.  v. 
Karman,  but  according  to  his  theory  the  longitudinal  stresses 
should  follow  the  linear  law  of  the  ordinary  theory  of  bending. 

Other  investigators  in  this  field  have  used  the  ordinary  formula 
for  bending  of  curved  bars.  Thus  Mr.  S.  Crocker  and  Mr.  S.  S. 
Sanford,*  who  made  elaborate  experiments  on  various  types  of 
pipe-bends,  appli^  the  ordinary  formula,  but  while  the  results  in 
some  cases  showed  a  good  agreement  with  the  measiuements,  it  was 
found  in  other  cases  that  the  bends  were  more  flexible  than  the 
formula  indicated.  These  irregularities  were  ascribed  to  the  above- 
mentioned  folds  in  the  pipe  wall  produced  in  the  process  of  bending, 
but  it  seems  likely  that  the  results  were  much  influenced  by  the 
fact  that  it  was  attempted  to  hold  one  of  the  ends  quite  fixed  while 

•  Hovgaard,  “  Structural  Desira  of  Warships,”  E.  &  F.  N.  Spon,  1916,  p.  61. 

*“  Die  Biegimg  Krummer  Ronre,"  Dinglers  Pd|yt.  Joum.,  1912. 

*“  Elasticity  of  Pipe  Bends,”  Am.  Soc.  Mech.  Eng.,  1922. 
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the  Other  was  under  considerable  restraint.  Hereby  unknown 
couples  and  forces  were  introduced,  and  this  may  perhaps  explain 
why  these  and  other  tests,  carried  out  in  a  similar  manner,  have 
given  erratic  results. 

In  order  to  determine  which  of  the  above-indicated  methods  of 
calculation  was  most  nearly  correct  the  author  of  this  paper  devel¬ 
oped  a  solution  by  a  new  method,  as  explained  below,  and  arrived 
at  formulas  which  were  verified  first  by  an  analysis  of  Dr.  Bantlin’s 
tests  and  subsequently  by  tests  made  at  the  Massachusetts  Insti¬ 
tute  of  Technology.  The  latter  tests  were  carried  out  as  a  thesis 
for  the  Master’s  Degree  by  Lieut.  C.  L.  Helber  (CC)  United  States 
Navy,  Lieut.  C.  L.  Kaplan  (CC),  United  States  Navy,  and  Lieut. 
O.  L.  de  Vasconcellos  of  the  Brazilian  Navy,  all  of  whom  were 
students  in  the  Course  of  Naval  Construction.  Two  pipe-bends 
were  tested,  one  of  which  was  loaned  to  the  naval  students  Ity  the 
manager  of  the  Boston  Navy  Yard,  Capt.  C.  M.  Simmers,  for  the 
purpose  of  these  experiments,  while  the  other  was  presented  to  the 
Institute  by  the  Walworth  Manufacturing  Company  of  Boston. 
In  these  tests  the  ends  of  the  bends  were  free  to  rotate  about  knife- 
edges  and  measurements  were  made,  not  only  of  the  deflections  as 
in  Bantlin’s  tests  but  also  of  the  stresses  (strains)  and  circum¬ 
ferential  deformations  at  various  sections  of  the  pipes.  Such  meas¬ 
urements  have  not,  to  the  author’s  knowledge,  been  made  before  in 
this  connection ;  they  confirmed  in  a  conclusive  manner  the  theory 
that  the  remarkable  flexibility  of  such  pipe-bends  was  due  essen¬ 
tially  to  the  deformation  of  the  circular  section  of  the  pipe  into  a 
quasi-elliptic  form.  Tests  were  also  made  with  the  Walworth  pipe 
in  which  the  ends  instead  of  resting  against  knife-edges  were  sub¬ 
ject  to  a  certain  restraint,  being  prevented  as  far  as  practicable 
from  turning  in  the  plane  of  the  bend. 

B.  Deformation  of  a  Pipe-Bend  Subject  to  Bending 

A  tube  of  circular  section  of  mean  radius  r  is  bent  permanently 
so  that  its  axis  in  the  unstrained  state  forms  an  arc  of  radius  R. 
The  wall  thickness  is  2h.  This  tube  is  subjected  to  a  bending 
moment  M  which  may  vary  from  point  to  point  and  it  is  desired 
to  determine  the  deformation  and  stresses.  No  pressure,  external 
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or  internal,  is  acting  on  the  tube.  It  is  assumed  that  the  middle 
surface  is  inextensible  and  that  linear  elements  initially  normal  to 
that  surface  remain  straight  and  normal  to  it  and  do  not  alter  their 
length  when  the  surface  suffers  deformation  within  the  elastic  limit. 

The  radius  of  the  bend  R  is  supposed  to  be  not  much  less  than 
about  five  times  the  diameter  of  the  tube,  which  is  the  limit  ordi¬ 
narily  prescribed  for  pipe-bends  in  practice,  and  the  wall  thickness 
2h  is  assumed  to  be  small  relative  to  r. 

Consider  a  small  segment  of  the  tube,  as  shown  in  Fig.  1,  enclosed 
between  two  planes  which  are  normal  to  the  axis  and  form  a  small 
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angle  dyji  with  each  other.  Imagine  this  angle  to  be  so  small  that 
we  may  regard  the  segment  as  a  body  of  revolution  formed  by 
revolving  a  transverse  section  about  the  line  of  intersection  X'X' 
between  the  two  planes.  Thus  X'  X'  is  normal  to  the  plane  of  the 
bend. 

The  bounding  sections  have  their  centers  at  0  and  O',  so  that 
OO'  is  an  element  of  the  axis  of  the  tube.  We  place  a  system  of 
rectangular  coordinates  with  origin  at  O,  axis  OX  parallel  with 
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X*  X*  going  through  the  point  A  on  the  middle  surface,  while  OY 
intersects  that  surface  in  B.  The  line  OZ  is  tangent  to  the  axis  at 
O.  Point  P  is  on  the  middle  surface,  OP  forming  an  angle  9  with 
OX ;  PQ  is  an  element  of  a  transverse  section  of  the  middle  surface 
and  the  area  of  the  tube  wall  enclosed  between  radii  at  P  and  Q  is 
2hrd6.  Consider  now  an  element  of  the  tube  wall  formed  by  rota¬ 
tion  of  the  element  of  area  2hrdd  about  the  axis  of  revolution  and 
extending  between  the  two  sections  from  PQ  to  P'Q'.  The  sides  of 
this  element  are  conical  surfaces  formed  by  radii  of  the  tube  at 
angles  9  and  9-{-d9  moving  along  the  axis  of  the  tube  as  the  guiding 
curve  and  turning  about  a  fixed  point  on  X'  X'.  The  intersecting 
curve  PP'  is  everywhere  at  the  distance  P+y  from  a  point  C  on 
X'X',  y  being  the  ordinate  of  the  point  P.  The  element  is  repre¬ 
sented  to  a  larger  scale  on  Fig.  2. 


2 

To  fix  ideas  suppose  the  bending  moment  acting  on  the  tube  is 
such  as  to  increase  the.curvatiue,  then  the  fibers  above  the  axis, 
which  we  assume  to  be  horizontal,  will  be  in  tension  and  those 
below  the  axis  will  be  in  compression.  Let  the  longitudinal  stress 
so  created  be  p.  The  bending  moment  is  caused  by  forces  so  remote 
from  the  section  under  consideration  that  local  stresses  which  they 
produce  may  be  disregarded  (Saint  Venant’s  Principle). 

The  longitudinal  stresses  will  result  in  a  force  p2hrd9  acting  on 
each  end  of  the  element  in  a  plane  parallel  to  the  plane  of  the  bend, 
see  Pig.  2.  These  forces  form  with  each  other  an  angle  d^  and  their 
resultant  /  will  be  directed  against  and  normal  to  the  neutral  sur¬ 
face.  We  have: 

/»  —  2hrpd9d^lt  (1) 

In  order  to  determine  the  stress  p  we  have  to  find  first  the  longi¬ 
tudinal  strain  c  of  an  element  such  as  that  in  Pig.  2,  but  for  this 
pmrpose  we  refer  to  Fig.  3,  which  represents  the  intersection  of  the 
vertical  plane  CtPO'  in  Fig.  1  with  the  middle  surface  of  the  tube 
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for  the  length  of  the  segment.  There  is  also  shown  the  projection 
on  this  plane  of  the  element  PQQ'P',  here  represented  by  a  line 
PP\  It  is  assiuned  that  00'  is  the  neutral  axis  and  hence  remains 
of  the  same  length,  but  that  it  is  bent  under  the  action  of  the  bend¬ 


ing  moment  to  the  form  0\0i  as  indicated  to  an  exaggerated  scale 
on  Fig.  3.  The  upper  part  of  the  tube  BB'  goes  to  BiBi  and  is 
elongated,  while  the  lower  part  DD'  goes  to  DiDi  and  is  contracted. 
The  element  PP',  which  is  at  a  distance  y  from  the  neutral  surface 
in  the  unstrained  state,  goes  to  P\P\,  which  is  at  a  distance  y'  — 
y—  Ay  from  the  neutral  surface.  The  angle  is  increased  to 
di/t-h  Adtp  and  the  radius  of  curvature  of  the  axis  R  becomes  R'. 

The  total  elongation  of  the  filament  PP’  produced  directly  in 
this  way  is: 

{R'-\ry—  Ay)(d0-|-  Adi|») —  (/?-}- 
and,  since  by  assumption: 

Rd^~R'{d>lf\-Ad^)  (2) 

the  elongation  is  equal  to:  yAd\ft—  Ay{d^-\-  Adtp).  Since  we  con¬ 
sider  only  strains  within  the  elastic  limit  of  the  material,  Ay  and 
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are  small  relative  to  y  and  respectively,  whence  the  product 
AyX  Adi/j  may  be  neglected.  Dividing  by  the  original  length  of 
the  filament,  {R+y)d^,  we  find  the  elongation  per  unit  length 

^  _y  Ay 

{R+y)dy^ 

With  the  assumed  relations  between  the  principal  dimensions,  we 
may  regard  y  as  small  relative  to  R  and  the  elongation  may  then 
be  written 

y 

RdyjtR 

It  is  of  importance  to  note  that  /  acts  always  in  a  plane  parallel 
to  the  plane  of  the  axis  of  the  bend  and  normal  to  the  neutral  sur¬ 
face  of  the  pipe.  When  the  couple  is  such  as  to  reduce  the  curva¬ 
ture,  /  is  directed  away  from  the  neutral  surface.  Its  tangential 
component  /  cos  0  produces  a  compressive  stress  in  the  wall  of  the 
tube  increasing  from  the  points  B  and  D  to  a  maximum  in  the 
neutral  surface.  If  Ct  is  the  tangential  strain,  the  corresponding 
longitudinal  strain  is  (TCj,  where  cr  is  Poisson’s  ratio.  We  shall  here 
disregard  (TCi,  which  is  small  as  compared  with  the  longitudinal 
strain  e,.  The  radial  component  of  /  is  /  sin  0",  it  creates  a  shear 
stress  in  the  wall  which-does  not  affect  the  longitudinal  stress.  It 
must  be  realized  that  the  compressive  and  shear  stresses  are  called 
forth  by  and  are  components  of  the  longitudinal  stresses.  The 
flexural  strains  due  to  the  /-forces  act  tangentially  and  produce 
corresponding  longitudinal  strains  found  by  multiplying  by  Pois¬ 
son’s  ratio,  but  these  effects  vanish  when  integrated  over  the  edges 
of  the  element  from  —hto  +h.  Since  no  tractions  act  on  the  bound¬ 
ing  cylindrical  surfaces  there  will  be  no  directly  produced  radial 
strains.  Hence  we  may  regard  the  longitudinal  strain  in  the  ele¬ 
ment  as  defined  entirely  by  equation  (3)  and  may  write 


E( 

~R\^  dylt 


(4) 


In  dealing  with  the  deformations  of  the  transverse  sections  we 
disregard  the  strains  produced  directly  by  the  tangential  compres¬ 
sive  stresses  and  by  the  shear  stresses  and  consider  only  the  deflec¬ 
tions  caused  by  bending,  and  in  determining  the  bending  moments 


r  i 
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we  consider  only  the  /-forces,  since  the  forces  due  to  shearing  and 
compression  on  the  longitudinal  edges  of  the  element  are  nothing 
but  components  of  the  /-forces.  As  stated  above,  the  /-forces  tend 
to  flatten  the  tube,  but  the  wall  of  the  tube  resists  this  action  in 
virtue  of  its  elastic  strength,  and  equilibritun  is  not  established 
until  the  section  has  become  oval  or  elliptic  as  shown  in  Fig.  4. 


Making  the  element  represented  in  Fig.  1  and  2  of  unit  length, 
we  have 


1  or  approximately-—. 

Substituting  in  (1)  and  expressing  p  in  accordance  with  (4)  we 
And: 


The  Vertical  Displacement,  Ay.—  It  was  first  assumed  that  Ay 
is  directly  proportional  to  y,  or  Ay —iky;  where  k  is  constant  over 
the  section.  This  1^  to  a  very  simple  solution  but  when,  based  on 
this  assumption,  the  deflection  Ay  due  to  the  bending  under  the 
/-forces  was  worked  out,  it  was  found  to  be  proportional  to  y* 
instead  of  to  y.  Hence  the  formula 

Ay  —  iky*  —  ikr*  sin*  6  (6) 

was  adopted  as  the  fundamental  assumption. 

The  process  by  which  (6)  was  developed,  starting  from  the 
assumption  Ay— iky,  is  not  here  given.  It  is  of  interest  only  as  a 
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preliminary  tentative  calculation  and  is  precisely  the  same  as  fol¬ 
lowed  below  where  we  start  from  (6)  and  find  an  expression  for  Ay 
which  in  this  case  is  fotmd  to"  be  fairly  consistent  with  the  funda¬ 
mental  assumption  (6). 

Substituting  from  (6)  in  (4)  we  find; 

and  from  (5)  we  find:  since  y»r  sinfl; 


We  are  now  in  position  to  find  the  bending  moment  m  due  to 
the  /-forces  at  any  point  P  on  a  section  of  the  tube.  See  Fig.  5. 


By  symmetry  it  is  sufficient  to  deal  with  a  quadrant  A  B  of  an 
elemental  ring  of  the  pipe,  which  we  take  to  be  of  unit  length 
axially.  It  is  clear  at  once  that  there  can  be  no  angular  deflection 
at  the  points  A  and  B. 

Consider  the  equilibrium  of  the  arc  i4P  and  let  Q,  with  coordi¬ 
nates  *  and  y,  be  any  point  on  this  arc.  The  piece  AP  is  acted 
upon  by  a  couple  and  a  vertical  reaction  Pa'  at  A  and  by  the 
vertical  /-forces.  Taking  moments  about  P  and  substituting  the 
value  of  /  from  (8),  we  have: 


wp-mx+Px(f-*p) 
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Put  x^r  COS  6  and  perform  the  integration ;  we  have  then  for 
any  point  on  the  quadrant  and  hence  any  angle  0: 


nfmA 


+ (1-cosfl)-?^  [^/icos*fl-costf  +  i) 

P*  L  #  V2  .  2/ 

cos^tf  — icos*®+  -cosfl— —  n. 

V12  2  3  4/J 


(9) 


We  determine  Pa  as  being  equal  and  oppositely  directed  to  the 
sum  of  all  the  /-forces  on  the  quadrant: 

from  which: 


R*  \d}fi  3  } 


(10) 


The  couple  is  determined  by  the  condition  that  the  total  angular 
deflection  from  A  to  B  shall  be  zero: 


Jo  iE 


(11) 


where  i  is  the  moment  of  inertia  of  the  longitudinal  area  (PP'  in 
Fig.  2)  of  the  tube  wall,  2h(R+y)d*li^2h;  but  since  i  as  well  as  E 
and  r  are  constant,  we  obtain  from  (9)  and  (10)  and  after  perform¬ 
ing  the  integration : 


2K’  '  #  24 


)■ 


Substituting  values  of  Pa  and  in  (9)  we  find: 


m 


hj^  r  (1—2  cos*®)  —  -  kr^f  cos* ff— 6  cos*®  4- 

2R*  I  dif>  3  V 


(12) 


(13) 


We  are  now  able  to  find  the  vertical  deflection  at  P: 


{x—xj^ds. 
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h*  and  the  value  of  m  as  given  in  (13),  we  find 


With  ds^rd$,i 
for  any  angle  6: 


which  on  substitution  is  (14)  gives 


Ay - ^  r  sin»tf^-  Ay(  --h-^  sin*0  )  . 

WR*  I  V24  20  /J 

This  equation,  when  solved  for  Ay,  gives  a  value  of  the  vertical 
deflection  which  is  compatible  with  the  elasticity  of  the  pipe  wall: 

^  120r*sin*fl  Ad^  .  . 

- -  -  (lo) 

4mh^R*+95r*+^  sin*0  dxjt 

TT 

When  0-—  we  get  for  the  deflection  at  B: 


480/i*/?*+101r^  d\ff 

Equation  (16)  does  not  quite  agree  with  the  fundamental  assump¬ 
tion  (6),  according  to  which  Ay  should  be  proportional  to  sin*  $, 
but  by  adding  r*  (5  cos* 0— sin*®)  in  the  denominator  that  condition 
will  be  fulfilled.  The  error  by  this  approximation  will  be  small, 
because  cos  $  is  small*  in  the  range  where  Ay  is  greatest  and  the 
added  term  will  always  be  a  very  small  percentage  of  the  value 
of  the  denominator.  We  obtain  thus  the  simple  expression: 

Br*  sin'll  ^ 

24h*R‘+5r*  dxft 

Formula  (17)  for  Ay^  is  not  affected  by  this  approximation. 


The  Longitudinal  Stress:  Substituting  the  value  of  Ay  in  (4) 
we  find  the  longitudinal  stress: 

.--E/ _ 6r*y»  ^  Ad^j,  _ 


24h'R*+or*. 


(19) 
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The  only  variable  in  this  expression  for  a  given  section  and  a 
given  bending  moment  is  y,  which  is  the  distance  from  the  neutral 
axis  of  the  point  considered.  The  first  term  in  the  second  member 
of  (19)  is  the  stress  as  given  in  the  ordinary  approximate  formula 
for  a  curved  bar: 

E  A(d\b)  M 

^  Rd^it  r 

but  the  second  term  will  evidently  reduce  the  stress  materially  at 
great  distances  from  the  neutral  axis  depending  on  the  relative 
values  of  h,  r  and  R.  The  maximum  stress,  instead  of  occurring  at 
the  extreme  fibers  and  following  a  linear  law,  occurs  at  points  much 
nearer  to  the  neutral  axis.  This  is  clearly  exhibited  in  Fig.  8  and 
Fig.  17  which  show  the  stress  distribution  in  Dr.  Bantlin’s  200  mm. 
pipe-bend  and  in  the  Walworth  pipe-bend  respectively. 

For  comparison  the  line  of  stress  is  given  for  the  bending  of  a 
solid  bar,  where  the  stress  is  proportional  to  y.  It  will  be  seen  that 
the  actual  maximum  stress  is  considerably  greater  than  the  maxi¬ 
mum  attained  in  a  solid  bar. 


The  Angular  Deflection.  Having  thus  obtained  an  expression 
for  p  in  terms  of  the  angular  deflection,  the  latter  is  determined 
by  equating  the  known  bending  moment  to  the  moment  of  the 
stress  forces  taken  over  the  entire  section  about  the  neutral  axis. 


M**  /  2hrp(y  —  Ay)dd. 


(20) 


Substituting  r  sin  6  for  y  and  the  values  of  Ay  and  p  from  (18) 
and  (19),  we  get: 


M 


2hr*E  r  fir*  sin*<?  1 

R  X  I  24h'R*+5r*j 

X  [Msino- 

L  #  2ih'R*+5r*\  dxlfjj 


dd. 


The  last  term  inside  the  second  bracket  contains 


which 


within  the  elastic  limit  of  the  tube  is  always  a  very  small  quantity 


i 
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and,  being  multiplied  by  a  factor  which  is  smaller  than  or  very 
slightly  greater  than  unity,  it  can  safely  be  neglected  relative  to 
the  first  term  inside  the  same  brackets. 

Since  the  teim  so  neglected  represents  Ay,  its  removal  implies 
that  the  stresses  are  assumed  to  act  on  the  undeformed  section  of 
the  tube.  Integrating  we  get: 

j^^_2Trhr*E  4Sh*R^-\-r*  Ad\ft 
48h*R*-hl0r*  ~d^’ 

Substituting  I  for  2hr*Tr,  which  is  approximately  the  moment  of 
inertia  of  the  undeformed  section  about  the  neutral  axis,  we  find 
the  flexural  strain : 

’  *  d\lt 

Karman  arrived  at  the  same  equation  by  expressing  the  radial 
and  tangential  displacements  of  the  middle  stu^ace  in  trigonomet¬ 
rical  terms  which  contained  an  arbitrary  constant,  and  this  con¬ 
stant  was  so  determined  as  to  make  the  elastic  work  a  minimum 
for  a  given  angular  deflection  of  the  pipe. 

It  will  be  noticed  that  (21)  differs  from  the  ordinary  approximate 
formula  for  the  angular  deflection  of  an  element  of  a  curved  bar 
only  in  the  application  of  the  factor: 

48h*R*+10r* 

48h*R*+r* 

which  we  shall  denote  by  K  in  the  following. 

In  a  pipe  where  i?  —  10r  and  r*25/t  the  value  of  K  will  be  2.04, 
so  that  in  this  case  the  change  of  curvature  will  be  about  twice 
as  great  as  according  to  the  ordinary  formula.  A  reduction  in  the 

ratio  —  will  cause  a  rapid  increase  in  /C  as  confirmed  in  the  test 

of  the  4^"  pipe-bend  described  below,  where  this  ratio  was 
equal  to  6  and  K  was  equal  to  about  5. 


<  El  J  4Sh*R*+r* 


82 


HOVGAARO 


Having  calculated  the  value  of 

KMR 

El 

we  can  then  find  the  maximum  vertical  deflection  at-  the  top 
of  the  section  from  (17)  and  the  stress  at  any  point  from  (19): 


El  (480A*/?*-|-101r<) 


KMf 

—[y- 


6rV 


The  Horizontal  Displacement,  Ax.  This  displacement  at  any 
point  P,  relative  to  A,  Fig.  5,  is  found  from: 

f^Pm 

-^iyp-y)ds  (22) 

and  the  total  horizontal  deflection,  that  is  of  point  B  relative  to 
A,  is  found  to  be  very  approximately  the  same  as  the  vertical, 
deflection  of  B  relative  to  A .  Thus,  if  we  regard  the  center  of  the 
section  O  as  fixed  in  space,  the  top  B  will  deflect  downwards  about 
the  same  amount  as  the  side  A  will  move  outwards.  This  would 
necessarily  be  the  case  if  the  circle  takes  the  form  of  an  ellipse  with 
inextensional  perimeter,  but  actually  the  deformed  section  is  not 
exactly  an  ellipse,  although  it  approaches  closely  to  an  elliptic 
form. 

The  formulas  for  Ay  and  Ax  throw  light  on  the  degree  of  accur¬ 
acy  of  the  theory  and  are  useful  in  experimental  investigations, 
where  the  calculated  deformations  may  be  compared  with  the 
observ’ed  data. 

I 

Stresses  due  to  Transverse  Bending.  Due  to  the  deformation  of 
the  circular  section,  transverse  bending  stresses  exist  in  the  wall 
of  the  pipe,  reaching  their  maximum  at  the  point  A,  Fig.  5,  in 
the  plane  of  the  neutral  axis.  We  denote  these  stresses  by  pi,  and 
have,  on  the  surface  of  the  pipe  at  A : 


THE  ELASTIC  DEFORMATION  OF  PIPE-BENDS 


83 


The  bending  moment  is  given  by  (12)  from  which,  with 
6r» 

- —  ana  *  — 

3 


r* 


2ih'R'-\-br* 


and  i"‘  —  h*  we  find : 


a  Mr*  m*R*+r* 
”  8  Rlh  48h*R*+r* 


(24) 


Under  the  assumed  conditions,  this  stress  is  tensional  on  the 
external  surface  and  compressive  on  the  internal  surface  of  the 
pipe  wall. 


Stresses  due  to  Transverse  Compression.  As  stated  above,  the 
/-forces  have  a  tangential  component  which  produces  a  compres¬ 
sive  transverse  stress  in  the  section,  increasing  from  zero  at  B  to  a 
maximum  at  A.  We  denote  this  stress  by  pf.  At  the  point  A  we 
have 


Pc 


Pa 

2h 


and  substituting  the  value  of  from  (10)  we  find 
_  2Mr'  m*R*+r* 

RI  4WR^->rr*’ 


(25) 


The  stresses  Pt,  and  cO-exist  at  A,  Pb—Pe  on  the  outside  of  the 
pipe,  pb-\-pe  on  the  inside,  and  as  we  shall  see  from  the  numerical 
examples,  the  bending  stress  on  the  inside  of  the  pipe  at  A  will 
ordinarily,  under  the  assumed  conditions  of  loading,  be  the  abso¬ 
lute  maximum  stress  in  the  pipe. 


C.  Deformation  of  a  Pipe-Bend  of  Any  Form 

We  use  as  illustration  the  most  general  case,  a  double-offset 
expansion  U-bend  as  shown  in  Fig.  6.  Ordinarily  such  bends  are 
symmetrical  about  an  axis  0  Y  and  the  bend  on  each  side  consists 
of  two  circular  arcs  OS  and  SP  here  referred  to  as  (1)  and  (2)  with 
centers  at  Ci  and  C*  respectively,  the  first  of  radius  Ri  spanning 
over  an  angle  i/»i  the  second  of  radius  /?*  spanning  over  Usually 
and  S  is  situated  on  the  line  Ci  Ct  as  in  Fig  6.  In  some  cases, 
however,  the  two  arcs  are  joined  by  a  nearly  straight  piece  and 
then  these  simple  relations  do  not  obtain. 
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We  suppose  a  force  P  to  act  on  each  of  the  end  flanges  at  F 
in  such  a  direction  that  the  curvature  of  the  pipe  will  be  increased 
in  arc  (1)  and  decreased  in  arc  (2).  We  regard  0  as  fixed  and  take 
it  as  origin  in  a  rectangular  system  of  codrdinates,  the  X-axis, 
OX,  tangent  at  O  positive  to  the  right,  the  V-axis,  O  Y,  positive 
downwards.  In  determining  the  deflections  of  the  whole  bend  we 


neglect  the  influence  of  the  shear  stresses  and  the  direct  compres¬ 
sive  stresses  and  take  into  account  only  the  deformations  due  to 
bending  of  the  tube.  We  aim  in  particular  at  determining  the 
amount,  2  Ax|?,  by  which  the  points  F  and  F  approach  each  other. 

A  bend  as  that  shown  in  Fig.  6,  where  the  axis  of  the  tube  fol¬ 
lows  simple  curves,  such  as  circular  arcs,  may  be  dealt  with  alge¬ 
braically,  and  although  the  graphical  method  given  below  is  more 
generally  applicaUe  and  frequently  more  accurate,  we  shall  first 
explain  the  algebraic  method  which  in  many  cases  is  useful  and 
which  permits  a  study  in  a  general  way  of  the  effects  of  restraint 
on  the  ends  of  the  bend. 


The  Algebraic  Method.  Consider  first  the  case  where  the  end 
flanges  at  F  and  F  are  entirely  free  to  rotate  in  the  plane  of  the  bend, 
the  P-forces  being  applied  through  knife  edges  normal  to  this 
plane.  The  angular  deflection  is  given  by  (21)  where  in  the  limit, 
when  dy^  is  infinitely  small,  A(d!/r) 
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Since  Ri  and  /?*  are  constant  within  the  respective  arcs  (1)  and 
(2)  we  put 


4Sh'R^-\-r* 


K  and 


giving  R  and  K  suffixes  1  or  2  as  the  case  may  be. 

Let  the  total  height  of  the  bend  OL  in  Fig.  6  be  H,  and  put 
//— 7?i=di.  We  have  everywhere  M  =  P{H—y).  The  hori¬ 
zontal  displacement  of  one-half  of  the  bend,  Axp,  is  found  from 
the  formula : 

j\H-y)d{d^)  r KR{H-yydr\,.  (26) 

Jo  EIJo 


Dealing  with  each  arc  separately  and  substituting  for  arc  (1): 
=  cos  i/»)  H—y=di+Ri  cos  and  for  arc  (2):  y  = 
//  — cos  //— (1— cos  we  have: 


,  PKxRi  ,  PKiRi'  r*\. 

Axp  =  — — —  /  (di  -}-  Ri  cos  - — —  /  ( 1 — cos  \lfyd\ff 

El  Jo  El  Jo 


r'[P  riP(H-,)-M,\d<l>-0. 

El  Jo  El  Jo 


which  on  integration  and  writing  xfii  —  t/h  =  ^  gives: 

Axp=  —  •  KiR\  sin  cos  i/»— 2diRi  sin  i/»] 

El 

-f  A'j/?t*(3/2  »/»+ sin  ij/  cos  \fi—2  sin  </»)  | .  (27) 


Assume  now  that  the  end  flanges  at  F  and  F  are  held  absolutely 
flxed  in  direction,  but  that  their  centers  are  free  to  move  parallel 
to  OX.  There  will  then,  when  the  P-forces  are  applied,  arise  termi¬ 
nal  couples  which  we  denote  by  Mp,  and  the  bending  moments 
due  to  P  will  be  everywhere  reduced  by  that  amount. 

The  value  of  Af /?  is  found  from  the  condition  that  the  total  angular 
deflection  from  0  to  F  shall  be  zero: 


- 
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Hence,  with  we  find  on  integration: 

^  _  KxRi(di^+Ri  sin  \lt)+  KtRtH^—sin  tfi)p 

iK,R^+K,Rt^ 

Mp  being  known,  we  can  now  determine  the  displacernent 
which  would  be  produced  hy  Mp  acting  alone: 


El  Jo  ^  El 


X[KiRiidi^-^Ri  sin  </»)+  KiRi'iyfi— sin  (29) 

This  is  true  whatever  Mp  is,  it  gives  the  displacement  for  any  given 
couple  Mp.  In  the  present  case  where  Mp  is  that  couple  which  will 
just  counterbalance  the  tendency  of  P  to  rotate  the  ends,  we  may 
substitute  for  the  expression  inside  the  brackets  in  (29)  its  value 
from  (28)  and  arrive  then  at  the  simpler  expression 

^  ,_M^(K,R^+K,Rt^  (290 

which,  however,  holds  only  when  Mp  has  that  special  value.  When 
we  deduct  Axp'  so  determined  from  Axp  as  found  from  (27)  for  free 
ends,  we  obtain  the  displacement  for  the  case  when  both  ends  of  a 
bend,  while  subject  to  a  force  P,  are  rigidly  held. 

The  Graphical  Method.  Formula  (26)  may  here  be  used  as  it 
stands  for  any  form  of  bend,  bearing  in  mind  that  R  and  hence 
K  are  supposed  to  varj'  from  point  to  point. 


Putting  Rd^^ds  we  get: 


K(H-y)*ds 


In  order  to  evaluate  the  integral  graphically  we  calculate  the 
expression  under  the  integral  sign  for  a  number  of  sections  assign¬ 
ing  to  the  radius  of  curvature  R  and  the  ordinate  y  their  proper 
value  at  every  point.  The  quantities  so  obtained  are  plotted  as 
ordinates  on  the  developed  girth  of  the  axis  of  the  pipe  as  abcissae. 
The  area  under  the  curve  may  now  be  measured  with  any  inte¬ 
grating  instrument  and,  after  multiplication  with  an  appropriate 
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factor,  will  be  equal  to  the  deflection  which  is  one-half  of  the 
total  displacement  of  the  points  F  relative  to  each  other. 

We  shall  now  apply  the  formulas  here  developed  to  actual  tests, 
beginning  with  a  brief  treatment  of  some  of  Professor  Bantlin’s 
tests  and  giving  a  more  full  account  and  analysis  of  the  tests 
recently  carried  out  in  the  Testing  Materials  Laboratory  of  the 
Massachusetts  Institute  of  Technology. 


D.  Application  of  the  Formulas  to  Actiud  Tests 

I.  Analysis  of  Dr.  Bantlin's  Experiments 
These  tests  are  fully  described  in  "  Mittheilungen  uber  For- 
schungsarbeiten,”  Heft  96,  1910  and  to  the  author’s  knowledge  are 
the  only  ones  prior  to  those  made  at  the  Massachusetts  Institute 
of  Technology  where  the  end  flanges  of  the  pipe-bends  were  quite 
free  to  turn. 

We  shall  here  deal  only  with  three  of  the  most  important  tests, 
all  on  pipe-bends  of  the  double-offset  type,  one  of  200  mm.  and 
another  of  125  mm.  nominal  diameter  both  of  mild  steel,  and  one 
of  200  mm.  of  cast  iron.  Although  the  mild  steel  pipes  were  prob¬ 
ably  of  very  good  workmanship,  they  showed  marked  folds  or 
buckles  on  the  concave  side  of  the  bends  and  the  geometrical  form 
of  the  axis  was  not  well  maintained  in  the  region  where  the  two 
arcs  (1)  and  (2)  join  each  other.  The  cast  iron  pipe  was  perfectly 
regular  in  form  both  as  regards  the  shape  of  the  section  and  the 
curve  of  the  bends,  but  there  were  several  large  holes  for  risers 
on  one  side  in  the  tube  wall,  which  holes  were  closed  with  covers. 
The  wall  of  this  pipe  was  much  thicker  than  in  the  steel  pipes. 

The  200  mm.  Mild  Steel  Pipe-Bend 
The  principal  dimensions,  as  given  by  Bantlin  on  page  32  of 
his  above-mentioned  essay  and  used  by  him  in  his  algebraic  com¬ 
putations,  were: 

/?i  =  831.0  mm.  7?j  =  558.5mm. 

f  =  104.3  mm.  2/t  =  6.65mm. 

=  1^  =  1^=  129*19'  di  =  1439mm. 
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These  figures  were  averaged  by  Dr.  Bantlin  from  the  actual 
measurements,  but  in  so  doing  and  in  order  to  facilitate  the  cal¬ 
culations,  he  omitted  a  part  of  the  pipe  at  the  points  of  inflection 
where  the  arcs  (1)  and  (2)  meet.  Thus  d\  became  1439  mm.  instead 
of  1569  mm.  as  it  actually  was  according  to  the  exact,  measure¬ 
ments,  page  3  of  his  essay.  In  the  present  analysis  the  algebraic 
method  was  at  first  employed,  using  the  same  figures  as  Dr. 
Bantlin,  but  when  the  approximate  nature  of  these  figures  was 
discovered,  the  calculations  so  made  were  discarded  and  it  was 
decided  to  use  the  graphical  method  by  which  all  irregularities  in 
the  bend  can  be  taken  into  account  and  a  more  accurate  result 
obtained. 

In  the  graphical  method  we  use  formula  (260 


E  is  reckoned  equal  to  2,103,000  kg/cm}  (13,350  ts/sq.  in.)  as 
determined  by  Dr.  Bantlin.  The  moment  of  inertia  of  the  section 
of  the  pipe  was  I  =  2371  cm.*  We  choose  for  analysis  the  case  where 
the  increment  of  load  was  P  =  300  kg.  The  total  load  was  then 
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600  kg.,  as  the  condition  under  an  initial  load  of  300  kg.  was 
taken  as  origin. 

The  exact  contour  of  the  axis  of  the  pipe  was  laid  down  to  a 
large  scale  in  accordance  with  the  measurements  given  by  Dr. 
Bantlin,  and  R  as  well  as  H—y  were  measured  accurately  for  19 
points,  for  each  of  which 

^,_48A»/?*-(-10r< 

’‘4Sh*R*+r* 

was  calculated. 

The  values  of  /C(  H—y)*  were  now  computed  as  shown  in  Table  I 
and  plotted  on  the  expanded  neutral  axis  as  a  base.  The  curve  so 
determined  is  given  to  reduced  scale  on  Fig.  7.  The  area  of  this 
curve  was  foimd  by  integraph  and  the  total  displacement  2Axj? 
calculated  as  shown  at  the  foot  of  Table  I. 

It  was  found  that  the  displacement  so  obtained  was  2  Ax 
28.0  mm.  as  against  an  observed  value  of  34.5  mm.,  showing  that 
the  calculated  value  was  18.8  per  cent  too  small.  This  discrepancy 
may  well  be  explained  by  the  buckles  found  on  the  concave  side  of 
the  bend,  as  referred  to  above. 

For  comparison  the  displacement  was  calculated  by  the  ordinary 
or  old  formula  for  bending,  according  to  which 

Using  the  figures  employed  by  Bantlin  in  his  computations  and 
putting  Ki  and  Kt  equal  to  unity,  we  find  from  (27)  that  2  Ax^r* 
7.4  mm.  or  little  more  than  one  fifth  of  the  observed  value.  Dr. 
Bantlin  attributed  this  great  discrepancy  entirely  to  buckling  or 
stretching  of  the  pipe  wall,  but  while  such  irregularities  may  per¬ 
haps  account  for  the  difference  between  the  observed  displacement 
and  that  calculated  by  the  new  formula,  it  cannot  explain  the 
enormous  difference  in  case  of  the  old  formula. 

The  longitudinal  stresses  in  the  section  at  O,  the  top  of  the  bend, 
were  calculated  by  formula  (19).  The  bending  moment  at  this 
point  was 


Afo-300X  2400  -  720,000  kg.  mm.* 
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and  it  was  found  that 


dxf/ 


-3840X10-^ 


21,030 

831 


X 3840 X  10“®(y  -  8424  X  lO^y*). 


This  gives  P  —  .252  kg/mm.*  or  only  360  Ibs./sq.in.  for  the  point 
B  where  107.6  mm.  and  where  ordinarily  the  maximum 

is  found,  while  now  the  calculated  maximum  was  at  y  =  63  mm., 
where 

p,„o,=«'4.06  kg/mm.*  “5800  Ibs./sq.in. 

Other  values  were  calculated  for  various  distances  from  the 
neutral  axis  and  the  results  plotted  on  Fig.  8.  On  the  same  figure 
is  also  given  the  straight  sloping  line  representing  the  stress  as 
calculated  by  the  ordinary  formula  for  bending,  according  to 
which  the  maximum  stress  should  occur  at  B  and  D  and  have  a 
value  of  4500  Ibs./sq.in. 

FIG.  6. 
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It  is  seen  that  the  stress  distribution  determined  by  the  new 
formula  differs  radically  from  that  in  ordinary  bending  of  a  solid 
bar.  The  stress  at  what  is  usually  referred  to  as  the  most  strained 
fiber  is  now  less  than  one-twelfth  of  what  it  would  be  in  a  solid 
bar,  while  the  maximum  is  nearly  30  per  cent  greater. 

It  is  of  interest  to  determine  what  the  displacement  would  have  • 
been  if  both  ends  had  been  absolutely  fixed  in  direction.  Substituting 
in  (28)  and  using  the  dimensions  employed  by  Bantlin  in  his  cal¬ 
culations,  we  find 

A/jf  — 313,600  kg.mm. 

which  is  almost  one  half  of  the  bending  moment  at  0  when  the 
flanges  are  free  to  turn. 

From  (29)  we  find  that  Mp  acting  alone  would  produce  a  dis¬ 
placement  of  Aji:/*7.9  mm.,  so  that  if  P  is  acting  at  the  same 
time  we  find  the  total  displacement 

2  Ax/?* 28.0— 15.8— 12.2  mm. 

This  result  is  important,  in  that  it  shows  the  great  influence  of 
restraint  on  the  flexibility  of  pipe-bends.  In  the  present  case  the 
displacement  is  less  than  one-half  of  what  it  would  be  if  the  flanges 
were  free  to  turn. 


The  125  mm.  Pipe-Bend 

This  was  a  double-offset  bend  quite  similar  to  that  of  the  200  mm. 
pipe  and  likewise  of  mild  steel.  The  principal  dimensions,  as  used 
in  Bantlin’s  calculations,  were 

/?!  — 802.5  mm.  /?i  — 435.0  mm. 

r  — 64.4  mm.  2/i— 4.19  mm. 

d,- 1315  mm. 

Again  calculations  were  first  made  by  the  algebraic  method  on 
the  basis  of  Bantlin’s  figures,  but  as  it  was  found  that  these  figures 
were  but  a  crude  approximation,  the  calculations  were  discarded. 
Actually,  as  seen  from  Dr.  Bantlin’s  essay.  Fig.  28,  page  69, 
di  — 1453  mm.  instead  of  1315  mm.  Hence  the  graphical  method 
was  used  also  in  this  case  in  order  to  get  a  more  acctu’ate  result. 
The  applied  force  was  P  —  200  kg.,  £—2,103,000  kg/cm.*  The 
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2  A*:/r  =  69.5  mm.,  while  the  observed  displacement  was  72.0  mm., 
showing  an  almost  perfect  agreement. 

The  200  mm.  Cast-Iron  Pipe-Bend 
In  order  to  ascertain  that  the  formulas  would  give  accurate 
results  in  cases  where  the  bend  was  of  perfect  geometrical  form  and 
where  there  could  be  no  buckling  or  stretching  in  the  wall  of  the 
pipe,  they  were  applied  by  Lieutenant  Helber  to  this  bend. 

The  dimensions  were 


830.0  mm. 
r  =  97.85  mm. 

=  136.68*  =  2.386 

//=2405  mm.,  7  =  5615  cm.^, 


/?!  =  560.0  mm. 
2h  =  19.8  mm. 
di  =  1575  mm. 
P  =  200kg. 


The  modulus  of  elasticity  was  found  by  Bantlin  by  testing  a  piece 
of  straight  pipe  in  compression.  £=1,283,700  kg./cm.*.  In  this 
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case  the  algebraical  method  could  be  safely  used,  and  it  was 
found 

A'l- 1.2475  A', -1.5265. 

The  calculated  displacement  was  found  from  (27) 

2A*j»*5.10  mm. 

while  the  observed  displacement  was  5.21  mm.,  so  that  the  cal¬ 
culated  value  was  only  about  2  per  cent  smaller  than  the  observed. 
This  remarkable  correspondence  shows  clearly  the  accuracy  of  the 
new  formula. 

Using  the  old  formula  for  bending  we  find  2Axp=4.0i  mm. 
which  happens  to  be  fairly  close  to  the  observed  value  as  com¬ 
pared  with  the  results  obtained  by  this  formula  for  the  mild  steel 
pipes.  Dr.  Bantlin  attributed  the  improved  correspondence  in  this 
case  to  the  absence  of  folds  or  other  irregularities  in  the  cast  pipe 
and  was  thus  confirmed  in  the  opinion  that  such  irregularities 
were  the  chief  cause  of  the  unexpected  great  flexibility  of  the  steel 
pipe  bends.  Actually  the  explanation  is  that  on  account  of  the 
great  wall  thickness  in  the  cast-iron  pipe,  the  values  of  A'l  and  AT* 
were  so  close  to  unity  that  the  displacements  obtained  by  the  new 
and  the  old  formulas  differed  by  only  23  per  cent. 

II.  Experiments  made  at  the  Massachusetts  Institute  of  Technology 

These  experiments  were  made  by  the  naval  students  in  the 
Testing  Materials  Laboratory  with  kind  permission  of  Prof.  E.  F. 
Miller,  head  of  the  Department  of  Mechanical  Engineering.  In 
carrying  through  the  tests,  the  students  had  the  advice  and  assist¬ 
ance  of  Prof.  H.  W.  Hayward,  Prof.  I.  H.  Cowdrey,  and  Mr.  R.  G. 
Adams. 

Boston  Navy  Yard  Pipe-Bend 

The  first  tests  were  made  on  a  simple  U-bend  of  a  4^in.  pipe, 
provided  with  end  flanges,  placed  at  the  disposal  of  the  naval 
students  by  the  manager  of  the  Boston  Navy  Yard.  The  length 
of  the  pipe  along  the  neutral  axis  was  14.18  ft.,  the  mean  diameter 
of  the  middle  surface  was  2r  — 4.607  in.  and  the  wall  thickness 
2h  —  .1175  in.  The  distance  between  the  flange  faces  was  11.86  ft. 
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See  Fig.  10.  The  form  of  the  bend  and  its  radius  of  curvature  in 
the  unstrained  state  were  accurately  determined  by  measurements 
made  with  steel  tape  of  the  distances  between  a  number  of  punch- 
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marks  on  the  pipe.  The  radius  of  the  bend  was  found  to  vary  from 
about  12)^  in.  to  16  in.  At  several  transverse  sections  measure¬ 
ments  were  made  with  calipers  in  order  to  determine  the  external 
diameter  in  and  normal  to  the  plane  of  the  bend. 
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The  pipe  was  set  up  in  a  vertical  position,  as  shown  in  Fig.  11, 
the  lower  end  resting  through  a  knife-edge  on  a  plate  supported 
by  three  jack-screws  mounted  on  a  platform  scale,  the  upper  end 
resting  through  a  knife-edge  and  plate  against  a  heavy  concrete 
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beam.  The  knife-edges  were  normal  to  the  plane  of  the  bend. 
The  metal  strips  which  are  seen  to  be  soldered  to  the  pipe  at  vari¬ 
ous  sections  served  as  bases  for  the  strain  measurements,  rendering 
it  unnecessary  to  drill  holes  in  the  pipe. 

Forces  were  applied  to  the  lower  end  of  the  pipe  by  means  of 
the  jack-screws  and  could  be  directly  measured  on  the  scale.  The 
longitudinal  strains  were  measured  on  a  section  at  the  top  of  the 
bend,  point  0  (G). 

ns.  \Z. 


Starting  from  an  initial  compressive  force  of  100  lbs.,  from 
which  point  the  forces  as  well  as  the  displacements  were  reckoned, 
additional  loads  o^  400  lbs.  and  700  lbs.  were  applied.  Higher 
loads  were  found  to  produce  a  permanent  set.  At  a  load  of  700 
lbs.  (total  load  800  lbs.)  the  observed  approach  of  the  punch- 
marks  F  and  F  was  found  to  be  2A*j7“.570  in.  A  computation 
given  in  Table  III  and  Fig.  12,  carried  out  by  the  graphical 
method  described  above,  showed  likewise  exactly  a  displacement  of 
.57  in.  When  calculated  by  the  old  formula  a  displacement  of  .1 1  in, 
or  only  one-fifth  of  the  actual  value,  was  obtained.  The  reason  of 
this  great  discrepancy  is  first,  the  sharp  curvature  of  the  bend. 
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the  radius  being  only  three  times  the  diameter  of  the  pipe;  and 
second,  the  small  wall  thickness,  which  was  only  about  one- 
fortieth  of  the  diameter.  The  factor  K  was  equal  to  about  5. 

The  deflection  at  the  top  point  B  of  the  circular  section  at  O 
(see  Pig.  4),  was  fotmd  to  be  Ay^  —  .048  in,  as  against  a  calculated 
value  of  .049  in.,  testifying  again  to  the  correctness  of  the  formulas. 

The  longitudinal  stresses  were  measured  at  a  number  of  points 
on  the  same  section  and  showed  that  at  B  the  stress  was  com¬ 
pressive  and  equal  to  about  1,.500  Ibs./sq.  in.,  a  result  which  was 
carefully  verified  by  repeated  tests.  Formula  (19)  gives  indeed  a 
negative  stress  at  B,  but  is  not  believed  to  be  accurate  in  this  case 
on  account  of  the  very  sharp  curvature  of  the  bend,  and  it  is  in 
fact  difficult  to  see  how  a  compressive  stress  could  come  to  exist 
at  that  |X)int.  It  seems  more  likely  that  great  initial  local  strains 
existed  in  the  pipe,  produced  during  manufacture  of  the  bend, 
and  that  perhaps  the  measured  compression  signified  actually  a 
reduction  in  tension.  It  would  have  been  desirable  to  take  measure¬ 
ments  at  various  other  sections  and  to  study  this  matter  experi¬ 
mentally  in  more  detail,  but  as  the  pipe  was  available  only  for  a 
limited  time,  it  was  not  possible  to  carry  the  experiments  further. 

The  Walworth  Pipe-Bend 

The  second  series  of  tests,  which  was  more  complete  and  carried 
out  under  more  favorable  circumstances,  was  on  the  6-inch  pipe- 
bend  presented  by  the  Walworth  Manufacturing  Company.  The 
pipe  was  manufactured  by  the  Youngstown  Steel  and  Tube  Com¬ 
pany  of  open-hearth  steel  and  lap-welded.  The  bend  was  made  by 
the  Walworth  Company  and,  although  of  the  quality  ordinarily 
delivered  by  this  Company,  it  proved  to  be  of  exceptionally  fine 
workmanship.  No  truckling  or  fluting  could  be  detected,  the  varia¬ 
tions  in  diameter  of  the  pipe  were  small,  and  the  radius  of  the  bend 
was  remarkably  uniform.  The  experiments,  although  carried  to 
greater  completeness  than  those  on  the  4^in.  pipe,  were  neces¬ 
sarily  limited  by  the  time  available  to  the  students  but  it  is  intended 
to  make  further  tests  with  this  pipe-bend  another  year. 

Careful  measurements  showed  that  the  mean  external  diameter 
was  6.656  in.  The  average  wall  thickness  was  determined  by 
weighing  the  pipe  and  obtaining  the  volume  of  the  metal  on  the 
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basis  of  the  length  and  a  unit  weight  of  488.7  Ibs./cu.  ft.  In  this 
way  *the  thickness  was  found  2k 2645  in.,  giving  an  internal 
diameter  of  6.127  in.  and  a  mean  radius  to  the  middle  siu^ace 
f  — 3.196  in.  The  radius  of  the  bend  was  on  the  average  30  in.'or 
about  4.7  times  the  mean  diameter  of  the  pipe. 

riQ.  13. 

THE  WALWORTH  PIPE  BEND 


Fig.  13  shows  the  form  and  principal  dimensions  of  the  bend, 
giving  also  the  location  of  the  punch  marks  used  in  measuring  the 
deformations  of  the  pipe. 

The  bend  was  set  up  in  a  300,000  lb.  Emery  testing  machine  in 
a  nearly  horizontal  position  as  shown  in  Pig.  14.  The  bight  was 
supported  in  such  a  way  that  bending  moments  due  to  gravity 
could  be  neglected,  leaving  at  the  same  time  perfect  freedom  for 
the  pipe  to  deflect  under  elastic  strains.  In  order  to  facilitate  the 
fitting  and  adjustment  of  the  knife-edges,  the  ends  —  instead  of 
having  flanges  —  were  provided  with  caps  which  were  machined 
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on  the  inside  so  as  to  insure  a  uniform  surface  of  contact  with  the 
machined  ends  of  the  pipe.  On  the  outside  of  the  cap  was  a  groove 
for  the  knife-edge.  See  Fig.  15.  By  careful  operation  of  the 
machine  it  was  possible  to  maintain  and  determine  the  applied 
force  to  an  accuracy  of  ±20  lbs. 

First  an  initial  load  of  300  lbs.  was  applied  and  the  condition  so 
established  was  taken  as  origin  for  subsequent  measurements  of 
loads,  deflections  and  strains.  The  load  was  increased  by  incre¬ 
ments  of  700,  1,200  and  l,700^1bs.,  reaching  totals  of  1,000,  1,500, 
and  2,000  lbs.,  and  after  each  step  it  was  reduced  to  300  lbs. 

A  series  of  measurements  was  made  at  increments  of  700  and 
1,200  lbs.  and  gave  very  consistent  results.  At  a  load  of  1,200  lbs. 
(total  1,500  lbs.)  the  maximum  longitudinal  stress  at  a  section 
near  the  top  of  the  bend  was  found  to  be  about  17,000  Ibs./sq.  in. 
and  on  going  back  to  300  lbs.  no  permanent  set  was  observed. 
At  the  highest  load  of  2,000  lbs.  total,  the  horizontal  displacement 
of  the  ends  relative  to  each  other  was  2  Ax/j »  5.50  in.  and  on  going 
back  to  300  lbs.,  a  permanent  set  of  1.12  in.  was  found  to  exist. 
As  it  was  not  desired  to  study  the  behavior  of  the  pipe  beyond  the 
elastic  limit,  the  load  was  not  increased  beyond  1,500  lbs.  total  in 
the  following  tests. 

Again  the  deformations  of  the  pipe  were  recorded  by  accurate 
measurements  of  the  distances  between  the  pxmch-marks  and  of 
the  diameters  at  various  sections.  A  strain  meter  was  applied  at  a 
section  near  the  top  of  the  bend,  another  at  the  point  of  inflection 
and  a  third  in  one  of  the  arcs  nearest  the  ends.  On  each  of  these 
sections  the  strains  were  measured  at  a  number  of  points  around 
the  circumference;  on  section  MM,  Fig.  13,  at  32  points.  See 
Fig.  17. 

In  illustration  of  the  method  of  analysis  the  calculations  for  this 
pipe-bend  are  given  in  some  detail. 

1.  The  Algebraic  Method 
We  have  from  the  measurements : 

f—  3.196  in.,  1323  in.,  /?i*30.31  in.,  i?*  — 29.57  in. 

di-  64.43  in.,  125.4*-2.189,  7  -  27.17  sq.  in.  in.* 

r*  - 104.3,  48A*/?,*  -  48  X  .01750X  918.7  -  771.7 

77-di-|-/?i-94.74  in.,  48/i*/?,*-48X.01750X874.4  -  734.5 
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The  figures  for  Ri  and  Rt  are  average  values. 

The  modulus  of  elasticity  is  taken  £»  29X10^  Ibs./sq.  in. 


/£  -  27. 17  X  29  X 10*  -  787.8  X 10* 

48A«J?i«-t-10r«_  771.7+1043 
'  48/»*/?,*+r<  "771.7+104.3” 


734.5+1043 

734.5+104.3 


-2.119. 


Calculate  now  the  displacement  for  P— 1,200  lbs. 


We  have 


di*— 4151,  sim^— .8151,  cosi/»—  —.5793,  sim/»  cost/»—  —.4722 


Substituting  in  (27) : 
1200X10'* 


TO7  8  I  2®71X30.31((4151 +459)2.189 
-459.4  X  .4722+  128.86  X30.31  X  .8151] 


+ 2. 1 19  X  25,856(  1 .5  X  2. 189  -  .2361  - 1 .6302) 
.■.2Aacj»— 2.73  in. 


-1.366  in. 


We  have  here  disregarded  the  increase  in  leverage  of  the  P-forces 
due  to  the  deformation  of  the  bend.  This  seems  justified,  because 
actually  the  top  0  moved  out  only  .85  in.,  which  is  less  than  one 
per  cent  of  the  leverage  at  this  point  and  at  all  other  points  the 
correction  to  the  bending  moment  would  be  smaller. 


2.  The  Graphical  Method 
From  (260  we  haVe 

where  K  as  well  as  (H—y)  vary  from  point  to  point.  In  order  to 
evaluate  this  integral,  the  quantity 

48^*P*+10^ 

48h*R*+r* 


V| 
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was  calculated  for  15  points  along  the  axis  of  the  tube.  The  values 
so  found  are  tabulated  in  Table  IV  and  were  plotted  to  a  scale 
1  in.  ”2,000  in.*  on  the  develop)ed  girth  of  the  axis  as  abcissae. 
The  scale  of  abcissae  was  1  in.  ”8  in.  The  area  of  this  curve  was 
found  to  be  112.0  sq.  in.,  and  as  each  square  inch  has  a  value  of 
8X2000”  16,000  in.*,  the  displacement  was 
P  1200 

2  Ax;,  ”  —  1 12.0  X  16,000  ”  X 1792  X 10*®  ”  2.73  in. 

El  787.8 

which  checks  exactly  with  the  value  obtained  by  the  algebraic 
method.  Fig.  16  shows  the  diagram  to  a  reduced  scale. 

FIG.  16. 


MTCaNATION  OT  C«MVC  OT  FOR  WAfHtCAL  COMRUTATION  OT  (AXV 

rof* 

THE  VV^LWORTH  PIPE  BEND 

The  observed  displacement  was  2Axj7”2.94  in.,  so  that  the  cal¬ 
culated  value  is  only  about  7  per  cent  too  small.  Within  the  elastic 
limit  the  displacements  were  fovmd  to  be  practically  proportional 
to  the  load  P. 

The  deflection  Ay^.  The  deformation  of  the  circular  section  in 
its  own  plane  is  characterized  by  Ay  a,  the  approach  of  the  top 
point  B  to  the  neutral  axis.  It  has  been  shown  that  the  deflection 
Ax X  is  of  approximately  the  same  magnitude  but  of  opposite  sign. 
The  value  of  Aye  is  calculated  from  formula  (17)  with  the  aid  of 


i: 
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(21),  but  it  is  necessary  first  to  determine  the  bending  moment 
M  which  acts  at  the  point  where  the  caliper  measurements  of  the 
diameters  were  taken.  We  shall  here  analyze  the  data  for  the 
section  MM  (Fig.  13),  which  is  situated  11.3  in.  from  0,  where 
the  axis  has  an  ordinate  y  relative  to  the  axis  OX  in  the  plane 
of  the  bend  equal  to  2.20  in.  By  this  amount  the  leverage  of  P 
is  reduced,  but  since  at  the  same  time  the  point  O  moved  out 
.85  in.  relative  to  the  base  line  FF,  the  leverage  of  P  became 

Rx-\-dx- 2.20-1- .85  -  30.3 1-1-64.43 - 1 .35  -  93.39  in. 

For  P=  1200  lbs.  we  have  A/=  1200X93.39=- 112,100  in.  lbs. 


.  M^  MKxRx 
■  ■  “  El 


» 112,100X  -  -8930X10~* 

787.8X10® 


Ays* 


6r» 
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Ad</»_6  X  333.5  X  8930X10~® 
di/i  *  385.9-1-526.7 


The  value  of  Ayjj  as  measured  with  calipers  was  slightly  smaller, 
being  .018  in.  with  a  possible  error  estimated  at  ±.0015  in. 

Measurements  of  the  diameters  of  the  circular  section  were  made 
also  at  points  in  arc  (2)  nearer  the  ends  of  the  pipe,  and  it  was 
here  found  that  the  diameter  in  the  plane  of  the  bend  was  length¬ 
ened,  This  is  consistent  with  theory  since  this  part  of  the  bend 
tended  to  open  up. 

The  Stresses.  It  remains  to  discuss  the  stresses  which  perhaps 
form  the  most  interesting  and  important  part  of  this  investiga¬ 
tion;  first,  because  apparently  they  have  not  been  measured  before 
in  experiments  on  pipe-bends;  second,  because  their  distribution 
is  entirely  at  variance  with  our  usual  conception ;  and  third,  because 
this  peculiar  distribution  affords  a  conclusive  proof  of  the  correct¬ 
ness  of  the  theory  on  which  the  foregoing  method  is  based. 

The  stresses  were  calculated  from  strain  measurements  made 
with  a  2-in.  Berry  strain  gauge.  As  this  instrument  was  not 
clamped  in  position  but  held  by  hand,  its  accuracy  can  hardly  be 
estimated  higher  than  ±.0001  of  an  inch,  which  corresponds  to 
about  1,500  Ibs./sq.  in.  in  the  stress. 

The  longitudinal  stresses,  that  is,  stresses  parallel  with  the  axis 
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of  the  pipe,  were  calculated  by  formula  (19).  We  shall  here  give 
the  calculation  for  the  top  point  B  of  the  section  at  MM  (Fig.  13) 
near  the  top  of  the  bend.  The  stresses  were  not  measured  in  the 
section  at  O  because  the  pipe  showed  some  minor  irregularities  at 
that  point. 

At  B,  on  the  external  surface  of  the  pipe,  we  have  y— 3.328  in. 


.’•F- 


[3.328 
30.31  L 


6X10.21  X36.861 
385.9+521.5  J 


8930X10‘* 


—  7180  Ibs./sq.  in. 


The  stresses  at  ntmierous  other  points  on  the  circumference  of 
the  circle  were  calculated  in  the  same  way  and  plotted  as  ordinates 
from  the  vertical  diameter  OB  as  a  base,  as  shown  on  Fig.  17. 
It  is  seen  that  the  stress  curve  so  obtained  has  the  same  charac¬ 
teristic  form  as  for  Bantlin’s  pipe  in  Fig.  8,  the  stress  being  moder¬ 
ate  at  the  top  and  reaching  a  maximum  at  about  .7r,  where  it  has 
a  value  of  12,590  Ibs./sq.  in.* 

The  measurements  with  strain  meter,  reckoning  a  modvilus  of 
elasticity  £  —  29  X 10*  Ibs./sq.  in.,  furnished  the  value  of  the  stresses 
at  32  points.  These  stresses  were  likewise  plotted  on  Fig.  17. 
The  stress  at  the  top  p)oint  B  was  about  12,000  Ibs./sq.  in.  and 
the  maximum  stress,  which  occurred  at  about  the  same  point  as 
found  by  calculation,  was  about  16,500  Ibs./sq.  in.,  showing  that 
the  actual  stresses  were  somewhat  in  excess  of  the  calculated,  but 
the  general  distribution  was  the  same. 

It  is  clear  that  the  method  ordinarily  used  by  engineers  in  cal¬ 
culating  the  dimensions  and  form  as  well  as  the  elastic  deformations 
of  pipe-bends  on  the  basis  of  a  permissible  maximum  stress  in 
the  extreme  fibers  of  the  pipe  rests  on  an  erroneous  basis. 

It  is  of  interest  to  note  that,  as  expected  from  the  theory, 
stresses  in  arc  (2)  were  found  to  be  tensile  on  the  concave  side  and 
compressive  on  the.  convex  side  of  the  pipe  and  the  diameter  of 
the  pipe  in  the  plane  of  the  bend  was  here  elongated. 

The  transverse  stresses  were  measured  near  the  top  of  the  bend 
at  NN,  11.4  in.  from  the  section  at  O  (Fig,  13),  but  on  the  side 

*The  minor  difference  between  the  stresses  here  given  and  those  marked  on 
the  corresponding  curve  on  Pig.  17  is  due  to  the  small  corrections  to  the  lever¬ 
age  of  P  made  ab^e,  but  not  included  in  the  calculations  for  the  curve.  Pig.  17. 
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opposite  to  section  MM,  where  the  longitudinal  stresses  were 
observed. 

That  part  of  the  transverse  stress  which  is  due  to  bending  of 
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the  section  at  the  point  A  (Fig.  4),  where  this  action  is  a  maximum, 
is  found  from  (24) : 


3  112,000X32.65  ^  1.543.4 -H04.3 

8  30.31X27.17X.1323  ^  771.7+104.3 


no 
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This  stress  exists  then  in  a  plane  normal  to  the  axis  of  the  pipe 
and  at  the  part  of  the  bend  here  considered  it  is  tensile  on  the 
external  surface  and  compressive  on  the  internal  surface. 

At  the  same  time  a  tangential  purely  compressive  stress  pt 
exists  at  point  A  and  is  calculated  from  (25) : 


2X112.000X10.21  ^385.9+104.3 
30.31X27.17  ^  771.7+104.3 


1560  Ibs./sq.  in. 


Hence  the  resultant  transverse  stress  on  the  external  surface  of 
the  pipe,  where  the  stress  was  measured,  becomes; 

23, 670-1, 560  -  22, 110  Ibs./sq.  in. 
and  on  the  internal  side  of  the  tube  wall : 

25,230  Ibs./sq.  in. 

This  is  the  maximum  calculated  stress  in  the  pipe  and  is  about 
twice  as  great  as  the  calculated  longitudinal  stress. 

The  strain  measurements  on  the  transverse  section  were  some¬ 
what  difficult  to  carry  out  since,  on  account  of  the  great  curvature, 
the  readings  of  the  strain  gauge  did  not  give  the  elongation 
directly.  The  strain  gauge  had  a  span  of  2  in.  which  was  almost 
one-third  of  the  diameter  of  the  pipe,  it  measured  only  the  chord 
between  the  two  punch  marks  and  a  calculation  was  necessary 
to  find  the  elongation  of  the  arc  between  them.  The  caliper  meas¬ 
urements  showed  that  in  the  initial  state  the  section  was  an  ellipse 
of  small  eccentricity,  with  major  axis  in  the  neutral  plane.  When 
the  load  was  applied,  the  eccentricity  was  increased  and  it  was 
found  that  the  major  half  axis  increased  by  an  amount  Aa:  —  +  .021 
in.,  while  the  minor  half  axis  decreased  by  an  amoimt  Ay  —  —.018 
in.  The  strain  gauge  readings  were  2.0000  in.  and  2.0010  in. 

Two  methods  of  calculating  the  elongation  were  used,  of  which 
one  was  carried  out  by  Lieutenant  Kaplan  by  means  of  Legendre’s 
Tables  of  Elliptic  Functions.*  First  the  length  of  arc  in  each  of 
the  two  ellipses  corresponding  to  a  2-in.  chord  was  found  from  the 
tables,  using  the  Newtonian  method  of  interpolation,  and  after 
that  the  arc  corresporiding  to  the  actual  chord  of  2.0010  in.  in  the 
second  ellipse  was  found  by  simple  proportion.  The  stress  so 
determined  was  30,280  Ibs./sq.  in. 

*Trait^  des  Ponctions  Elliptiques  II,  1826,  Table  IX. 
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The  second  method,  carried  out  by  the  author,  was  more  direct 
and  did  not  depend  on  wide  interpolations.  The  elliptic  integral 
for  the  length  of  each  of  the  two  arcs  corresponding  to  chords  of 
2.0000  in.  and  2.0010  in.  was  evaluated  by  an  expansion  in  series. 
The  length  of  one  half  of  the  arc  is  given  by 

5—0 J'  ^1  —  i^in*«^— 

where  a  is  the  half  length  of  the  major  axis,  <f>  is  the  complement 
of  the  eccentric  angle  and  e  is  the  eccentricity.  The  limiting  angle 
was  determined  for  each  ellipse  by  the  half  length  of  the  chord, 
one-half  of  the  strain  gauge  reading.  The  series  is  rapidly  con¬ 
vergent  and  readily  integrated.  The  calculation  was  performed 
numerically  to  six  decimals.  The  lengths  of  the  arcs  were  foimd 
to  be  1.01753  in.  and  1.01870  in.,  giving  A5  — .00117  in.  Hence  the 
unit  elongation  was  .00115  and  the  stress: 

.  f>»-/>«*29Xl0*X.00115-33,4001bs./sq.  in. 

This  being  the  mean  stress  in  the  arc,  the  maximum  stress, 
which  existed  at  A  must  have  been  greater.  Allowing  for  inac¬ 
curacy  in  the  measurement,  it  seems  safe  to  say  that  the  maximum 
transverse  stress  was  of ’the  order  of  30,000  Ibs./sq.  in. 

As  shown  above,  the  calculated  stress  was  about  22,000  lbs./ 
sq.  in.,  but  although  this  is  considerably  smaller  than  the  measured 
stress,  it  is  worth  noting  that  whether  obtained  by  calculation  or 
by  measurement  the  transverse  stress  at  A  was  found  to  be  about 
twice  as  great  as  the  longitudinal  stress  at  B.  See  Table  V. 


Tests  with  the  Ends  under  Restraint 
If  both  ends  were  to  be  held  absolutely  fixed  it  would  be  neces¬ 
sary  to  apply  a  couple  in  the  plane  of  the  bend  at  each  end,  deter¬ 
mined  by  (28) : 

2.071  X30.31(64.43  X2.189-|-30.31X.81.'il)-|-2.119X874.4(2.189-.8161). 
2.071X30.31+2.1 19  X29.67)X2. 189 


10,410+2,546 

274.5 


X  1,200-56,600  in.  lbs. 
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which  is  one-half  of  the  bending  moment  at  0  due  to  P,  and  which, 
if  acting  alone,  would  produce  a  displacement  on  each  side  deter¬ 
mined  by  (290  •" 


- 2 

^,  56,630X10-” 
"787.8X1,200 


X  274.5 -.931  in. 


When  this  is  deducted  from  the  value  of  Aacjr  found  for  free  ends 
we  get:  1.366— .931  — .435  in.,  leaving  a  total  displacement  of 

2Aa:|f— .87  in. 


or  only  about  one-third  of  the  displacement  when  the  ends  are 
free. 

It  is  of  interest  in  this  connection  to  determine  the  angle  of 
rotation  of  the  flanges  in  cases  where  both  ends  are  free  as  in  the 
tests  where  knife-edges  were  applied. 

The  total  angular  deflection  for  one  side  of  the  bend  is  found 
from 


El  Jo  El  Jo 

I  KiRi(d^lf+  Ri  sin  i/i)  -f  KtRt'i^  -  sin  xji) 


(30) 


which  on  substitution  of  numerical  values  for  the  Walworth  bend, 
and  referring  to  the  calculation  for  Mp,  gives 

UOOXlO^^jQ^jQ  2,546) . .01973 - 1*8' 

787.8 


In  order  to  test  the  correctness  of  these  formulas  and  in  particu¬ 
lar  in  order  to  investigate  the  effect  of  a  partial  restraint,  such  as 
can  be  expected  to  exist  on  the  ends  of  a  pipe  bend  in  practice, 
tests  were  made  with  the  Walworth  pipe  in  which  one  or  both  ends 
were  in  some  measure  prevented  from  rotation  about  an  axis 
normal  to  the  plane  of  the  bend.  The  knife  edges  and  caps  were 
removed  and  the  planed  ends  of  the  pipe  wem  set  directly  against 
the  heads  of  the  pistons  of  the  testing  machine.  A  lever  was  se¬ 
curely  attached  to  each  end  of  the  pipe  and  held  as  immovable  as 
possible  by  an  iron  strap  attached  to  the  head  of  the  piston.  See 
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Fig.  18.  In  this  way  a  couple  M  was  induced  in  the  end  of  the  pipe 
when  the  compressive  force  P  was  applied,  and  measurements  were 
made  of  the  displacement  2  Ax'/r  when  one  or  both  ends  were  so 
restrained.  It  was  found  that  the  levers  bent  visibly  under  the 
strain,  but  no  means  were  available  of  measuring  directly  the 


couples  so  produced.  Table  V  gives  the  observed  displacements. 
The  fixation  so  obtained  was  only  partial  as  it  was  found  impossible 
to  prevent  entirely  the  minute  rotation  which  the  flanges  tended  to 
perform.  On  the  other  hand  the  ends  were  prevented  from  moving 
normal  to  the  line  of  the  applied  forces.  When  one  end  was  fixed, 
as  described  above,  the  other  was  prevented  from  slipping  side¬ 
ways  by  a  piece  of  timber. 

The  measurements  showed  that  when  both  ends  were  held  in 
this  way  the  displacement  was  2.07  in.  as  against  2.94  in.  when 
the  ends  were  free  to  turn.  The  couple  corresponding  to  this 
fixation  was  calculated  to  be  24,600  in.  lbs.  When  only  one  end 
was  held,  the  observed  displacement  was  2.50  in.  corresponding  to 
a  calculated  restraining  couple  of  12,500  in.  lbs. 


TABLE  V 


n 


defl.  at  B,  £kyB 
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The  case  when  one  end  was  held  while  the  other  was  simply  pre¬ 
vented  from  slipping  off  the  head  of  the  piston  is  of  particular 
interest  because  it  is  believed  to  approach  very  closely  to  the  con¬ 
ditions  that  obtained  in  the  tests  made  by  Messrs.  Crocker  and 
Sanford,  referred  to  at  the  beginning  of  this  paper.  It  appears 
that  experiments  made  under  such  conditions,  where  an  unknown 
couple  is  induced  in  the  bend,  are  imsui table  for  scientific  analysis 
and  the  tests  here  made  explain  sufficiently  why  the  results  ob¬ 
tained  by  those  experimenters  were  erratic.  It  may  be  argued  by 
some  that  conditions  of  restraint  approach  more  closely  to  ordi¬ 
nary  practice  and  are  therefore  more  instructive,  but  here  as  in 
other  scientific  experiments,  it  is  necessary  to  proceed  analytically 
by  studying  the  effect  of  one  disturbing  factor  at  a  time,  otherwise 
the  effects  of  one  factor  will  obscure  those  of  the  others  and  it 
becomes  impossible  to  disentangle  the  unknown  quantities. 

E.  Summary  and  Conclusions 

Table  V  gives  the  principal  dimensions  of  the  five  pipe-bends 
that  have  been  analyzed  in  the  foregoing  and  summarizes  the 
results  of  the  tests  and  their  analysis. 

It  is  quite  clear  from  an  inspection  of  this  table  that  the  ordi¬ 
nary  formula  for  bending  of  curved  bars  is  inapplicable  to  curved 
tubes,  the  observed  displacements  being  from  two  to  five  times  as 
great  as  found  by  that  formula.  The  formula  here  proposed  for  the 
displacement  of  the  ends  of  a  bend  gives  an  almost  perfect  agree¬ 
ment  with  the  observed  results  in  four  of  the  five  bends  that  were 
analyzed.  This  is  true  of  Dr.  Bantlin’s  125  mm.  pipe-bend  of 
mild  steel  as  well  as  of  his  200  mm.  cast-iron  bend,  both  of  the 
double  offset  type.  The  latter  is  of  particular  interest  as  it  was  of 
practically  perfect  geometrical  form  and  of  a  material  quite  dif¬ 
ferent  from  that  of  the  other  bends.  The  4)^in.  pipe-bend  of 
mild  steel  from  the  Boston  Navy  Yard  was  of  U-type  and  of 
ordinary  commercial  quality.  It  showed  identically  the  same  dis¬ 
placement  as  found  by  calculation.  The  6-in.  pipe-bend  of  open- 
hearth  steel,  which  was  delivered  by  the  Walworth  Manufacturing 
Company,  again  showed  a  remarkable  correspondence  with  the 
calculated  results,  not  only  as  regards  the  displacement  of  the 
ends,  but  also  as  regards  deformation  of  the  circular  section  and 
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distribution  of  stresses.  It  was  of  exceptionally  fine  workmanship, 
entirely  free  from  buckles  on  the  external  surface  and  of  very 
imiform  section  throughout.  It  was  tested  very  thoroughly  in  the 
300,000-lb.  testing  machine  of  the  Massachusetts  Institute  of 
Technology. 

Dr.  Bantlin’s  200-mm.  mild  steel  pipe-bend  was  the  only  one 
where  any  serious  discrepancy  was  found,  the  calculated  displace¬ 
ment  being  about  19  per  cent  smaller  than  the  observed,  but  this 
pipe  had  considerable  folds  on  the  concave  side  of  the  curves  and 
it  is  to  be  noted  that  the  old  formiila,  applied  by  Bantlin,  gave  in 
this  case  a  displacement  of  only  one-fifth  of  the  observed. 

The  formulas  here  prop>osed  are  based  on  the  theory  that  the 
flattening  of  the  transverse  circular  section,  which  necessarily 
takes  place  when  a  curved  pipe  is  bent,  permits  the  fibers  at  the 
parts  most  remote  from  the  neutral  axis  to  shirk  their  duty,  throw¬ 
ing  thus  greater  stresses  on  parts  of  the  section  nearer  to  the  neutral 
axis.  This  theory  was  confirmed  by  measurements  of  the  deforma¬ 
tion  of  the  sections,  which  were  found  to  take  an  oval  form.  Where 
a  bend  was  subject  to  forces  tending  to  increase  the  ctirvature,  the 
minor  axis  of  the  oval  was  situated  in  the  plane  of  the  bend,  giving 
positive  evidence  of  the  flattening.  In  a  double-offset  bend  under 
compressive  forces  where  the  curvature  in  the  parts  nearest  to  the 
ends  tended  to  open  up,  reducing  the  curvature,  the  deformations 
were  found  to  be  of  the  reverse  nature,  as  they  should  be. 

A  still  more  convincing  confirmation  of  the  theory  was  found 
in  the  strain  measurements.  At  sections  near  the  top  of  a  bend, 
when  subject  to  forces  that  increased  the  curvature,  the  longitudinal 
stresses  at  the  points  most  distant  from  the  neutral  axis  were  not 
a  maximxim  as  they  should  be  according  to  the  ordinary  theory  of 
bending.  In  fact,  ,the  stresses  were  here  quite  moderate  or  small, 
while  the  maximum  stresses  were  found  at  a  distance  from  the 
neutral  axis  of  two-thirds  or  three-quarters  of  the  radius  of  the 
section.  This  agrees  closely  with  the  theory  here  advanced  as 
seen  frcm  Fig.  17  which  shows  curves  for  both  the  calculated  and 
observed  stresses  in  the  Walworth  pipe-bend. 

Further  proof  of  the  correctness  of  the  theory  was  obtained  by 
measurement  of  the  transverse  stresses,  which  according  to  the 
new  theory  should  reach  their  maximum  in  the  neutral  axis.  These 
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stresses  are  chiefly  flexural,  being  due  to  the  deformation  of  the 
section,  and  in  part  purely  compressive  due  to  the  tangential  com¬ 
ponent  of  the  longitudinal  stresses.  Theory  also  showed  that  the 
transverse  stresses  should  be  much  greater  than  the  longitudinal. 
These  predictions  were  fully  confirmed  by  the  strain  measurements, 
according  to  which  the  resultant  maximiun  transverse  stress  was 
actually  found  at  the  neutral  axis  and  was  nearly  twice  as  great 
as  the  maximum  longitudinal  stress.  This  is  of  considerable  prac¬ 
tical  interest,  because  it  shows  that  the  method  hitherto  used  of 
estimating  the  allowable  displacement  of  a  pipe-bend  —  viz.,  by 
prescribing  a  permissible  longitudinal  stress  —  is  erroneous  for  two 
reasons;  first,  because  the  maximum  longitudinal  stress  is  consider¬ 
ably  greater  than  calculated  by  the  ordinary  theory  and  does  not 
occur  where  it  should  according  to  that  theory;  second,  because 
actually  the  highest  stress  is  not  longitudinal  but  transverse  and 
is  of  much  greater  magnitude.  The  curves  given  in  handbooks  and 
catalogues,  as  also  in  certain  scientific  papers,  for  the  expansion 
which  may  be  taken  care  of  by  bends  of  various  dimensions  are 
based  on  a  certain  longitudinal  stress,  usually  15,000  or  16,000 
Ibs./sq.  in.,  as  calculated  by  the  ordinary  formula  for  bending. 
These  curves  do  not  rest  on  a  rational  basis. 

Tests  made  on  the  Walworth  pipie-bend  under  conditions  where 
the  ends  of  the  pipe  were  restrained  and  prevented  as  far  as  practi¬ 
cable  from  rotation  in  the  plane  of  the  bend,  showed,  as  predicted 
by  the  theory  here  advanced,  that  the  displacement  was  thereby 
materially  reduced.  Where  such  restraint  exists,  couples  are  in¬ 
duced  in  the  bend,  counteracting  the  couple  produced  by  the 
external  forces,  and  thus  the  flexibility  is  reduced.  As  these  couples 
are  unknown,  they  render  a  scientific  analysis  impossible. 

The  fact  that  such  restraint  reduces  the  flexibility  is  of  practical 
intei^t.  It  shows  that  pipe-bends  should  not  be  fitted  too  near 
anchorages,  especially  such  as  produce  fixity  in  the  end  flanges  of 
the  bends,  as  for  instance  in  case  of  attachment  to  turbines.  Evi¬ 
dently,  then,  from  the  point  of  view  of  elastic  yielding  capacity, 
it  is  desirable  to  allow  the  greatest  possible  freedom  for  the  end 
flanges  to  rotate  in  the  plane  of  the  bend.  It  is  clear,  however,  that 
bends  will  always  be  under  a  certaifi  restraint,  being  connected  at 
both  ends  to  a  length  of  straight  piping,  and  the  flexibility  attained 
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in  practice  will  therefore  be  smaller  than  that  calculated  by  formu¬ 
las  which  assume  the  flanges  to  be  entirely  free  to  turn.  On  the 
other  hand,  since  the  angle  of  rotation  corresponding  to  such  free¬ 
dom  is  extremely  small,  being,  for  instance,  little  more  than  1*  for 
each  flange  in  case  of  the  Walworth  bend  under  a  load  of  1,200  lbs., 
the  restraint  may  perhaps  with  proper  care  not  be  of  much  impor¬ 
tance. 

The  analysis  of  the  various  tests  given  in  this  paper  is  sufficiently 
conclusive  to  establish  the  soundneM  of  the  theor>’  and  thus  a 
foundation  for  further  research  is  obtained.  The  next  step  will  be 
to  correlate  the  results  here  attained  with  engineering  practice,  but 
for  this  purpose  it  is  necessary  to  measure  displacements,  deforma¬ 
tions  and  stresses  in  pipe-bends  under  usual  operating  conditions. 
In  the  meantime  the  formulas  here  presented  furnish  an  approxi¬ 
mation  which  is  believed  to  be  greatly  superior  to  that  of  the 
ordinary  bending  formula. 

I  wish  to  acknowledge  the  excellent  work  of  the  above-mentioned 
three  naval  students,  who  carried  out  the  tests  at  the  Massachu¬ 
setts  Institute  of  Technology  and  rendered  valuable  assistance  in 
analyzing  the  results.  The  experiments  were  made  with  scientific 
care  and  accuracy  and  were  carried  as  far  as  the  limited  time  at 
the  disposal  of  the  students  would  permit.  The  calculation  and 
curve  sheets  which  show  the  graphical  analysis  are  abstracted 
from  the  thesis.* 

To  Prof.  H.  H,  W.  Keith  I  am  indebted  for  assistance  in  prepara¬ 
tion  of  the  diagrams. 

•  Thesis  by  C.  L.  Helber,  C.  L.  Kaplan,  and  O.  L.  de  Vasctmcelloa:  "Defonna- 
tions  and  Stresses  in  Pipe-Bends,"  M.  I.  T.,  1926. 


A  WAVE  THEORY  OF  THE  ELECTRON* 

By  William  Phelps  Allis  and  Hans  Mvller 

Modem  physics,  in  its  attempts  to  solve  the  quantum  theory 
dilemma,  is  in  turn  attacking  all  of  our  most  cherished  conceptions. 
The  wave  theory  of  light,  the  conservation  of  energy,  our  mechan¬ 
ics,  our  electrodynamics,  and  even  our  methods  of  calctUus  have 
been  assailed,  separately  and  collectively,  as  either  entirely  wrong 
or  at  least  inapplicable  to  systems  of  small  dimensions,  that  is  to 
the  electron.  The  usual  quantiun  mechanics  are  based,  however, 
on  the  conception  of  the  electron  as  a  point.  It  is  therefore  not 
astonishing  that  we  are  sometimes  unable  to  give  the  exact  loca¬ 
tion  of  this  point. ‘  It  is,  to  be  sure,  explained  that  we  are  dealing 
merely  with  the  geometrical  center  of  a  spherical  electron.  But  the 
spherical  electron  itself  is  a  fiction  assumed  for  lack  of  a  better 
knowledge.  Indeed  it  would  seem  o  priori  probable  that  a  better 
knowledge  of  the  structure  of  the  electron  would  lead  to  changes 
in  the  mechanics  and  electrodynamics  of  its  motion  which  would 
afford  at  least  a  partial  solution  of  the  dilemma  in  which  we  find 
ourselves.  A  first  step,  in  this  direction  has  been  taken  by  de 
Broglie*,  and  that  part  of  the  present  paper  dealing  with  stationary 
states  is  little  more  than  a  new  presentation  of  his  ideas. 

De  Broglie  has  shown  that  the  standard  quantum  formula 

W~hv  (1) 

is  not  invariant  to  changes  of  coordinates  in  space-time,  but  that 
we  do  obtain  an  invariant  relation  if  we  also  write 

?~hfi  (10 

where  |  |  is  the  wave-munber  of  a  wave  train  of  frequency  v,  and 

/A  is  a  vector  normal  to  the  wave-surfaces  whose  magnitude 
is  |/a|.  Equations  (1)  and  (lO  express  the  proportionality  of 
two  tensors,  the  factor  of  proportionality  being  Rank’s  con- 

•Extract  presented  at  the  December  meeting  of  the  American  Physical 
Society,  1926. 

*  Max  Bom,  Problems  in  Atomic  Dynamics,  p.  60. 
s  Louis  de  Broglie,  Ann.  de  Physique,  10,  III,  p.  22. 
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stant  h.  If,  now,  W  and  p  are  the  energy  and  momentum  of  a 
spherical  electron,  v  and  fi  will  be  the  frequency  and  wave-number 
of  a  wave  train  whose  exact  nature  is  not  yet  well  understood. 
We  shall  consider  this  wave  train  to  be  the  electron,*  the  laws 
obeyed  by  W  and  p  being  consequences  of  the  mode  of  propagation 
of  this  wave  train.  We  shall,  of  course,  have  to  make  some  assump¬ 
tion  as  to  this  mode  of  propagation.  We  might  introduce  arbi¬ 
trarily  a  wave  equation  as  Schrodinger  has  done*  but  as  this  step 
is  not  necessary  for  our  purp>ose,  we  shall  merely  assume  a  mode 
of  propagation  such  as  to  give  the  usual  equations  of  mechanics 
for  W  and  p. 

Consider  the  electron  to  go  from  A  and  B,  and  imagine  all 
possible  wave  trains  going  from  A  to  B.  The  phase  of  any  wave 
train  at  B,  at  time  t,  will  be 

(|fi|dj  — vd/).  (2) 

The  values  of  |  fi]  are  to  be  determined  from  the  kinetic  energy  in 
the  same  manner  as  the  p  (divided  by  h)  would  be  determined  for 
a  p>oint-electron,  although  the  kinetic  energy  no  longer  has  quite 
the  same  significance.  The  integral  is  to  be  taken  along  the  "ray.'* 
If  these  wave  trains  were  in  phase  at  A  at  time  tn,  they  will,  in 
general,  not  be  in  phase  at  B  at  time  t.  There  will,  however,  be 
a  certain  wave  train  for  which  the  variation  of  the  above  integral 
is  zero,  and  this  wave  train  has  the  prop>erty  that  wave  trains 
following  nearly  the  same  path  will  be  very  nearly  in  phase  with 
it  at  B.  Other  wave  trains  will  have  their  phases  at  B  distributed 
over  wide  ranges.  These  will,  as  in  optics,  destroy  one  another, 
and  need  therefore  not  be  considered.  Indeed,  diffraction  effects, 
in  which  the  latter  waves  would  play  a  part,  cannot  occur  with 
the  electron-waves,  as  there  are  no  edges  to  diffract  them.  Inter¬ 
ference  effects,  however,  do  occur.  We  need  therefore  only  con¬ 
sider  a  certain  wave-bundle*  clustered  around  that  particular 
wave  train  which  is  determined  by 

8  ( |/i|d5  — i/d/)*0.  (3) 

•  E.  Schrddinger,  Phys.  Rev.,  28,  p.  1049. 

*E.  Schrtdinger,  Ann.  der  Physik,  79,  ft,  p.  489. 

•E.  Schrddinger,  1.  c.,  p.  500. 
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This  central  wave  train  follows  the  path  which  we  would,  from 
mechanics,  expect  the  point-electron  to  follow,  for  the  above 
equation,  in  mechanical  quantities,  expresses  the  Principle  of  Least 
Action.  The  waves  destroy  each  other  everywhere  excepting  in 
the  neighborhood  of  this  path. 

Let  now  v  and  ft  be  the  frequency  and  wave-number  of  the 
central  wave  train.  Its  phase  is  given  at  all  points  (not  necessarily 
on  the  ray)  by  the  vector  integral 

<f>^2ir  f  (fi-da—vdi)  (4) 


taken  along  any  path  within  the  region  occupied  by  the  wave  train. 
If  the  component  wave  trains  of  the  bundle  are  distributed  sym¬ 
metrically  about  this  central  wave  train  the  resultant  disturbance 
can  be  represented  by  a  sum  of  the  form 


2[|«n2,r/( 


-I-  -  sin  2w 
2 


dv  I 

Adi'ds  —  vdt - 1  A 

dfi 


dv  I 


J  ^ffds—  Affi-ds—vdt  +  ^1  Af/ii|<f/^j 


2^cos  27r Af  P’ds—  ^  |  A{fi|  dt^  sin  2ir J  (fi-ds—  vdt) 


(5) 


where  A|ft  is  the  vector  difference  between  the  wave-number 
vector  of  the  wave  train  denoted  by  €  and  that  of  the  central 
wave  train.  In  this  form  we  see  that  we  can  speak  without 
ambiguity  of  the  frequency,  wave-number,  and  phase  of  the  elec¬ 
tron,  for  the  wave-bundle  is  equivalent  to  a  simple  wave  train 
whose  phase  is  given  by  (4)  and  whose  amplitude  is 


2^  cos  2ir J | 

This  represents  a  “wave  group”  travelling  with  the  velocity 

dv 


dfl 


dW  • 
.dp 


(6) 


(7) 


The  coefficients  (  are  functions  of  the  electric  and  magnetic  fields 
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and  of  the  frequency  v  so  that  the  "ktoup”  may  have  different 
"shapes”  at  different  times.  It  would,  indeed,  seem  to  be  con¬ 
siderably  elongated  in  the  direction  of  the  motion.  It  is  this 
"group,”  essentially,  which  constitutes  the  electron,  for  it  moves 
with  the  velocity  q  which  is  observed  experimentally  as  the 
"velocity  of  the  electron.”  The  charge,  though  it  is  probably 
spread  over  the  group  without  a  definite  boundary,  perhaps 
proportionally  to  the  amplitude  i/»,  forms  an  inseparable  unit  e;* 
and  its  field  obeys  Maxwell’s  equations. 

Equations  (1)  and  (10  can  be  more  explicitly  written 

hv—eV’^mc"^ 

cA  |«cVm*  — Wo*  (8) 

where  V  is  the  electrostatic  potential  due  to  outside  charges, 
and  A  is  the  magnetic  vector  potential.  In  this  paper  we  shall 
only  consider  cases  in  which  there  is  no  magnetic  field,  and  may 
therefore  set  A»0.  The  velocity  of  the  electron  is  then 

dm  3/i.  ^  J 

whence 

-- Vl-zs*.  (9) 

ffl 

If  w  is  eliminated  between  equations  (8)  we  obtain 


where  ' 

hvo==moC*. 

Let  us  now  apply  these  ideas  to  motion  in  a  circle,  such  as  in 
the  circular  orbits  of  the  hydrogen  atom.  If  we  use  polar  coordi¬ 
nates  fi  will  be  expressed  in  waves  per  radian.  The  electron  will 
move  with  the  angular  velocity  dv/dfi.,  and,  if  the  orbit  is  suffi- 
•  De  Broglie,  1.  c.,  p.  73. 
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ciently  large,  it  will,  by  classical  electrodynamics,  radiate  light  of 
frequency 


so  that  the  energy  W,  and  hence  the  frequency  v,  of  the  electron 
will  slowly  decrease.  As  in  classical  theory  the  orbit  will  be  a 
spiral  of  small  angle.  If,  however,  the  orbit  is  small  the  "wave 
electron”  may  reach  all  the  way  around  it  so  that  the  electron 
effectively  becomes  a  ring  electron  and  therefore  does  not  radiate. 
It  cannot,  however,  do  this  in  all  small  orbits  for  in  some  of  these 
it  will  interfere  with  and  destroy  itself.  The  waves  will,  on  the 
other  hand,  add  if 


M  *  a  whole  number, 


The  existence  of  stationary  states  thus  seems  to  be  explained,  and 
the  Bohr  quantum  condition  appears  as  a  kind  of  resonance  con¬ 
dition;  and  as  there  is  no  radiation  and  therefore  no  damping  the 
resonance  phenomena  should  be  very  sharp. 

Moreover  the  normal  state  of  the  hydrogen  atom  has  a  magnetic 
moment  of  one  Bohr 'mageton,  as  recent  experiments’  seem  to 
require. 

De  Broglie  has  shown*  how  to  take  account  of  the  motion  of 
the  nucleus  and  this  point  will  not  be  discussed  here. 

Multiple  periodic  motions  can  be  treated  similarly.  Let  us 
consider  them  first  from  the  usual  point  of  view,  that  of  the  point 
electron.  The  orbit  does  not  close  but  passes,  to  within  any  degree 
of  approximation,  through  every  point  of  a  certain  limited  region 
of  space.  If  we  attach  to  every  point  a  vector  p  equal  to  the 
momentum  of  the  point  electron  as  it  passes  that  point  we  shall 
have  defined  a  vector  field.  As  p  is  multiple- valued  it  is  con¬ 
venient  to  consider  sp>ace  as  composed  of  several  sheets,  as  a 
Riemann  surface,  on  each  of  which  p  is  single- valued.  This 
vector  field  has  been  studied  by  Einstein*,  and  he  has  shown  that 

T  T.  B.  Phipps  and  John  B.  Taylor,  paper  presented  at  the  Chicago  meeting 
of  the  American  Physical  Society. 

•  De  Broglie,  1.  c.,  p.  34. 

•A.  Einstein,  Ber,  d.  Deutschen  Phys.  Ges.  1917,  p.  82. 
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it  is  derivable  from  a  potential,  the  integral  7*  of  the  Hamilton- 
Jacobi  partial  differential  equation.  Consequently  the  integral 
J'p*dq  has  the  same  value  when  taken  around  closed  curves 

which  can  be  brought  into  coincidence  by  a  continuous  process. 
In  particular  this  integral  will  be  zero  when  taken  aroimd  a  curve 
which  does  not  enclose  an  excluded  region  or  a  singular  point. 
On  the  other  hand  it  will,  in  general,  have  different  values  when 
taken  along  paths  which  cannot  be  brought  into  coincidence  con¬ 
tinuously,  Einstein  uses  this  property  to  write  the  Sommerfeld 
quantiun  conditions  in  an  invariant  form. 

We  have  seen  that  the  wave  electron  follows  the  same  path 
as  the  point  electron  above,  and  that  the  wave  extends  a  certain 
distance  on  both  sides  of  this  path.  The  conditions  for  non¬ 
interference  is  then  that  the  waves  along  portions  of  the  orbit 
which  are  close  to  each  other  be  in  phase.  The  sp>ace  must  be 
considered  to  consist  of  several  sheets,  for  the  non-interference 
condition  does  not  apply  to  portions  of  the  wave  train  passing  the 
same  point  but  going  in  different  directions.  If  the  non-inter¬ 
ference  condition  is  satisfied,  and  the  wave  train  is  long  enough, 
a  coherent  wave  will  fill  the  entire  space  occupied  by  the  mechani¬ 
cal  orbit.  The  phase  of  this  wave  will  be  given  by  (4),  or  for  sta¬ 
tionary  states  by 

<t>  *  2ir^  J'  fi-ds — vt^ .  (4  0 

For  the  wave  to  be  coherent  the  integral,  taken  between  fixed 
limits,  must  be  independent  of  the  path,  at  least  to  within  a  whole 
multiple  of  27r.  In  p>articular  for  closed  paths  it  must  be  zero,  or 
a  whole  multiple  of  27r.  That  is: 

J n,  »*',•••  whole  numbers.  (120 

If  fi  is  replaced  by  p/h  this  becomes  the  quantum  condition  as 
formulated  by  Einstein. 

The  simplest  example  of  this  typ>e  of  motion  is  found  in  the 
hydrogen  atom.  The  wave  is  confined  to  the  neighborhood  of  a 
plane,  for  the  same  reason  that  the  orbit  of  the  point  electron  is 
plane,  and  we  shall  assume  a  solution  with  cylindrical  symmetry. 
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Equation  (10)  for  this  case  is 

-V  (13) 

and  we  shall  suppose  p<Po  as  the  contrary  assumption  leads  to 
hyperbolic  orbits.  As  the  center  is  a  singular  pwint  one  of  the 
conditions  (120  will  be  given  by  an  integral  taken  along  a  path 
around  the  center.  We  shall  choose  a  circular  path  of  radius  r, 
and  let  fi$  be  the  component  of  /i  along  this  path.  We  then  have 


J  fi0dd=‘2irrfi0=‘k 


whence 


k 


Substituting  in  (13)  we  obtain 


|p»-Po*  2^V  1 

- 

“  c*  c^hr  ' 

4ir*'  r* 

(14) 


(15) 


Inasmuch  as 


2ire^ 

ch 


a<\<k,  the  expression  under  the  radical 


has  two  positive  roots,' and  fir  is  real  when  r  is  comprised  between 
these  roots.  These  roots  therefore  determine  the  radii,  n  and  ri 
of  two  circles  which  limit  the  wave.  Because  of  the  double  sign 
before  the  radical  the  Riemann  surface  between  these  radii 
must  be  considered  double.  There  is  then  another  type  of  path 
along  which  integral  (120  must  be  taken:  from  fi  to  r*  on  one  sheet 
and  back  to  fi  on  the  other.  Choosing  a  path  along  a  radius  this 
gives 


•Po*  a*—k* 


■  n—k. 


c*  ncr  47r*r* 

Calculating  this  integral  in  the  way  Sommerfeld**  has  shown  we 
find 


— o*=n— ife. 


A.  Sommerfeld,  Atombau  und  Spectrallinien,  Zusatz  6. 
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This  detennines  the  frequency  v  in  terms  of  the  constants  a,  vt, 
and  the  quantxini  numbers  n  and  k.  What  is  usually  spoken  of 
as  the  energy  is 


h(v-Vo)~- 


Vo-\-v  /  a* 

V  2k 

w*  '  nh 


This  is  the  usual  expression  for  the  energy  levels  of  the  elliptic 
orbits. 

Substituting  the  value  of  v  from  (16)  in  (15)  we  can  calculate 
fi  and  fj.  Then  fi  is  fully  determined  by  (14)  and  (15).  It  is  then 
possible  to  calculate  the  phase 


firdr+  ^  d  —  vt^ 
f  equal  phase  (wave  surfaces) 

f  k 

I  Ufdr  +  —  6^  constant. 

J  2ir 


and  the  surfaces  of  equal  phase  (wave  surfaces)  are  given  by 


k  ~2  k  ~1 

n'-l  n'-2 

Pifure  1 

Waves  in  hydrogen  atom  for  n-S. 
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These  are  shown  in  the  accompanying  figure,  the  heavy  lines 
representing  the  wave  surfaces  on  one  of  the  sheets  and  the  light 
lines  those  on  the  other.  The  wave  surfaces  have  been  shown  one- 
half  wave-length  apart  so  that  their  number  must  be  divided  by 
two  to  obtain  the  azimuthal  quantum  munber.  They  are  of  course 
orthogonal  to  the  mechanical  orbits  corresponding  to  the  same 
quantum  states.  These  waves  on  the  two  sheets  do  not,  how¬ 
ever,  exist  independently  but  are  superposed,  so  that  the  result¬ 
ant  disturbance  is  of  the  form 


in  ~  d—vt^—^n  27r^  —  J 

“2  sin  27ry^ fi^r  cos  {kd—2irvt). 


(19) 


Here  ft,  represents  the  positive  value  of  (15).  The  phase  differ¬ 
ence  between  the  waves  on  the  two  surfaces  is  indeterminate,  for 
although  a  change  of  phase  at  one  boundary  will  appear  in  the 
radial  quantum  integral  its  effect  will  be  annulled  at  the  other 
boundary.  We  have  therefore  assumed  that  particular  phase 
difference  which  gives  zero  displacement  on  the  boundaries. 
Equation  (19)  shows  that  the  superix)sition  of  the  waves  on  the 
two  imaginary  surfaces  results  in  a  wave  with  radial  wave  sur¬ 
faces.  travelling  circularly,  and  having  k  wave-lengths  to  the  circle. 

Although  this  wave  is  a  travelling  wave  as  regards  its  circular 
component,  it  is  a  standing  wave  as  regards  its  radial  component, 
so  that  the  amplitude  varies  with  the  radius  as  sin  27r  J* This 
variation  is  shown  in  the  lower  curves  of  the  figure.  The  number 
of  circles  of  maximum  amplitude  gives  directly  the  radial  quantum 
number  n'. 

The  major  difficulty  of  the  quantum  theory  would  seem  to  be, 
however,  not  the  explanation  of  the  stationary  states,  but  of  the 
"quantum  jumps.”  The  radiation  of  atoms  has  frequently  been 
compared  to  “beats”  between  vibrations  within  the  atom,  and 
this  has  seemed  to  excuse  to  a  certain  extent  the  assumption 
which  we  shall  make:  that  during  the  passage  of  an  electron  from 
one  stationary  state  to  another  there  is  a  transition  stage  in  which 
the  waves  corresponding  to  the  two  stationary  states  are  super¬ 
posed,  perhaps  with  reduced  amplitudes.  There  is,  indeed,  no 
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reason  to  suppose  that  while  it  is  absorbing  or  emitting  radiation 
the  wave  electron  is  as  simple  as  has  been  pictured  above.  New 
alternating  electric  forces,  not  derivable  from  a  potential  V  {cf. 
Eqtiation  (8) ),  have  come  into  play,  and  they  may  alter  the 
distribution  of  the  charge  in  a  way  which  may  only  be  guessed. 
The  final  result  only  is  known :  that  the  electron  has  passed  from 
one  stationary  state  to  another.  Turning  to  optics  for  a  hint  as 
to  what  the  process  may  be,  we  find  something  similar  occurring 
in  the  reflection  of  light  from  a  mirror.  An  initial  steady  state, 
the  incident  beam,  enters  a  region  of  interference  in  front  of  the 
mirror,  and  issues  again  as  a  final  steady  state,  the  reflected  beam. 
The  energy  in  the  region  of  interference  cannot  properly  be 
assigned  to  either  wave  train.  The  electric  and  magnetic  vectors 
are  here  not  in  phase.  Indeed  it  is  quite  a  distinct  state  of  which 
we  would  probably  be  entirely  unaware  did  we  not  have  an 
exact  theory  of  light  and  independent  evidence  of  the  existence  of 
the  mirror,  as  only  specially  designed  experiments  make  it  directly 
apparent.  It  is  nevertheless  an  essential  part  of  the  phenomenon, 
for  it  is  only  during  its  existence  that  transfer  of  momentum  to  the 
mirror  occurs. 

We  would  regard  the  "quantum  jump”  as  an  entirely  similar 
process  during  which  charge  passes  gradually  and  continuously 
from  one  steady  state  of  electron  wave  (corresponding  to  the 
incident  beam)  to  another  (the  reflected  beam)  through  a  region 
of  interference.  In  this  region  the  waves  will  form  “groups” 
moving  with  the  velocity 

—  (20) 

Afi 

and  this  is  seen  to  differ  from  Equation  (7)  only  in  that  a  differ¬ 
ential  ratio  has  beeh  replaced  by  a  difference  ratio.  Indeed  the 
limit  of  this  transition  stage  when  the  initial  and  final  states  differ 
but  very  slightly  is  identical  to  our  picture  of  the  electron  as  a 
bimdle  of  very  slightly  differing  waves.  The  principle  of  corre¬ 
spondence  is  then  evident. 

These  considerations  may  now  be  applied  to  transitions  between 
the  stationary  states  described  in  the  preceding  pages,  but  let  us 
first  consider  a  simpler  case,  where  there  is  but  one  electron  and 
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the  potential  V  is  uniform.  The  electron  waves  are  plane,  and 
move  with  a  constant  velocity,  and  this  state  will  continue  until 
there  is  some  disturbance,  such  as  the  arrival  of  a  light  wave. 
After  the  light  wave  has  passed,  a  steady  state  of  the  same  general 
character  will  be  resiuned.  If  the  initial  and  final  states  of  the 
electron  are  the  simple  wave  trains 

sin  2ir(fii’S — Vit)  and  sin  2ir(fifS  —  v^)  (21) 

the  transition  stage  will  be  of  the  form 


Vi  +  Vt 


The  first  factor  represents  a  wave  train  intermediate  between  the 
initial  and  final  states.  The  second  factor  cuts  it  up  into  groups 
by  planes  moving  uniformly  in  the  direction  of  Hi—fit.  The  sur¬ 
faces  of  zero  displacement  are  shown  in  Fig.  2.  As  the  distribution 


Incidtnt 
ekctron  -tvuvp 


Figure  2 

Electron-wavet  in  Compton  Effect 


of  amplitude  in  the  electron  wave  is  unknown  the  boundaries  of 
the  region  of  interference  have  been  left  blank. 

It  is  with  this  system  of  wave  groups  that  the  incident  light 
wave 

£i  -  £  cos  2ir(Mi-8  -  Nit)  (23) 


will  react.  The  groups,  as  they  contain  charge,  will  act  as  reflect¬ 
ing  surfaces.  Not  the  groups  defined  by  the  sine  factor  of  (22), 


130 


ALLIS  AND  MULLER 


for  these  are  moving  faster  than  light,  but  the  groupis  defined  by 
the  cosine  factor.  If  the  reflected  light  beam  is 


—  £  cos  2ir  (Mj’S—  N^) 


the  total  field  is 

Xsin2.(»‘-irMj..- 

V  2  2  / 


(230 


(24) 


and  this  must  be  zero  on  the  reflecting  surfaces.  The  same  con¬ 
clusion  is  reached  if  we  consider  that  the  uniform  motion  of  the 
electron  wave  groups  requires  that  the  field  be  zero.  This  con¬ 
dition  is  satisfied  if 

Nt— 

Mj— /i.1  (25) 


These  relations  are  not  sufficient  to  solve  the  problem,  as  we 
have  been  obliged  to  assume  known  the  final  state  of  the  electron. 
They  are  conditioned  by  the  fact  that  the  reflected  light  must 
have  the  velocity  c,  but  this  still  leaves  two  quantities  unde¬ 
termined  in  the  final  electron  state  (recoil  electron).  They  are 
perhaps  related  to  the  phases  of  the  incident  waves. 

If  the  wave  quantities  in  Equations  (25)  are  replaced  by  the 
corresponding  mechanical  quantities  the  conservation  of  energy 
and  momentum  relations  of  the  ballistic  theory  of  the  Compton 
effect  are  obtained,  and  this  without  the  necessity  of  assuming 
the  light  to  be  quantized.  It  has  been  attempted  to  explain  the 
Compton  effect  as  a  Doppler  effect,  but  this  explanation  has 
been  considered  untenable  because  the  reflecting  center  would 
have  to  move  in  quite  a  different  direction  from  the  electron.  The 
two  sets  of  groups  ftxmished  by  our  theory  remove  the  difficulty, 
for  while  the  electron  moves  in  the  direction  of  with  the 


velocity  ■ 


,  the  reflecting  surface  moves  in  the  direction  of 

Vl  —  Vt 

This  latter  surface  can  be  con- 


Vl  +  Vt 

/*i+f**l 

fii— ft*  with  the  velocity 

I 

sidered  to  reflect  both  the  electron  and  the  light  waves.*^ 

Since  this  article  went  to  press  E.  SchrOdinger,  Ann.  d.  Phys.,  82,  p.  257, 
1927,  has  published  the  same  result. 
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We  may  now  consider  jumps  between  states  corresponding  to 
circular  orbits,  such  as  have  been  considered  on  page  125.  Suppose 
the  electron  to  be  in  the  state  designated  by  n,  and  suppose  that 
for  some  reason  the  state  (n— Ah)  becomes  slightly  excited. 
The  two  waves  will  interfere,  forming  An  groups  in  the  region 
between  their  orbits.  As  the  amplitude  of  the  (n—  An)  wave  is 
supposed  to  be  at  first  small,  the  accumulations  of  electricity  in 
these  Ah  groups  will  be  slight,  but  they  will  nevertheless  radiate 
according  to  the  classical  laws.  As  the  energy  is  thus  decreased, 
charge  must  necessarily  fall  from  the  higher  to  the  lower  level, 
from  the  nth  to  the  (h  —  AH)th  orbit,  the  groups  becoming  at  first 
more  marked  and  later  fading  away  until  all  the  charge  has  fallen 
to  the  (h—  AH)th  orbit.  The  frequency  of  rotation  of  the  groups 
is  (c/.  11  and  12) 


1  Av  Av 
2ir  Afi  Ah 


(26) 


This  frequency  is,  by  the  theorem  of  the  mean,  intermediate 
between  the  frequencies  of  rotation  of  the  electron  in  the  two 
orbits  and  therefore  is  the  frequency  of  rotation  which  the 
electron  would  have,  were  it  in  some  intermediate  orbit.  This 
is  in  accord  with  the  pririciple  of  correspondence,  but  it  was  never 
clear  why,  according  to  that  principle,  only  the  Anth  harmonic 
should  be  radiated.  Here  it  is  clear.  There  are  Ah  groups,  and 
hence  the  frequency  radiated  is 


,  A  V  AW 

AT-Ah— =  Av-— .  (27) 

An  h 

This  type  of  jump  is  barred,  however,  by  the  principle  of 
selection  unless  Ah=  ±1.  This  would  appear  to  be  related  to  the 
essential  indivisibility  of  the  electron,  only  such  transitions  being 
allowed  in  which  one  electron  wave  group  is  formed. 

Transitions  between  the  more  general  type  of  stationary  states 
■of  the  hydrogen  atoms  are  to  be  treated  in  the  same  way.  Because 
of  the  stationary  character  of  the  radial  component  of  the  wave 
the  azimuthal  quanttim  number  will  determine  the  nximber  of 
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groups,  there  being  Ak  groups  moving  circularly  with  the  linear 
velocity  (c/.  14). 

(28) 

Afi«  Ak 

Av 

The  frequency  of  rotation  will  therefore  be — •  And  the  fre- 

Ak 

quency  radiated  will  be 

Av  AW 

AT- Aib  — =  Av=— .  (29) 

Ak  h 

Again  the  correct  frequency  is  obtained,  and  the  indivisibility  of 
the  electron  points  to  AAr  —  ±1. 


THE  MECHANISM  OF  BREAKDOWN  OF  DIELECTRICS 

By  A.  JoFFK,*  T.  Kubchatoff  and  K.  Sinelnikoff 


The  problem  of  determining  the  cause  of  the  breakdown  of  an 
insulator  has  been  often  investigated,  and  three  different  explana¬ 
tions  have  been  advanced.  Wagner’s  theory  explains  breakdown 
by  local  heating  governed  by  Joule’s  law;  another  explanation  is 
based  on  the  asstunption  of  ionization  by  impact,  and  a  third  on 
ionization  by  the  direct  action  of  the  electric  field.  We  shall  show 
all  three  hypotheses  to  be  correct  in  separate  cases. 

Wagner’s  hypothesis,  corrected  so  as  to  include  uniform  heating 
of  the  whole  dielectric,  not  merely  local  heating  at  accidentally 
defective  spots,  was  worked  out  simultaneously  by  Rogowsky  in 
Germany  and  by  Fock,  Semenoff  and  Walter  in  Leningrad.  The 
experiments  of  the  last  two  physicists  verify  very  well  all  the 
conclusions  of  the  theory.  In  the  first  place  they  confirmed  the 
predicted  dependence  of  the  breakdown  potential  F*  (or  the  cor¬ 
responding  electric  field  £»)  on  temperature. 

Suppose  the  conductivity  is  given  by 

log  <r=«a/+6  (1) 


then  the  expected  and  measured  dependence  of  £»  on  temperature 


is 

log£*-|<+C.  (2) 

The  field  £»  is  very  small  and 
depends  also  on  the  thermal  con¬ 
ditions. 

This  dependence  on  tempera¬ 
ture  holds  strictly  from  the 
melting  point  down  to  some 
temperature  where  the  law 
suddenly  changes.  For  rock  salt 
/*  =  200°C.,  for  glass  /**=  150®C. 


/. 


1  Head  of  the  Physical  Technical  Institute  at  Lenin^ad,  L^urer  at  the 
Massachusetts  Institute  of  Technology  and  at  the  University  of  California, 
Winter  Term,  1926-1927. 
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The  detailed  investigation  of  Semenoff,  Walter  and  Miss  Inge 
may  be  regarded  as  a  complete  proof  of  the  heat  theory  at  tem¬ 
peratures  higher  than  /*.  But  there  is  no  doubt  on  the  other  hand 
that  below  the  heat  explanation  does  not  hold.  The  value  of 
E),  at  this  point  seems  to  be  the  maximum  possible  value  of  the 
field  which  can  be  established  in  the  dielectric  and  independent 
of  the  thermal  conditions. 

We  were,  however,  able  to  realize  much  higher  electric  fields  in 
the  polarization  sheet  of  a  dielectric.  It  has  been  shown  that  some 
dielectrics  have  the  property  of  changing  their  potential  dis¬ 
tribution  by  the  passage  of  the  current,  and  that  the  whole  poten¬ 
tial  drop  takes  place  in  a  thin  layer  near  the  boundary  of  the 
dielectric,  mostly  on  the  cathode  side.  A  study  of  the  distribution 
of  potential  in  this  layer,  which  is  about  0.001  mm.  thick  has 
shown  that  its  conductivity  is  considerably  lowered  and  that  a 
space  charge  is  distributed  in  this  layer.  The  field  reaches  in  such 
layers  a  value  a  hundred  times  greater  than  the  usual  breakdown 
potential  of  the  same  material. 

Another  way  to  realize  a  concentrated  field  of  the  same  magni¬ 
tude  is  to  keep  off  moving  ions  from  a  thin  layer  of  glass  or  mica 
and  thus  create  a  thin  non-conducting  layer  about  0.001  mm. 
thick  in  the  dielectric.  The  field  concentrated  in  a  non-conducting 
layer  thus  prepared  may  have  the  same  magnitude  as  given  above. 

What  is  the  characteristic  feature  of  these  layers  which  resist 
breakdown  for  electric  fields  as  high  as  10^  to  10*  volts/cm.? 
There  are  two  possibilities:  (1)  the  conductivity  of  these  layers  is 
a  thousand  times  smaller  or  (2)  the  layer  is  very  thin,  much  thinner 
than  that  usually  investigated.  We  have  ascertained,  however, 
that  a  decrease  in  conductivity,  realized  by  the  use  of  pure  crys¬ 
tals,  does  not  essentially  change  the  dielectric  strength. 

The  thickness  may  play  an  important  part  if  the  mechanism  of 
breakdown  consists  of  an  ionization  by  impact,  as  is  well  known 
in  the  case  of  gases. 

In  fact,  consider  one  ion  going  from  one  electrode  to  the  opposite 
one  through  the  crystal.  The  electric  field  accelerates  the  ion 
until  it  reaches  such  a  velocity  that  the  average  friction  (collision 
with  the  ions  of  the  lattice)  becomes  equal  to  the  acting  electric 
force  Ee.  The  following  diagram  (Fig.  2)  will  exhibit  the  assvimed 
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behavior  of  the  ion.  The  final  velocity  vo  is  proportional  to  the 
field  E,  because  of  Ohm’s  law, 

▼ 

I^nevo^neuE  (3) 


n  being  the  number  of  ions  per 

cm.*,  I  the  current  per  cm.*,  and  . .  ^  — . 

u  the  mobility  of  the  ion.  The  i 

final  value  of  the  velocity  Vo  is  • 

reached  in  a  short  distance  Xo  /  I 

that  we  may  call  the  starting  dis-  \  i 

tance  of  the  ion.  Some  consider-  T/o  2 

ations  taken  from  the  study  of 

conductivity  of  dielectrics  lead  us  to  the  assumption  that  Xo, 
which  is  small,  is  large  compared  with  the  lattice  constant  and 
lies  between  10"^  and  10'*  cm. 

We  now  assiune  that  the  field  E  has  a  value  such  that  Vo  reaches 
a  value  v*  satisfying  the  equation 

\mVk'^eP  (4) 

P  being  the  ionization  potential  of  the  lattice  for  which  ionization 
by  impiact  takes  place  and  a  new  ion  is  formed.  The  next  ioniza¬ 
tion  at  a  distance  Xo  gives  two  new  ions  and  so  on.  Let  us  suppose 
the  thickness  of  the  dielectric  is  D— zoXo,  then  the  number  of  new 
ions  appearing  is  2**  —  2®^**.  We  suppose  now  «o  primary  ions  per 
cm.*  of  the  dielectric.  Then  the  number  of  ions  in  the  whole 
dielectric  is 

WoXo  /K\ 


Jo  log  2 

The  average  density  of  electrons  n  becomes 

(5T 

D  log  2  D 

If  D/Xo  is  large  the  number  of  free  ions  and  the  current  increase 
in  such  a  way  that  a  breakdown  is  inevitable.  The  sufficient 
condition  for  a  breakdown  is  expressed  by  Eqtiation  (4),  The 
corresponding  field  is  given  by 


m 


(6) 
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In  fact  a  definite  potential  gradient,  taking  into  account  space 
charges,  is  the  condition  for  a  breakdown  independent  of  the 
thickness  and  of  the  shape  of  the  electrodes. 

The  case  is  different  if  the  thickness  D  of  the  dielectric  is  not 
very  great  in  comparison  with  Xo,  as  for  instance  if  D/Xo—10; 

1,000.  In  this  case  ionization  by  impact  increases  the 
ntimber  of  ions  about  a  hundredfold  and  the  current  increases  in 
the  same  proportion,  but  this  does  not  produce  important  results 
for  instead  of  a  current  of  10'"  amps  we  have  10~*  amps,  which 
is  far  too  low  to  produce  a  breakdown.  What  are  now  the  con¬ 
ditions  for  breakdown  in  thin  sheets  of  dielectrics?  We  may  sup¬ 
pose  that  this  is  fixed  by  a  definite  current  I,  and  therefore  a 
definite  number  of  ions  n  is  necessary  in  order  to  produce  a  dis¬ 
charge.  The  condition  becomes 

Mo  —const.  (7) 

or  to  a  sufficient  approximation 


log  Mq  D 
log2  X 


const. 


(8) 


The  X  in  these  formulas  is  not  identical  with  the  Xo  in  the  preced¬ 
ing  ones,  where  Xo  is  the  starting  distance  necessary  to  reach  the 
,  equilibrium  velocity  t\).  Here  X 

is  the  distance  required  to  reach 
the  velocity  Xo  is  therefore 

_  the  maximum  value  of  X  for  the 

_ _  _  case  that  ivi<  t*.  Fig.  3  explains 

j  sufficiently  the  relations  in  the 

j  i  case  we  are  considering.  We  see 

- j - K - »  that  in  strong  fields  the  value 

J  is  reached  in  a  distance  X  smaller 

^  than  Xo. 

To  a  first  order  of  approximation  we  neglect  the  loss  of  energy 
dtiring  the  acceleration  of  the  ions.  Then  the  energy  of  an  ion 
is  given  by  the  difference  of  potential  along  the  distance  travelled 
by  the  ion.  The  ionization  energy  is  reached  as  soon  as  the  cor¬ 
responding  ionizing  potential  P  is  passed, 

P  P.D. 

V 
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The  condition  (8)  becomes 

log  wq  ,  D 
log  2  X 


log  no 
log  2 


const. 


(80 


Therefore  for  a  given  n,  at  constant  temperature, 

V*const;  ED=*const.  (9) 

Formula  (50  gives 

n--J?i-^(2»'/^-l).  (10) 

log  2  V 

A  more  accurate  formula  may  be  obtained  from  the  assiunption 
that  v^vit)  is  given  by 

dv  rr  e 

m—=*eE - V 

dt  u 

(11) 


imr**-im«*E*(l-p""'n*-eP  (12) 


m,  u,  e,  P  being  known,  the  expression  (12)  gives  the  relation 
between  E  and  t,  where  t  is  the  time  during  which  the  velocity  r* 
is  reached. 

The  relation  between  X  and  t  is 

X-i«e[t-?^(1-p^/“-0]  (13) 


For  small  values  of  t  and  of  er/um,  formula  (12)  gives 


t*E*  —  2mP/e 

and  (13): 

x-IIet* 

2  m 

from  which  follows 

\E^P. 


Formulas  (6)  and  (9)  represent  two  limiting  cases  of  the  general 
relation  between  the  discharge  potential  (or  the  discharge 
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field  £fc)  and  the  thickness  of  the  insulator.  For  dielectrics  of  a 
large  size  (6)  holds  and  the  potential  is  proportional  to  the  thick¬ 
ness  D,  Et,  being  independent  of  the  thickness.  For  very  thin 
dielectrics  formula  (9)  states  that  the  potential  is  independent  of 
the  thickness,  while  is  inversely  propot  tional  to  D.  Measure¬ 
ments  of  breakdown  potential  were  made  on  glass,  mica,  oil, 
benzol  and  a  mixture  of  wax  and  paraffin,  but  the  most  accurate 
results  were  obtained  in  glass  made  by  the  optical  glass  factory  in 
Leningrad.  Sheets  of  thickness  lO"®  to  2X10“*  cm.  (10  to  0.02/a) 
were  prepared.  Thicknesses  between  10“^  and  10~*  cm.  were  meas¬ 
ured  by  the  Zeiss  micrometer.  The  thicknesses  of  thinner  films 
were  computed  from  their  capacity.  As  electrodes  were  used: 


mercury  (o),  water  (x)  and  lamp-black  (,).  Figs.  4  and  5  show  the 
dependence  of  V*  and  Et,  on  D.  Fig.  6  shows  the  dependence  on 


temperature.  One  sees  that  the  measurements  are  in  the  best 
possible  agreement  with  the  predictions  of  the  theory. 
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The  results  are  made  more  evident  by  a  diagram  giving  log  E 
as  function  of  log  D,  Fig.  7. 

The  characteristic  feature  of  this  theory  is  the  exponential 
increase  in  the  number  of  ions  by  ionization  in  strong  fields.  It 


was  therefore  necessary  to  measure  this  number  by  means  of  the 
current  through  the  dielectric.  We  have  shown  before  (ZS.fur 
Phys.  1927)  that  Ohm’s  law  holds  in  thick  layers  up  to  the  dis¬ 
charge  potential,  the  mobility  u  being  constant.  Now  we  go  over 
to  stronger  fields  in  thin  layers.  There  are  two  difficulties  to  be 
overcome,  i.e.,  the  change  of  conductivity  by  heating  and  the 
sudden  increase  of  the  current  at  the  beginning  of  the  ionization. 
We  have  first  investigated  the  law  of  heating  of  such  thin  sheets 
by  the  ionization  current.  It  has  been  shown  that  an  equilibrium 
state  is  reached  after  about  2  minutes  and  that  in  the  first  2 
seconds  the  increase  of  current  due  to  the  increase  in  temperature 
remains  within  a  few  per  cent.  We  have  made  therefore  all  our 
measurements  in  the  time  of  0. 1  seconds  to  be  sure  that  the  influ¬ 
ence  of  temperature  was  avoided. 

In  order  to  prevent  the  possibility  of  a  high  current  through 
the  dielectric  and  the  instruments  we  connected  in  series  a  vacuum 
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rectifier  and  adjusted  the  heating  current  of  the  filament  so  as  to 
^  have  a  saturation  current  of  the 

desirable  value.  The  current  was 
thus  determined  and  we  then 
measured  the  corresponding  value 
of  the  potential.  These  precau¬ 
tions  were  sufficient  for  an  undis¬ 
turbed  measurement  of  currents 
up  to  the  highest  fields.  The 
't  results  are  given  in  the  following 
Fig.  8,  for  several  thicknesses  of 
F/6  S.  the  glass  sheets.  From  left  to 

right  the  curves  correspond  to 
the  thickness  lO"^,  SKlO"^,  2X10“*,  1.5X10“*,  0.9X10“*,  3.5X10  * 
and  1.4X10"*  cm. 

The  general  appearance  and  the  particular  shape  of  the  curves 
are  in  good  agreement  with  formulas  (3)  and  (5)  (correcting  Xo 
by  X).  In  Fig.  9  the  beginning  of  j 
the  curves  corresponds  to  Ohm’s 
law  according  to  formula  (3).  Let 
us  extrapolate  the  straight  line  to  / 

higher  fields.  Assupiing  that  u  *  . . . ^ 

remains  unchanged,  we  may  com-  4 . 

pute  the  ratio  n/tio  by  measur-  : 

ing  the  corresponding  currents  - i - ^ 

I/h  at  the  same  E. 


Formula  (10)  gives, 

a,  «oP 

ED  log  2 

I 

or,  neglecting  1  in  the  parenthesis 
ED,  .  , 


—  log  2-|-  log-^^^  —log  ED. 
P  ^log2 


For  the  conductivity  cr  =  nue  we  have. 


log  <r  -  ED-}-  log  -  log  ED. 
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sew 


We  have  to  expect  a  dependence  of  o’  on  k  of  the  form, 

log  o’*aK+6.  (14) 

As  the  potential  difference  P  between  two  neighboring  collisions 


^  tm 


Fig  /o 


depends  on  the  field  V/D,  the  coefficient  a  must  depend  on  the 

thickness  D.  From  the  shape  of  the  curve  a^a(D)  the  law  of 

the  curve  v^v(x)  (Fig.  2)  may  be 

obtained.  The  following  Fig.  10 

shows  that  the  formula  (14)  is 

checked  by  experiment  for  two 

thicknesses:  1.5X10~*  cm.  and  . 

0.14X10"*  cm.  Fig.  11  shows  the  j 

dependence  of  a  on  the  thick-  / 

ness  D.  j 

In  order  to  ascertain  that  the  / 

deviation  of  the  curves  (Fig.  8)  / 

from  a  straight  line  does  not 
depend  on  a  variation  of  the  mo- 
bility  M  with  E  we  have  meas- 

ured  the  conductivity  for  weak  ^ - j - ^ - - — -  j, 

fields,  just  after  a  strong  ionizing 

field  had  been  applied.  Weactu-  Pig  U 
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ally  found  an  increase  in  the  conductivity  due  to  the  increased 
niunber  of  ions  by  taking  measurements  in  the  weak  held  for  which 
Ohm’s  law  was  shown  to  hold. 

There  is  no  doubt,  we  believe,  that  strong  fields  beyond  the 
ionization  limit  (i.e.,  discharge  field  for  thick  sheets)  increases 
the  number  of  ions  exponentially  showing  that  ionization  by  ions 
moving  through  the  dielectric  takes  place. 

The  special  forms  of  the  curves  in  Pigs.  4,  5,  6,  7  and  8  allow 
us  to  compute  the  elementary  data  of  the  phenomena  here  postu¬ 
lated,  i.e.,  the  starting  distance  Xo,  the  ionization  potential  P  and 
the  shape  of  the  curve  (2)  which  gives  the  law  of  loss  of  energy 
by  friction  of  the  ions  inside  the  dielectric.  For  Xo  we  get  in  this 
way  about  10  ®  cm.,  for  P—10  volts.  In  the  strongest  fields  the 
distance  X  decreases  to  10~^  cm.,  that  is,  to  6  atomic  distances. 
This  fact  indicates  that  every  ion  becomes  ionizing  when  it  reaches 
the  ionization  energy  ]/^Vk'^eP. 

Our  measurements  are  not  accurate  enough  to  determine  the 
shape  of  the  curve  in  Fig.  2.  Nevertheless,  they  are  consistent 
with  the  law  resulting  from  formulas  (11),  (12)  and  (13). 

Figs.  4,  6  and  7  show  that  for  glass  the  range  where  our  formulas 
for  thin  sheets  are  applicable  lies  between  2  and  0.2fi  for  glass,  • 
for  other  dielectrics  the  upper  limit  is  seldom  greater  than  5ft. 
The  maximum  field  which  can  be  applied  to  the  dielectric  rises 
from  5X10*  volts/cm.  to  1.5X10*  volts/cm.  The  latter  is  the 
absolute  maximum  we  were  able  to  reach.  Neither  a  decrease  in 
temperature  to  that  of  liquid  air  nor  a  decrease  of  thickness  down 
to  0.02fi  were  able  to  increase  this  limiting  value  of  the  field. 
Figs.  4  and  7  show  that  after  this  limit  has  been  reached  the 
discharge  field  becomes  independent  of  the  thickness. 

We  have  obviously  some  new  phenomenon  not  included  in  our 
considerations.  Several  hypotheses  may  be  made: 

(1)  The  attraction  between  two  electrodes  compressing  the 
dielectric  reaches  the  formidable  value  of  60,000  atm.  in  a  field 
of  1.5X  10*  volts/cm.  Possibly  this  pressure  breaks  down  mechan¬ 
ically  the  thin  glass  sheet  if  its  shape  is  not  the  same  as  that  of 
the  surface  of  the  electrodes.  Replacing  the  solid  metallic  elec¬ 
trodes  by  water,  lamp-black  and  even  by  ionized  air  we  observed 
no  change  in  the  limiting  field.  This  observation  makes  very 
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doubtful  the  hypothesis  that  rupture  by  mechanical  forces  is  the 
origin  of  the  breakdown. 

(2)  Fields  of  the  magnitude  10*  volts/cm.  may  pull  out  elec¬ 
trons  from  the  metal  and  bring  them  inside  the  dielectric.  The 
limiting  field  would  then  depend  on  the  kind  of  metallic  electrode. 
As  steel,  mercury,  and  water  gave  the  same  results,  this  hypothesis 
had  also  to  be  rejected. 

(3)  The  third  hypothesis  which  we  believe  to  be  the  true  cause 
of  breakdown  of  the  thinnest  layers  is  a  pulling  out  of  ions  from  the 
crystal  lattice  of  the  solid  dielectric  or  the  ruptiu^  of  the  molecules 
in  the  amorphous  or  liquid  state.  In  fact  for  a  crystal  lattice  of 
rock  salt  for  instance  the  lattice  of  the  positive  Na'*’-ions  would 
be  stretched  by  the  negative  lattice  of  Cl  “-ions  with  a  tensile 
stress  of  300,000  atm.  The  potential  difference  between  two 
neighboring  ions  would  be  4.3  volts  and  nearly  the  same  in  glass. 

The  pressure  of  the  dielectric  due  to  the  electrodes  has  the  value 


The  tensile  stress  in  the  same  field  pulling  the  positive  ions  out 
of  the  negative  ones  is 

T~eZE 

e  being  the  charge  of  tfie  ion,  Z  the  munber  of  ions  in  a  cm*. 

We  may  compute  the  field  E  when  the  tensile  stress  becomes 
equal  to  the  pressure  of  the  electrodes.  Placing  €  —  5;  Z=»10“ 
and  e»5XlO‘‘®  we  get  fi  —  yxiO*  volts/cm.  For  weaker  fields 
the  tensile  stress  is  greater  than  the  pressure,  for  higher  fields  the 
pressure  becomes  greater  than  the  tensile  stress. 

Summary 

1.  At  high  temperature  dielectric  breakdown  is  due  to  heating 
by  the  current  as  assumed  by  Wagner,  and  follows  the  laws  given 
by  Rogowsky  and  Semenoff. 

2.  At  low  temperatures  ionization  by  impact  produces  break¬ 
down.  As  soon  as  the  maximum  velocity  i>o  reached  by  an  ion 
satisfies  the  condition  1/2  tnv^^^eP,  where  P  is  the  ionizing  poten¬ 
tial,  the  current  increases  and  a  breakdown  follows;  the  velocity 
»o  is  proportional  to  the  electric  field  up  to  the  breakdown  point. 
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Therefore  the  condition  for  a  breakdown  potential  at  low  temper¬ 
atures  is  a  definite  electric  field  E.  This  field  has  to  be  corrected 
by  taking  into  account  the  space  charges  produced  in  the  dielectric. 

3.  In  thin  sheets,  however,  this  condition  does  not  hold.  As 
the  number  of  ionizations  is  small,  no  breakdown  results  and  much 
higher  fields  may  be  obtained. 

A  definite  number  of  collisions  is  necessary  in  order  to  reach  a 
breakdown,  and  therefore  the  breakdown  potential  is  independent 
of  the  thickness  in  sheets  of  0.3  to  5fi,  the  electric  field  being 
inversely  proportional  to  the  thickness  and  increasing  for  glass 
from  5X10*  volts/cm.  to  10*  volts/cm. 

4.  An  ionization  current  is  observed  in  thin  sheets  and  its 
dependence  on  thickness,  electric  field  and  temperature  checks  in 
a  satisfactory  way  the  present  ionization  theory. 

5.  In  sheets  of  thickness  less  than  0.2(1  the  breakdown  field 
becomes  once  more  independent  both  of  thickness  and  of  tem- 
perattire.  A  pulling  out  of  ions  by  the  field  is  suspected  to  be 
responsible  for  breakdown  in  this  case.  The  maximum  field  for 
glass  is  found  to  be  about  1.5X10*  volts/cm. 
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THE  SPECTRUM  OF  AN  ARRAY  AND  ITS  APPLICATION 
TO  THE  STUDY  OF  THE  TRANSLATION 
PROPERTIES  OF  A  SIMPLE  CLASS  OF 
ARITHMETICAL  FUNCTIONS 

Part  One 

The  Spectrum  of  an  Array 

By  NotBEBT  WiENEB 

The  purpose  of  the  present  paper  is  to  extend  the  spectrum 
theory  already  developed  by  the  author  in  a  series  of  papers*  to 
the  harmonic  analysis  of  functions  only  defined  for  a  denumerable 
set  of  argximents  —  arrays,  as  we  shall  call  them  —  and  the 
application  of  this  theory  to  the  study  of  certain  power  series 
admitting  the  tmit  circle  as  an  essential  boundary. 

An  array  A  is  a  sequence  of  munbers  a.  with  indices  n  running 
from  —  « to  oc  .  From  the  array  A  we  can  tmder  certain  circum¬ 
stances  form  an  array  B  according  to  the  rule 


bn  ”  lim - 


where  the  bar  denotes  the  operation  of  taking  the  conjugate.  If 
bn  exists  for  every  integral  value  of  n,  we  shall  call  the  array  A 
regular. 

We  now  form  the  function 

It  is  easy  to  show  by  the  use  of  the  Schwartz  inequality  that 
|6^|  <6o,  and  hence  that  A{x)  exists  as  a  limit  in  the  mean  over 
any  finite  interval. 

A{x)  is  a  monotone  non-decreasing  ftmction  of  x.  To  see  this 
let  us  put  aj  =  aj[  \i  |  < ib] ;  aj 0[  1;  |  >  fc].  Let 


1 N.  Wiener,  On  the  Representation  of  Functions  by  Trigonometrical  Inte- 
erals,  Math.  Ztschr.  Vol.  24,  pp.  575-616;  The  Harmonic  Aiwysis  of  Irregular 
Motion,  this  Journal,  Pebniary  and  March,  1926. 
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We  have 


>«-•  a  •-« 


■iU-n)x 


j  — « 


Thus  if 


we  see  that 


/8a  ■* - - -  ^}^j-n% 

2/fe+l  A  '  ' 

^  *“flO 

/8/* 


i4»(ac)  -=  /8ox+  ^ ^ 

has  a  non-negative  derivative,  and  is  monotone. 

We  have  however  uniformly  in  / 

j  *— «  ; 

while  the  whole  set  of  /8’s  is  bounded  in  /  and  it.  Hence  over  any 
finite  interval 

i4(a:)-l.  m.  Ak(x). 

»ao 

It  follows  readily  that  A(x)  may  itself  be  so  defined  as  to  be  mono¬ 
tone  non-decreasing.  We  shall  call  A{x)  the  spectral  function  of 
A.  It  always  exists^ when  A  is  regular.  Since  it  is  monotone,  it 
follows  from  the  theory  of  the  Dirichlet  conditions  that 


/l(x+0)+i4(x-0) 


If  ^  is  regular. 


6o=»  Urn  — ^ 


i 
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is  bounded,  and 


-*  I  mj 

i-l  j—i 


This  clearly  has  an  upper  bound  independent  of  k,  and  thus 

Slo/IV;’ 

-ao 

and  hence 

t; 

exists. 

Let  us  assume  that  00=0.  We  have 

jx  Jx-k  ^  7*  2 

-30  ' 


Hence 


flp 

-32ir  2  (2it+l)A 


*  32ir 
dx 


•  ijh 
sin*  — 
2 


|a,|« — 

^  j* 


.  ^  kh  .  ,(k+i)h 

sin* -  sin*-^ - ^ 

2  2 


k*h*  (ik+l) 


*M  J  2ife+l^^  ' 


WIENER 


32ir>  (2^+1)* 


148 

It  is  easy  to  show  that 


sin*  —  sin* - 

2  2 


*-o 

is  bounded  as  /t  -*0,  that 


lim  {2k-\-\)h 
*— 0 


and  that 


lim  32ir  V  (2ife+l)fc 

*— 0  *15 


k*h* 

(k+iyh*  1 

'  .  ,kk 
sin^  — 
2 

.  ,(fe+i)fc' 

sin*  - - 

2 

.  k*h* 

(k+iyh*  . 

'  .  ,kh 
sin*  — 
2 

.  4(^+1)*' 

sm  - 

2 

k*h* 

(k+iyh* . 

I  nw  rx+h  fx  *  4 

»lim— /  /  (rr-^sga^d^-  (w-^sgnfdf  dx^-n. 

k—oh*Jo  Jx  Jx-k  3 


Hence  an  argument  of  the  same  type  as  that  used  in  the  proof 
of  F^jer’s  theorem  will  show  that 


^  I  f  f  dx^bo. 

k-*0  47rfcV0  \Jx  Jx-k 


If  A  is  regular,  the  arrays  Ai  and  At,  respectively, 
•  •  •  a-i+a*_i,  a«+a*,  ai+a*^.!,  •  •  • 


•  o-i— a*_i,  Ofl— o*,  Oi— a*+i,  •  •  • 


are  also  regular.  We  can  without  essential  restriction  suppose 
Oo“a±*“0.  The  <^’s  pertaining  to  i4i  and  are 

We  thus  have 


lim  -^ri 

*-►0  4ir«*yo  1^0 

-  r  [M±4>(()e-*"*]d^'dx~2b,±2Rbi. 

Jx-k 
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Hence 

•  Conj 

•  Conj 

f  7Ti  /  cos  feac  I  /  <l>{^di-  f  <t>($)d^\'dx 
h-*o  [  4ir/jvo  \J*  Jx-h  I 

•Coni[jr'*^(6[l-«‘*i*^Vf 

-jy(()ll-e“'-<’\d(]\dx  • 

This  last  remainder  lerm,  by  the  Schwarz  inequality,  cannot 
exceed  in  modulus 

•  r  I  r<t>i$)[l-e^^-*']d(  'dx. 

Jo  \Js  Jx-h 

We  have,  however, 

2*  >  2aj  ij, /cos  ih_cos(j—k)h\ 

*■;  ^  *  *■;  *0  -^)  ' 
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Hence 


Jo  \  J*  Jx-h  I 

«8,r  ^'Jf[dL*  /cos  jh  —  l  _  cos  Q  — fe)/i  — ly 

y*  '  y  i-k  ' 


It  follows  at  once  that  the  remainder  tends  to  zero  with  h, 
and  that 


lim  — 
*-*o47r/»* 


r>  /•*+*  rx 

cos  kx  I 

J  s  Jx-h 


dx  “  Rhk 


2« 

cos  kx  dA{x). 


The  restrictions  imposed  that  ao“a±*»0  are  not  essential,  and 
may  readily  be  removed. 

It  follows  that  for  any  trigonometrical  polynomial  P{x), 


o  /*2«  /■*+*  fx 

lim  — —  /  P{x)  I  <t>i^)d^-  I  <t>{^d^ 
k—oArrh*  Jo  Jx  Jx-k 


*dx 


1  rPix)dAix), 

2itJo 


and  by  the  use  of  the  Weierstrass  approximation  theorem  and  the 
fact  that 

*-►0 1 4irk*Jo  \Jx  Jx-k 

this  theorem  may  be  extended  to  all  continuous  functions  P(x) 
with  period  27r. 


dx  I  <  max  \P{x) 


bo. 
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Let  P{x)  differ  from  0  in  and  only  in  the  interval  (a,  6),  interior 
to  (0,  2ir).  Let  the  increase  of  A  over  every  interval  interior  to 
(a,  b)  be  different  from  0.  Then 

Km  ^  f^Pix)  I  f  f  'dx>0. 

*-»o4irWo  \J*  Jx-k 

By  choosing  P  properly,  we  see  that 

Km-^/  1/  f  4>i^)<^^\dx>0. 

h-*o4irh*J»+*  \  J*  Jx-k  I 

It  is,  however,  easy  to  show  that  if  <f>  possesses  a  bounded  deriva¬ 
tive  in  (o-|-€,  6— e), 

/*"!  r%i)d(-  *dx^Om. 

,/•+•  I  Jx  Jx-k 

Hence  if  A{x)  is  properly  increasing  in  every  interval,  <f>(x) 
possesses  a  bounded  derivative  in  no  interval.  This  will  in  particular 
be  the  case  if  b^  is  the  only  b„  to  differ  from  0. 

An  example  of  an  array  with  this  latter  property  is  the  array 
for  which  a,* a.,,  while  Oi,  Oi,  •  •  •  have  the  values 

1.  -1 

[1,  1;  1,  —1;  —1,  1;  —1,  —1]  repeated  twice 

(1,  1,  1;  1,  1,  -1;  1,  -1,  1;  1,  -1,  -1;  -1,  1,  1;  -1,  1,  -1; 

—  1,  —1,  1;  —1,  —1,  —1]  repeated  four  times 

(1,  1,  1.  1;  1,  1,  1,  —1;  1,  1,  —1,  1;  etc.]  repeated  eight  times 


Here  6o*l;  •  •  •  “0. 

Again,  let  us  consider  an  array  for  which  a.  —  a_,  and  where  every 
a  is  ±1.  Let  us  make  correspond  to  the  array 

Oo,  Oi,  Oj,  •  •  • 

the  binary  number 

Qq-HI  Oi-H  Q<+1 
2  2  2  **’  ’ 

It  is  easy  to  show  that  for  all  such  binary  numbers  excepting  those 
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of  a  set  of  measure  0, 6o—  1 ;  5±i  *5^2*  *  •  •  “0.  We  can  interpret 
this  as  saying  that  the  probability  that 


±1.  ±1.  •  •  • 


determine  a  function  A{x)  other  than  *  itself  is  0. 

Let  us  consider  a  regular  array  A  for  which  every  a-,  —  0,  ao“0, 
and  let  us  consider  the  analytic  function  defined  inside  of  the 
unit  circle 


a.  ^n^int 


am 


Clearly  as  r-» 


j  rjtjre'*) 


converges  in  the  mean  to  <f>i6). 


Hence  if 


\//(x)  possesses  an  analytic  continuation  across  any  arc  of  the 
unit  circle,  <^(0)  must  be  analytic  over  same  arc.  It  follows  that 
if  A(0)  is  propierly  increasing  over  any  arc,  ijtix)  possesses  the  unit 
circle  as  an  essential  boundary.  For  example,  the  series 


±  — 


n 


almost  always  has  the  unit  circle  as  an  essential  boundary. 

Let  the  array  A  be  regular.  We  wish  to  prove  that  the  array. 
B  consisting  of 

(•  •  •  ,  •  •  •  ,  Rbi,  6o,  Rbi,  •  •  •  ,  •  •  •) 


is  also  regular. 


That  is,  we  wish  to  prove  that 
lim  -i- 

k^*2k+lj^  + 


exists  for  every  n.  Here  /  is  summed  over  integral  values  if  n  is 
even,  over  values  of  the  form  v-f- 1/2  if  n  is  odd.  This  is  equivalent 
to  proving  that 


lim 


*-.«  2Jfe+l  ^ 


±bj.^ 

2  ^2' 


exists  for  every  n.  By  a  theorem  proved  by  the  author  in  a  paper 
forthcoming  in  the  Journal  of  the  London  Mathematical  Society 
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this  is  equivalent  to  proving  that 

2-^  l^+sM-=l*sin*/« 


limfV 


exists  for  every  n,  or  that 

-«  * 
exists  for  every  n.  [Here  we  put  sin*  ;«/;*=*€*  if  /*0.1  This  again 
is  equivalent  to  the  statement  that 


_ltaj  ^ 


...  -«<  ,  •  .  -M< 

Sin*  ;€  cos* —  —cos*  i€  sm*  — 
_  2  2 


exists  for  every  n,with  proper  definitions  of  the  terms 
This  last  expression  is,  however,  merely  another  way  of  writing 

lim  —  f  cos—[A(x-\-t)  —  A(x—€)]*dx. 

•  -»o2«yo  2 

As  A  (x)  is  a  monotone  fvmction,  the  latter  limit  exists.  It  is  the 
Stieltjes  integral 

raw-o 

I  cos  —  dijtix), 

J-o  2 

where  i/i(x)  is  the  sum  of  the  squares  of  the  jumps  of  A(x)  in  the 
interval  (  —  0,  x)  if  n  is  even,  and  in  the  interval  (4-0,  *),  if  n  is 
odd. 

The  proof  proceeds  as  follows :  let  4>(x)  be  a  step-function  having 
as  jumps  all  those  jumps  of  A{x)  exceeding  17  in  magnitude.  Then 


I  ^  r 

—  /  cos  — 
I  2€  7o  2 

-if 

2c  Jo 


[A(x+€)-Aix-e)Vdx 


cos —  [«I»(x-|-c)  — 4>(x— €)]*dx 
2 


<4  Jr 


I A  (x-h  «)  —  A  (x— c)  -f  «I>(x-l-  c)  —  <l»(x  —  c)  l*dx 


■i: 


I A  (x-|-c)  —  A  (x— c)  —  4>(x-f-c)  —  ♦(x  —  c)  ]*dx. 


It  can  readily  be  shown  by  a  use  of  the  Heine-Borel  theorem  that 
c  can  be  taken  so  small  that  the  second  integral  tmder  the  radical 
sign  does  not  exceed  2€r)Ai2n).  As  the  first  integral  is  0(e) 
uniformly  in  rj,  we  have 


lim  —  /  cos —[A(x+€)  — A(x—€)]*dx 
•  -»o|  2c  J(}  2 

— —  /  cos  —  [♦(x+c)  — ♦(*— c)lyx  <  Krf, 
2tJo  2 


where  K  is  independent  of  17. 
We  have,  however, 


lim  —  cos— (♦(*+€)  — ♦(*—€)  jy*—  cos— 
•  -*0  2c  Jo  2  .'±0  2 


where  is  the  sum  of  the  sqiiares  of  the  jumps  of  4>  in  (±0,  x). 
This  latter  integral  differs  from 


/^c^  —  d*ff(x) 
J±o  2 


by  less  than  17 A  (2ir).  Hence 


lim  I—  /  cos— [A(x+c)  — A(*— c))*dx 
•-•0 12c  Jo  2 

—  r  cos— d\lt(x)  <7f(K+A(27r)). 
J:tf>  2 


In  other  words, 


lim  —  cos  —  lA(x+c)  — A(x— c)]yx“  cos  —  ddi(x), 
t-»o2cJo  2  J:kO  2 


and  B  is  regular. 

By  a  theorem  of  Fr^het,  a  monotone  function  A(x)  may  con¬ 
ceivably  contain  three  additive  parts  —  a  monotone  step-function, 
a  monotone  function  which  is  the  integral  of  its  derivative,  and  a 
monotone  continuous  function  which  has  almost  everywhere  a 
derivative  zero.  The  first  t3rpe  of  function  A  is  to  be  found  in 
periodic  arrays,  for  instance.  The  second  type  has  already  been 
illustrated.  Tbe  necessary  and  sufficient  condition  for  the  first 
part  to  be  lacking  is  that  A  be  continuous,  or  what  is  the  same 
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thing,  that  co“0.  If  ^(*)  contains  only  a  part  of  the  second  type, 
we  may  write 

-«0 

where  A'  is  positive,  integrable,  and  periodic.  Hence,  by  a  well- 
known  theorem, 

lim  bj  *  0. 

>-±«# 

If,  therefore,  we  have  at  the  same  time 

Co“0; 

lim  or  lim 

•  i  -  i  -  ±« 

we  know  that  the  third  possible  part  of  A,  the  monotone  function 
with  derivative  almost  everywhere  zero,  does  not  vanish.  An 
example  of  an  array  of  this  sort  is  given  by  Mr.  Mahler  in  the 
following  paper. 

We  now  wish  to  consider  certain  functions  connected  with  an 
array,  which  in  a  certain  sense  possess  a  spectrum.  Let  ii{x)  be 
any  function  which  difilers  from  0  only  over  a  finite  interval,  and 
is  bounded.  Let  A  be  a  regular  array.  Let  us  form  the  fimction 

M(x)~ 

-00 

We  have 

—  rM(x)M{x-t)dx 
2TJ-t 

^  ^  i^»-oo  ^ 

jTZ  irri  J-T 

-2 


156 


WIENER 


It  is  easy  to  show  that 


lim  f  ti{x)iJi{x+l-t)dx~bi  f  fi{x)ti{x+l-t)dx. 

2r  J-T-i  y- 


Mm  —  f  M(x)M(x—t)dx^*  f  lx{x)ii{x-\-l—t)dx. 

r-.«  2TJ-T  ,TZ  J-* 

This  new  function,  which  we  shall  call  git),  is  continuous  in  t.  We 
have 

,  1  f"*  sin  ut.^ 

l.m.  —  /  git) - dt 

A—»  irJ-A  t 

-l.m.  2“/  dt  f  fLix)'iiix+l-t)dx 

A-»m  {^-n  J -A  t  J-*> 

-l.m.  2  -  f  ^^dt  f  iiix)iiix-i-l-t)dx 

■  I.in.  J  ^  I  y*  cos  utdtj^ #4{*)^(jr+i— /)</*  I 

Af— •«  J-u  |,/-oo  •  [  _;v  IT  tl  J 

■i:k  fiix)t'‘‘*dx^dAiu)~Riu). 

This  expression  /?(«)  is  a  monotone  function,  like  A,  and  differs 
from  A  only  in  vertical  scale,  by  the  factor 

I  r Iiix)e'‘"dx  |*+|  f  tiix)e-''‘dx  * 

I./-08 _ I  _ _ 

2 

As  we  have  shown  in  the  papers  already  cited  7?(u)  may  be  regarded 
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as  the  spectral  function  of  the  function  M(x),  in  an  analogoxis  sense 
to  that  in  which  A{x)  may  be  regarded  as  the  spectral  fimction 
of  the  array  A.  We  thus  see  how  we  may  construct  functions  with 
continuous  spectra,  with  or  without  a  spectral  density.  This  is 
important  for  the  existence  theory  of  white  light. 


t 


_ _ .  ,  _ 


THE  SPECTRUM  OF  AN  ARRAY  AND  ITS  APPLICATION 
TO  THE  STUDY  OF  THE  TRANSLATION 
PROPERTIES  OF  A  SIMPLE  CLASS  OF 
ARITHMETICAL  FUNCTIONS 

Part  Two 


On  the  Translation  Properties  of  a  Simple  Class  of 
Arithmetical  Fimctions 
By  Kurt  Mahler 

§1.  Let  ^  be  a  simple  ^-th  root  of  unity,  q  being  any  positive 
integer  greater  than  1.  Let  ^  be  the  conjugate  complex  number, 
so  that 


We  then  define  the  arithmetical  function  p{n)  by  the  functional 
equations 


P(0)  =  1; 


(1) 


We  thus  have  defined  p{n)  unambiguously  for  every  positive 
integer  n.  We  may  write 


where  q(n)  is  the  sum  of  the  digits  of  n  in  the  9-ary  system  of 
notation. 

Our  problem  here  is  to  give  an  asymptotic  evaluation  of 

S,(n)~^p([)p{l+k)  (2) 

i-o 

for  arbitrary  positive  integral  values  of  k  and  large  values  of  n. 
Here  p([)  denotes  the  complex  number  conjugate  to  p(/),  so  that 
pil)p{[)~l. 

If  ^*=0,  we  have  the  obvious  formula 
So(n)  =  n. 


(3) 
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We  shall  use  this  as  a  basis  on  which  to  determine 

■-I 

I-O 

We  may  deduce  at  once  from  our  fundamental  equation  (1) 
the  functional  equations  of  Si(«) :  namely, 
f5,(0)=-0: 

1  -  -  (4) 

[S,(<7n+/)-fS.(n)  +  (((7-l)n+/lf  [/-O.  1.  •  •  •  .9-II. 

As  is  obvious,  these  equations  determine  Si(n)  unambiguously. 
We  now  see,  however,  that  the  series 


satisfies  the  same  functional  eqtiations  (4)  as  Si(n),  and  hence  is 
identical  with  Si(n).  We  thus  have 


Now  let 

<f<n<<f^\  (6) 

We  see  that 

-»»|(l-l)-i^+0(l)+0(r), 

<7 

1  (*)  denotes  the  greatest  integer  not  exceeding  *. 
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or  by  (6), 

Si(n)  -  «+0(log  n).  (7) 

9C-1 


Formulae  (3)  and  (7)  are  only  special  cases  of  the  corresponding 
formula  for  arbitrary  k.  We  obtain  this  in  the  following  manner. 
Since 

S,(qn+D~S,{qn)+0{l),  {/-O.  1.  2.  •  •  •  ,  9-I] 


we  need  only  consider  Skiqn).  For  this  we  have  the  formula 

5,.+a(<7m)  » r  { {q- X).^(n)+  X5,+,(n) } .  (8) 

We  define  a  sequence  <r{k)  by  the  functional  equations 
<r(0)-l; 

Then  it  is  always  true  that 


5*(m)  « <r(fe)n -|-0(log  n).  (10) 

To  begin  with,  we  have  proved  this  theorem  for  Ar»»0  and  k^l. 
Formula  (8)  shows,  however,  that  we  may  prove  (10)  in  general 
by  a  mathematical  induction  with  respect  to  k. 

<r{k)  is  a  very  complicated  arithmetical  function.  For  small 
values  of  its  argument  («  — 0,  1,  •  •  •  ,  9— 1;  X«0,  !,•••,  9— 1), 
we  have 


(r(kq+\) 

„ +*  (g-/<)(g-X)-K(/<-l)(<7-X)-K(7-<t-l)X]?+«x|'» . 

9(9 -ft 


It  is  natural  to  extend  our  definition  of  ar{k)  to  negative  values  of 

k  by  the  formula  _ 

<r(-fe)-cr(fe). 


Formula  (10)  is  then  true  for  negative  as  well  as  for  positive 
arguments. 
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§2.  It  is  natural  to  investigate  the  functions 


which  arise  from  cr  in  the  same  fashion  in  which  S  arises  from  p. 
We  shall  confine  ourselves  to  the  case 

9-2. 

We  have  here  the  equations 

,(2*+,)._W«±£(*±1). 

2 

Hence  we  have  the  following  formulae: 


7'2*(2n)—  ^^((r(2w)<r(2m+2ife)-|-a’(2m-|-l)or(2»«+2ife-f-l)) 


[<r(in)(riin+k)-\- 


((r(w)+(r(m+l))(o'(m+^)+o-(m4-^+l))) 


7'2*(2n)-?7'*(n)-  <const.. 

2  4  4 


and  further 


7'2*+i(2»)—  ^^(<r(2w)cr(2m+2ife+l)+<r’(2w+l)a'(2m+2ib+2)) 


w-O  ' 


cr(m+fc)+<F’(m+it+ 1)  <r (m)-|-o’(m+ 1) 


o-(m+AH-l)^ 


I  T'ak +i (2h)  +  r*(«)  +  r»4.i  (w)  I  <  const. 

The  array 

(  •  •  •  pin).  •  •  •  pil),  piO),  p(l),  .  .  .  pin),  •  •  •  ) 
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is  regular  in  the  sense  of  the  preceding  paper  of  Mr.  Wiener,  since 


(r(Af)«  lim  -  ^  p([)p{l+k) 
ii-»ae  n  •rrf 


exists  for  every  k.  Hence,  by  a  theorem  contained  in  that  paper, 
<r(jb)  forms  a  spectral  array,  and 

T(ilr)-  lim  -  ^  (r{[)<T{l+k) 

■-•xn 


exists  for  every  k.  Since 

1-  Tkin) 
rik)  -  lun  , 

(•-•x  n 

we  may  conclude  from  our  equations  for  7*  that 

T(ife-l)+6T()Sr)+T(ik+l) 


T(2Ar): 


8 

T(Jb)+T(ife+l) 


(12) 


(13) 


T(2it-|-1)-- 

It  follows  that  if 

t(0)-0,  t(1)-0, 

then  for  every  k 

T(fe)-0. 

We  now  put  =  0  in  (13),  remembering  that 


We  obtain 


or 


T(-lt)-T(fe). 

8t(0)-2t(1)+6t(0); 

2t(1)--(t(0)+t(1)); 


T(0)-T(l)-0; 

t(0)+t(1)-0. 

Hence  t(0)  “T(1)  —  O,  and  rik)  is  identically  zero.  In  other  words, 
7'*(M)-o(n).  (14) 
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As  <r(2k)^a’{k),  <p(1)“  —1/3,  we  see  that  we  cannot  have 
lim  <r(ife)«0. 


Hence  by  a  theorem  in  the  preceding  paper  of  Mr.  Wiener,  the 
spectral  function  of  p{k)  cannot  be  the  integral  of  its  derivative. 
Since 

T(0)-0, 

another  theorem  from  the  same  paper  shows  that  the  spectral 
function  of  p{k)  must  be  continuous.  Hence  the  spectral  function 
of  pik),  which  is  monotone,  is  by  a  theorem  of  Fr^chet  the  sum  of 
a  (possibly  null)  fimction  which  is  the  integral  of  a  summable  func* 
tion,  and  a  function,  certainly  not  null,  which  vanishes  at  0  and 
has  a  derivative  almost  everywhere  equal  to  0.  The  previous 
paper  also  shows  how  we  may  construct  from  the  array  p{k)  a 
function  with  a  spectrum  of  the  same  type. 


THE  EXPRESSION  OF  A  TENSOR  OR  A  POLYADIC  AS 
A  SUM  OF  PRODUCTS 
By  Fbank  L.  Hitchcock 

1.  Addition  and  Multiplication. 

Tensors  are  added  by  adding  corresponding  components.  The 
product  of  a  covariant  tensor  Ai^ , .  of  order  p  into  a  covariant 
tensor  of  order  q  is  defined  by  writing 

■^*1 '  *  ^®*p+l  ■  ■  *p+q  ■ "  *p+q 

where  the  product  Ci^ . .  is  a  covariant  tensor  of  order  p+q. 
When  no  confusion  results  indices  may  be  omitted  giving 

AB-C  (1.) 

equivalent  to  the  equations  (1).  Boldface  type  is  convenient 
for  indicating  that  the  letters  do  not  denote  merely  numbers  or 
scalars.  Products  of  contravariant  and  of  mixed  tensors  may  be 
similarly  defined. 

A  partial  statement  of  the  problem  to  be  considered  is  as  follows : 
to  find  under  what  conditions  a  given  tensor  can  be  expressed  as 
a  sum  of  products  of  assigned  form.  A  more  general  statement 
of  the  problem  will  be  given  below. 

2.  Polyadic  form  of  a  tensor. 

Any  covariant  tensor  A,-^.,tp  can  be  expressed  as  the  sum  of 
a  finite  number  of  tensors  each  of  which  is  the  product  of  p  covari¬ 
ant  vectors, 

'  >-h 

•  •  ‘p  “  ^  f *1  *»  *  *  *p 

where  ^tj,i  ,  etc.,  are  a  set  of  hp  covariant  vectors.  When  the  in¬ 
dices  t'l  •  •  tp  can  be  omitted  this  may  be  written 

i-h 

A  =  2  AijAij  •  •  Apj.  (2a) 

The  right  member  is  now  identical  in  appearance  with  a  Gibbs 
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polyadic,  defined  as  a  sum  of  polyads.  A  covariant  tensor  devel¬ 
oped  as  in  (2)  is  in  polyadic  form.  Contravariant  and  mixed 
tensors  may  be  similarly  expanded. 

A  case  of  the  present  problem  is  to  find  the  minimum  value  of 
h  for  assigned  values  of  n  and  of  p,  with  or  without  further  restric¬ 
tions. 

3.  Development  in  terms  of  basis  vectors. 

Let  e/.  1^,  Cj,  •  •  • ,  e«,  denote  a  set  of  n  covariant  vectors 
each  of  which,  at  the  point  considered  and  with  the  variables 
employed,  has  components  1  or  0  according  as  its  two  subscripts 
are  equal  or  not.  We  then  have  identically 

A», . .  »p  =  Aa, . .  Op  ea,. e«^,  •  •  eop.  ,p  (3) 

where  the  occurrence  of  Greek  indices  twice  on  the  right  indi¬ 
cates  siunmation  from  1  to  n.  When  Roman  indices  can  be 
omitted  this  becomes 

A  =  Ao^ . .  Op  ®a,  *a,  •  *  Cop.  (3,) 

The  set  of  n  vectors  defined  above  are  basis  vectors  of  the 

index.  The  n"  products  ea^  Oo^  •  •  Cap  obtained  by  assigning 
all  possible  sets  of  values  to  the  subscripts  constitute  a  set  of 
tensors  in  terms  of  which  any  covariant  tensor  A,-^ . .  tp  is  linearly 
expressible.  Any  contravariant  or  any  mixed  tensor  may  be 
similarly  developed. 

4.  Differences  between  tensors  and  polyadics. 

A  polyadic  whose  components  are  A|^...^  may  likewise  be 
developed  in  the  form  (3).  Like  tensors,  polyadics  are  added  by 
adding  con’esponding  components.  Their  (direct  indeterminate) 
product  obeys  the  rule  (1).  If  therefore  a  given  tensor  can  be 
expressed  as  a  sirni  of  products  in  a  particular  manner  the  same 
is  true  of  that  polyadic  which  possesses  components  numerically 
equal  to  the  components  of  the  tensor  at  the  point  consider^  and 
with  the  variables  employed,  and  conversely.  But  a  polyadic* 

1 1  refer  to  the  (affine)  polyadics  which,  with  their  laws  erf  multiplication, 
are  defined  in  the  author's  paper  A  Theory  of  Ordered  Determinants  with 
Application  to  Polyadics,  this  Jourruil,  Vol.  IV,  No.  4,  July  1925,  pp.  212,  222. 
These  polyadics  differ  from  those  of  Gibbs  only  in  the  fact  that  the  vectors 
employed  have  no  metric,  i.e.,  there  is  no  dot  product  and  no  unit  vector. 


166 


HITCHCOCK 


differs  from  a  tensor  in  the  following  essential  respect:  a  polyadic 
is  subject  to  an  arbitrary  linear  transformation  on  any  assigned 
index  thus, 

^  *1  •  •  *m-l*(m)*m+I  " '  ^  '^*1 '  ‘ 

a  system  of  n*  equations  in  which  the  occurrence  of  the  Greek 
index  twice  on  the  right  indicates  summation  from  /  to  m;  the 
Tojuin,  are  a  set  of  n*  nxunbers  whose  determinant  is  not  zero.  I 
shall  then  say  that  A'  is  the  transform  of  k  on  the  m***  index 
by  the  transformation  T.  A  polyadic  may  be  thus  transformed  on 
any  or  all  indices.  The  transformation  on  one  index  need  not  be 
the  same  as  that  on  any  other  index.  A  tensor  on  the  other  hand 
is  transformed  on  every  index  by  the  particular  transformations 
known  as  covariant  or  contra  variant. 

5.  The  invariant  character  of  a  particular  fonnulation. 

The  possibility  of  formulating  a  tensor  in  a  particular  manner 
is  interesting  at  least  in  so  far  as  such  possibility  is  an  invariant 
property  of  the  tensor.  One  way  to  establish  the  invariance  is 
to  show  that  the  property  in  question  depends  on  a  system  of 
equations  which,  by  their  very  form,  are  invariant.*  In  any  case, 
however,  the  p>ossibility  of  the  formulation  will  depend  on  the 
vanishing,  or  it  may  be  on  the  non-vanishing,  of  certain  functions, 
or  upon  the  vanishing  of  some  and  the  non-vanishing  of  others, 
—  excepting,  obviously,  such  formulations  as  are  possible  for  all 
tensors.  To  say  that  the  formulation  is  possible  is  the  same  as 
saying  that  a  certain  set  of  equations  has  a  solution,  i.e.,  the 
given  tensor  is  equal  to  a  required  tensor  of  assigned  form.  The 
possibility  of  solution  will  be  a  property  invariant  in  the  sense 
of  tensor  calculus  if^  and  only  if,  the  determinants  or  other  functions 
on  which  the  solution  depends  are  invariant  in  a  quite  different 
sense,  namely  in  that  of  the  ordinary  theory  of  quantics. 

Under  the  transformation  (4),  if  a  function  of  the  A'  is  equal 
to  the  same  function  of  the  untransformed  A  multiplied  by  a 
power  of  the  determinant  of  T,  I  shall  say  that  this  fimction  is 
an  invariant  of  the  polyadic  on  the  mf^  index.  If  it  is  an  invariant 

SSee,  for  example,  J.  W.  Alexander  OfCjhe  Decomposition  of  Tensors,  Annals 
of  Math.,  Vol.  27,  No.  4,  Sept.  1926,  p.  421. 
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on  every  index  (separately)  I  shall  say  that  it  is  a  mtdtipU 
invariant  oj  the  polyadic*  Any  property  which  persists  when  the 
polyadic  is  subject  to  arbitrary  transformation  on  any  or  every 
index  as  in  (4)  will  be  called  a  multiply  invariant  property  of  the 
polyadic. 

It  is  evident  that,  if  a  property  of  a  polyadic  is  multiply  invari¬ 
ant,  it  will  be  an  invariant  property  (in  the  sense  of  tensor  cal¬ 
culus)  of  any  tensor  whose  components  at  the  point  in  question 
and  with  the  variables  employed  are  niunerically  equal  to  those 
of  the  polyadic,  whether  the  tensor  be  covariant,  contra  variant, 
or  mixed.  For  if  the  property  persists  after  an  arbitrary  linear 
transformation  on  each  index  it  will  persist  when  the  transforma¬ 
tion  has  on  every  index  one  of  the  particular  forms  known  as 
covariant  or  contravariant. 

For  example,  a  dyadic  can  always  be  written  as  a  sum  of 
dyads  thus, 

i-h 

Af j  *  Z^ay.f  bj,  s  (5) 

where  the  number  of  dyads  h  need  not  exceed  «.  The  same  is 
true  of  tensors  whether  the  indices  r  and  s  are  upper  or  lower. 
It  is  well  known  that  h  can  be  less  than  n  if,  and  only  if,  the 
*  determinant  of  the  A'rs  vanishes.  But  this  determinant  is  a  multi¬ 

ple  invariant  of  the  dyadic.  If,  therefore,  h  can  be  less  than  n 
for  a  given  tensor  (covariant,  contravariant,  or  mixed)  this  prop¬ 
erty  is  invariant  in  the  sense  of  tensor  calculus. 

If,  on  the  other  hand,  a  given  property  depends  on  a  function 
of  the  polyadic  which  is  merely  invariant,  without  being  multiply 
invariant,  i.e.,  if  the  function  is  invariant  when  transformed  on 
all  indices  simultaneously  by  the  same  T  but  is  not  invariant  when 
transformed  on  an  arbitrarily  chosen  single  index,  the  property 
will  be  invariant  for  covariant  tensors  and  for  contravariant 
tensors,  but  not  in  general  for  mixed  tensors. 

For  example  a  symmetric  dyadic  can  be  written 
j-h 

Afs  “ .  r  i  (6) 

*A  fuller  discussion  of  invariants  and  other  concomitants  of  polyadics  is 
contained  in  the  author’s  paper  A  New  Method  in  Ike  Theory  of  Quaniics. 
this  Journal,  Vol.  IV,  No.  4,  July  1925,  p.  238. 
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and  this  is  an  invariant  property  of  the  djradic,  for  symmetry 
evidently  persists  if  the  a^.r  and  the  aj,,  are  simultaneously  trans¬ 
formed  by  the  same  T.  It  is  not  a  multiply  invariant  property, 
for  symmetry  is  destroyed  if  the  aj,  r  are  transformed  while  the 
ay.  5  are  not.  Accordingly  symmetry  is  an  invariant  property  of  a 
covariant  tensor  Ars  or  of  a  contravariant  tensor  A”,  but  not 
of  a  mixed  tensor  A/  as  is  well  known. 

To  illustrate  further,  take  two  dimensions,  m  —  2.  The  criterion 
that  the  dyadic  (5)  be  symmetrical  becomes 

Aij— A*i»0  (7) 

that  is 

y-h 

(ay,  I  by,  # — ay, »  by.  /)  =  0  (8) 

or  more  briefly 

2(ab)-0  (9) 

where  (ab)  denotes  the  space  complement  of  a  and  b  which,  when 
n*2,  is  the  determinant  of  their  components.  The  left  member 
is  an  invariant  of  the  dyadic  for  it  is  merely  multiplied  by  the 
determinant  of  T  when  all  vectors  are  transformed  by  T.  This 
is  not  true  when  prefactors  only,  or  postfactors  only,  are  trans¬ 
formed.  Thus  2(ab)  is  not  a  multiple  invariant  of  the  dyadic. 

6.  Plan  of  the  investigation  and  terminology  employed. 

As  above  shown,  any  multiply  invariant  property  of  a  polyadic 
corresponds  to  a  property  of  tensors  which  is  invariant  in  the 
sense  of  tensor  calculus.  (It  is  not  true  that,  conversely,  an  invari¬ 
ant  property  of  a  tensor  must  yield  an  invariant  property  of  a 
polyadic,  because  the  transformations  of  a  tensor  are  of  a  special 
sort.)  The  most  Interesting  decompositions  (with  exception  of 
those  which  presume  symmetry  or  antisymmetry)  appear  to  be 
such  as  are  multiply  invariant.  The  problem  of  decomposition 
of  tensors  into  sums  of  products  is  thus  (from  a  purely  algebraic 
point  of  view)  akin  to  the  following  problem:  the  determination 
of  those  properties  of  polyadics  which  are  multiply  invariant,  and 
the  discovery  of  the  invariants,  or  other  concomitants,  on  whose 
vanishing  or  non-vanishing  the  property  depends. 
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It  is  furthermore  evident  that  the  concepts  natural  to  the 
problem  derive  more  or  less  from  four  sources,  —  tensor  calculus, 
multiple  algebra,  quantics,  and  p-way  determinants.  The  main 
concept  is  that  of  a  matrix  The  number  of  indices  is 

called  in  this  pap)er  the  order  of  the  polyadic  and  related  tensors. 
This  is  not  free  from  objection,  since  it  corresponds  to  the  class 
of  a  p-way  determinant. 

In  keeping  with  the  notion  of  multiple  invariance,  any  set  of 
n  basis  vectors  or  defined  in  Art.  3,  i.e.,  the  basis  vectors 
of  the  m***  index,  is  regarded  as  a  distinct  set,  distinct  that  is  from 
the  basis  vectors  of  any  other  index.  When  necessary  this  fact 
may  be  emphasized  by  an  upper  index,  as 

In  the  polyadic  development  (2)  any  vector  is  a  vector 
factor  of  the  m***  index,  and  is  linearly  expressible  in  terms  of 
the  basis  vectors  of  the  same  index  as  s^mj.  om  ®am-  totality  of 
all  possible  vectors  of  this  latter  form  constitutes  the  vector  com¬ 
plex  of  the  m***  index. 

Finally,  the  word  vector  will  in  general  be  employed  to  denote 
a  factor  of  a  polyad.  If  the  vector  is  covariant  or  contra  variant 
in  the  sense  of  tensor  calculus,  the  fact,  if  essential  to  the  argu¬ 
ment,  will  be  so  stated.  Thus  the  basis  vectors  of  a  particular 
index  become  merely  a  set  of  n  quantities,  not  commutative  in 
multiplication,  in  terms  of  which  all  vectors  of  the  mth  index  are 
linearly  expressible. 

7.  Rank  of  a  p-way  matrix. 

Consider  the  p-way  matrix  A,-^ . ,  ,p  of  a  polyadic  or  of  a  tensor. 
Let  all  indices  be  given  fixed  numerical  values  except  a  chosen 
index  »„•  Varying  from  1  to  n  yields  n  components  called  a  file 
of  the  m***  index.  The  files  of  the  m*''  index  may  be  arranged 
as  a  two-way  matrix  having  n  rows  and  coliunns.  The  col¬ 
umns  are  to  stand  in  a  definite  order,  called  natural  order,  defined 
as  follows:  let  *k  be  the  first  index  of  the  series  *i,  it,  .  .  i^  which 
has  a  different  (fixed)  value  in  two  chosen  columns;  that  column 
precedes  in  which  *k  has  the  smaller  value.  Any  (two-way)  determi¬ 
nant  of  order  q  from  this  matrix  will  be  called  a  minor  of  Ai^ . . 
on  the  m***  index. 
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For  example,  let  m  —  ^  and  p  «  5.  The  four  files  of  the  first  index 
form  a  matrix 

Am  An*  Am  Am 

Aju  Ajjj  Am  Am  (10) 


whence  there  are  six  second  order  minors  of  the  first  index.  In  a 
similar  manner  there  are  six  second  order  minors  of  each  of  the 
other  indices.  Only  twelve  of  these  eighteen  minors  are  distinct. 

If  all  minors  of  order  k+1  on  the  m***  index  vanish,  while  at 
least  one  minor  of  order  k  on  this  index  does  not  vanish,  the  matrix 
A», . .  tp  is  of  rank  k  on  the  m***  index. 

8.  Development  according  to  rank  on  a  chosen  index. 

Consider  the  polyadic  form  (2,)  of  a  polyadic  or  of  a  tensor. 
The  vector  factors  a^j  of  the  m***  index  in  general  lie  in  an  n-space, 
that  is,  any  n-\-l  of  them  are  linearly  related.  If  any  k-\-l  of  them 
are  linearly  related  these  vectors  may  be  said  to  lie  in  a  ib-space 
(although  this  phraseology  is  not  wholly  free  from  objection). 

Theorem  I.  7/  the  vector  factors  of  the  index  lie  in  a  k-space, 
the  rank  of  Ai^ ..i^on  the  m***  index  is  not  greater  than  k. 

Proof.  The  h  vectors  amj  are  linearly  expressible  in  terms  of  k 
properly  chosen  vectors  of  the  m*’’  complex.  Let  these  be  br.  i^a 
where  r  =  1,2,  •  •  ,  k.  Substituting  for  the  a^ j,  in  (2)  their  values 
in  terms  of  the  br,  and  collecting  terms,  the  coefficient  of  each 
bf.t^  will  be  a  polyadic  of  order  p—1  which  may  be  called 
® r.  1,  •  •  + 1  •  •  ip-  Thus  (2)  takes  the  form 


r-k 


which  shows  that,  afe  a  matrix^of  n  rows  and  columns,  A,-^. .  jp 
is  the  product  of  two  matrices  which  may  be  written  so  that  the 
first  has  k  columns  and  the  second  k  rows.  Hence  the  rank  of 
Ai, . .  Ip  on  the  index  cannot  exceed  k. 

Theorem  n.  If  the  matrix  A,-^ ..ip  of  a  polyadic  or  a  tensor  is  of 
rank  k\  on  the  index  ii,  rank  kt  on  the  index  it,  etc.,  up  to  kp  on  the 
index  ip,  A  can  be  developed  in  polyadic  form  in  such  a  manner  that. 
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simultaneously,  the  vector  factors  Umj  of  the  m***  index  lie  in  a  kn-space 
format,  ,p. 

Proof.  The  right  member  of  the  identical  relation  (3,)  may  be 
regarded  as  the  sum  of  n**”'  vectors  •  •  Op  ea,  each  multiplied  into 
a  polyad  ea^ea,*  •  eop.  If  the  matrix  Ai^.  .,p is  of  rank  ki  on  the  first 
index  these  vectors  {file  vectors  of  the  first  index)  may  be  expressed 
in  terms  of  a  properly  chosen  set  of  ki  linearly  independent  vectors 
which  may  be  called  where  /i  *  /  ,  f ,  •  *,  ki.  Substituting  for  the 
vectors  Ao,.  •  Op  their  values  in  terms  of  the  and  collecting 
terms,  the  coefficient  into  which  each  ay^  is  multiplied  will  be  a 
polyadic  of  order  p—1  which  may  be  called  Thus  A,  if  of 
rank  ki  on  I'l,  can  be  developed  as 


2)  Alt  B 
ii-' 


y. 


which  is  the  same  as 


Ji“^\ 


(12) 


(12.) 


Next  let  A,-^. .  be  also  of  rank  kt  on  the  second  index.  I  shall 
show  that  no  B^^  can  be  of  rank  greater  than  kt  on  the  index  h. 
To  say  that  A  is  of  rank  kt  on  it  is  the  same  as  saying  that  n—kt 
linearly  independent  vectors  exist  such  that 


A,-,a,v.ip  {q~l,  2,--,  n-kt)  (13) 


which  by  (12.)  is  the  same  as 

.2  i, •  •  {Q^lt  2,  •  •  ,  n—kt).  (14) 

But  since  the  ki  vectors  ay^,,^  are  linearly  independent  we  must 
have 

(9  “I*  *  *  t  w—lf*)  (15) 

for  each  value  of  /i.  That  is,  each  B^^  is  of  rank  not  greater  than  kt 
on  »t  as  was  to  be  shown. 
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A  set  of  ki  vectors  titj^  where  •  •  ,  kt  therefore  exists  in 

terms  of  which  every  vector  *,”»p  ®a,  is  linearly  expressible. 
Substituting  and  collecting  terms  each  for  a  particular  value 
of  ii,  will  be  multiplied  into  a  polyadic  of  order  p—2  which  may 
be  called  Cjj^ .  Thus  each  develops  as 

Ba-’V'AC/A-  (18) 


Then  by  (12)  A,  if  of  rank  ki  on  I'l  and  rank  kt  on  i*  can  be  devel- 
op>ed  as 


A 


V  V 


(17) 


Proceeding  in  a  similar  manner,  assuming  in  succession  that 
A  is  of  rank  ki  on  it,  etc.,  up  to  ikp-i  on  tp-i,  we  arrive  at 

Jr‘  A"' 

where  the  g’s  are  a  set  of  vectors  in  the  complex  of  the  index, 

in  number  equal  to  the  product  kikt  •  •  kp-i.  The  vectors  are, 
for  a  chosen  value  of  m,  in  munber  km,  that  is  they  lie  in  a  itm-space. 

Finally,  by  similar  reasoning,  assuming  A  of  rank  kp  on  ip,  the 
g’s  lie  in  a  kp-space.  The  theorem  is  thus  proved. 


Corollary  I.  If  in  (18)  each  g  be  expressed  in  terms  of  kp  lin¬ 
early  independent  vectors  tipj^  we  have 

Jl"^  Jp"' 


where  the  fj^..jp  are  a  set  of  scalar  coefficients  in  number  equal 
to  the  product  of  the  ranks  ki  •  •  •  kp. 


CorolLiry  II.  By  a  properly  chosen  transformation  T^^^  as 
in  (4)  the  vectors  Amjm  can  be  identified  with  the  first  km  basis 
vectors  of  the  m*''  complex  Cj,  e*,  •  •  ,  Thus  without  altering 
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any  multiply  invariant  property,  A  can  be  assumed  of  the  form 
•  •  *  2  ^  (20) 

provided  the  ranks  on  I’l  •  •  tp  are  ki  •  •  kp  respectively. 

Corollary  m.  If  none  of  the  ranks  ki  •  •  kp  exceeds  a  single 
number  k,  it  may  be  assumed,  without  altering  any  multiply 
invariant  property,  that  A  has  the  form 

i,-k  ip-* 

f  (2^) 

Jl~‘  jv~‘ 

which  is  the  form  of  a  polyadic  in  k  dimensions  instead  of  in  n 
dimensions. 

It  may  be  remarked  that  (20)  assumes  every  component  of  A 
to  be  zero  for  which  any  index  is  greater  than  k^,  and  similarly 
for  (21).  The  problem  of  finding  the  minimum  h  in  (2)  is  the 
same  as  choosing  the  a’s  in  (19)  so  as  to  annul  as  many  more 
components  as  possible.  In  other  words,  a  knowledge  of  the  ranks 
on  the  indices  enables  us  to  reduce  the  ntunber  of  terms  in  (2) 
from  n**  to  kikt  •  •  kp-i  by  an  expansion  (19)  but  in  general  fails  to 
give  the  minimum  h. 

In  the  case  of  a  dyadic,  however,  the  rank  on  either  index  is 
equal  to  the  rank  in  the  usual  sense,  and  (19)  merely  confirms 
known  results. 

Also,  that  a  polyadic  can  be  expressed  as  a  single  polyad  it  is 
necessary  and  sufficient  that  rank  on  every  index  be  unity. 

9.  Multiplex  rank. 

'  Consider  once  more  the  p-way  matrix  of  the  A,-| . .  Suppose 
two  chosen  indices  t'r  and  i,  to  be  varied,  all  other  indices  retain¬ 
ing  a  chosen  set  of  fixed  values.  We  thus  obtain  a  set  of  n*  com¬ 
ponents,  a  duplex  file  on  *,*„  to  be  taken  in  natural  order  (Art.  7). 
The  duplex  files  on  may  be  arranged  as  a  two-way  matrix 
having  n*  rows  and  n**”*  columns.  The  columns  also  are  to  stand 
in  natural  order.  Any  (two-way)  determinant  of  order  q  from 
this  matrix  is  a  duplex  minor  of  order  q  on  the  indices  of  .  .jp. 
(When  confusion  might  arise  minor  and  rank  on  a  single  index 
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will  be  distinguished  as  simple  rank  and  simple  minor  on  the  index 
in  question.) 

Similarly,  ordering  n*  components  selected  by  varying  /  chosen 
indices  yields  a  multiplex  (/-plex)  file  on  those  indices.  The 
multiplex  files  on  a  chosen  set  of  indices  can  be  arranged  as 
a  two-way  matrix  of  «*  rows  and  n^  columns,  which  are  to  be  in 
natural  order.  A  determinant  of  order  q  from  this  matrix  is  a 
t-plex  minor  of  order  q  on  the  designated  indices  of  Ai^ . .  i^.  The 
rank  of  this  matrix  is  the  t-plex  rank  of  A  on  the  t  chosen  indices. 

Lemma.  It  is  evident  that  the  /-plex  rank  of  A  on  1  chosen 
indices  is  equal  to  the  (p— /)-plex  rank  on  the  remaining  indices. 

10.  Development  on  multipartite  indices. 

Let  the  p  indices  of  Ai^ . .  tp  be  divided  into  tt  groups  of  tu  h,  •  •,  /»• 
indices  each.  The  selection  of  indices  for  each  group  is  arbitrary, 
i.e.,  the  indices  of  a  group  need  not  be  consecutive  indices  in  the 
series  ii  •  •  tp.  Within  each  group,  however,  the  indices  may  stand 
in  the  order  in  which  they  occur  in  t’l . .  tp.  Any  array  or  summa¬ 
tion  in  which  the  tm  indices  of  a  group  all  run  from  1  to  n  may  be 
taken  in  natural  order  (Art.  7).  This  is  the  same  as  replacing  the 
tm  indices  of  a  group  by  a  single  multipartite  index  which  nms 
from  1  to  n'*".  If  «i,  «*,*•,  are  the  new  indices  we  have  identi¬ 
cally 

. .  »p  =  Am^  . .  u^.  (22) 

This  rearrangement  of  indices  is  equivalent  to  treating  a  polyadic 
as  a  multiple  polyadic,  i.e.,  a  sum  of  multiple  p)olyads,  wherein 
factors  are  polyadics  instead  of  vectors.  By  mere  grouping  of 
terms  in  (3)  we  can  expand  as 

j-h 

>  . .  »p=  2)  ’  ■  *  Birj.M,  (23) 

where,  for  a  chosen  value  of  m,  the  are  a  set  of  k  polyadics 

of  order  tm,  the  polyadic  factors  on  the  m**'  multipartite  index. 

The  problem  of  finding  the  minimum  value  of  h  in  (23)  is  more 
general  than  the  problem  of  expressing  A  as  the  sum  of  a  minimum 
number  of  products  as  defined  in  Art.  1,  because  now,  on  the 
right  of  (23),  the  order  of  indices  ti . .  ip  is  no  longer  preserved. 
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We  may  say,  however,  that  if  A|^ . .  is  developed  as  in  (23)  we  have 
thereby  expressed  an  isomer  of  A  as  a  sum  of  products  in  the 
sense  of  Art.  1.* 

Lemma.  For  an  assigned  value  of  h,  the  possibility  of  (23)  is  a 
multiply  invariant  property  of  A. 

For  by  a  transformation  (4)  on  any  index,  any  polyadic  factor 
goes  into  a  polyadic  of  the  same  order. 

It  follows  that  any  relationships  on  which  the  possibility  of 
(23)  depends  have  multiple  invariant  character. 

It  also  follows  that  if  (23)  exists  for  a  polyadic,  it  exists  for  any 
tensor  whose  components  at  the  point  in  question  and  with  the 
variables  employed  are  respectively  equal  to  those  of  the  polyadic. 

11.  Development  according  to  multiplex  rank. 

The  polyadic  factors  of  (23)  are,  with  respect  to  all  ques¬ 

tions  of  linear  dependence,  precisely  the  same  as  vectors  in  a 
space  of  n'*"  dimensions;  for  a  fixed  value  of  m,  any  «*"’-!-/  of 
them  are  linearly  related.  If,  in  a  particular  case,  it  holds  true 
that  any  km+I  of  them  are  linearly  related,  these  polyadics  may 
be  said  to  lie  in  a  ^^-space  (although  this  is  not  free  from  objec¬ 
tion). 

Theorem  III.  If  the.  polyadic  factors  on  the  m***  multipartite 
index  lie  in  a  km  space,  the  tm-plex  rank  of  A,^ . .  on  the  indices  of 
the  m***  group  is  not  greater  than  km- 

Proof.  The  h  p)olyadics  ^mj,  Um  ^*'6  linearly  expressible  in  terms 
of  km  properly  chosen  polyadics  bearing  the  index  Let  these 
be  Cr,  where  r=l,2,  •  • ,  km-  Substituting  for  the  ^mj,  their 
values  and  collecting  terms,  the  coefficient  of  each  C^,  Um  ^ 

polyadic  of  order  p—tm  which  may  be  called 

Dr, 

so  that  we  may  write 

r”kfn 

*  An  isomer  (conjugate)  is  a  new  polyadic  or  tensor  obtained  from  Ai, . .  ip 
by  a  permutation  of  indices. 
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Therefore  by  the  laws  of  matrix  multiplication  A  is  of  rank  not 
greater  than  on  the  multipartite  index  Mm  as  was  to  be  shown. 


Theorem  IV.  With  indices  in  n  groups,  if  is  of  multi¬ 

plex  rank  ki  on  the  indices  of  the  first  group,  k%  on  those  of  the  second 
group,  and  so  on  up  to  on  those  of  the  ir***  group,  the  polyadic 
or  tensor  can  be  developed  in  the  multiple  polyadic  form  (23)  in  such 
a  manner  that,  simultaneously,  the  polyadic  factors  of  the  m*** 
multipartite  index  lie  in  a  k^-space  for  m^  1 ,  2,  •  •  ,  ir. 

Proof.  Let  fit,  be  dummy  indices  corresponding  to 

the  multipartite  indices  Ui,  Furthermore  let  the  (ordi¬ 

nary)  indices  of  the  first  group  have  the  dummies  pi,  •  •  ,  P(^. 
Let  the  polyads  ep^  ep,  •  •  ep^^,  in  natural  order’,  be  so  that 
as  /3i  runs  from  /  to  these  polyads  all  occur  once  and  once 
only.  Treating  the  other  groups  similarly,  an  isomer  A'  of  A  can 
be  written 

A'  - Ap^ . .  p^Epj  •  •  Ep_^  (25) 

identically.  Thus  A'  takes  the  form  of  a  polyadic  of  order  tt. 
The  proof  now  proceeds  as  in  Theorem  II,  multiplex  rank  replac¬ 
ing  simple  rank,  and  multipartite  indices  behaving  like  ordinary 
indices  of  that  proof.  We  arrive  at  a  development  of  A'  which 
has  precisely  the  form  of  the  right  member  of  (18)  but  wherein 
the  factors,  instead  of  being  vectors,  are  piolyadics  of  orders 
ti,  k,  •  •  kr-  Restoring  the  original  order  of  indices  we  have  a  devel¬ 
opment  of  the  form  (23)  in  which  any  set  of  polyadic  factors  Bmj, 
lies  in  a  /bm-space.  The  theorem  is  therefore  proved. 


Corollary  I.  With  the  hypotheses  of  Theorem  IV  we  may  write 

Jl“^l  jw“^ 


A«, . .  »p“ A«^ . .  -  2  •  •  •  2  •  *  •  B»j^, .  .j,  (26) 

Ji“‘ 

where  the  are  polyadics  or  tensors  of  order  t^Sind  the 


are  a  set  of  scalar  coefficients  in  niunber  equal  to  the  product  of 
the  multiplex  ranks  ki  •  •  k^. 

It  may  be  remarked  that  we  have  here  no  corollary  analogous 
to  Corollary  II  of  Theorem  II.  We  cannot  in  general  by  linear 
transformations  (4)  identify  a  set  of  polyadic  factors  B»y^ 
with  the  first  ka,  polyads  Ei  •  •  E*^. 
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Somewhat  analogous  with  Theorem  II,  Corollary  III  we  have 


Corollary  n.  If  none  of  the  multiplex  ranks  ki .  .k-g^  exceeds  a 
single  number  k,  a  suitably  chosen  isomer  A'  of  A  can  be  written 


A' 


2 


(27) 


which  is  the  form  of  a  polyadic  in  k  dimensions  instead  of  n  dimen¬ 
sions.  Any  set  of  k  polyadic  factors  can  be  so  chosen  as  to 
be  linearly  independent,  hence  are  like  basis  vectors  in  a  /b-space 
(this  of  course  in  a  purely  algebraic  sense).  The  g’s  are  scalar 
coefficients,  analogous  to  the  components  of  a  tensor  in  the 
k-space.  The  utility  of  this  analogy  between  polyadic  factors  and 
vectors  will  appear  shortly. 

Corollary  m.  The  simple  or  multiplex  rank  of  a  polyadic  on 
one  or  several  indices  is  a  multiple  invariant. 

For  by  Theorem  IV  the  possibility  of  a  particular  development 
of  form  (23)  depends  on  such  rank,  and  this  form  is  multiply 
invariant. 

When  7r—2  we  have  a  case  of  (23)  treated  by  Dr.  J.  W.  Alex¬ 
ander.* 

When  TT  — 2  and  p  is  eVen,  with  the  indices  of  the  first 

group  being  I'l  .  .  I'k,  in  order,  we  have  "double  polyadics”.*  In 
this  case  behaves  like  a  dyadic  and  (23)  becomes  analogous 
to  (5). 

Again,  that  a  polyadic  or  one  of  its  isomers  may  be  reduced  to 
a  product  of  polyadics  of  lower  order  it  is  necessary  and  sufficient 
that  the  rank  on  each  group  of  indices  shall  be  unity  for  at  least 
one  manner  of  grouping. 


12.  Character  of  the  problem  when  ir  exceeds  2. 

When  IT  exceeds  2  a  knowledge  of  the  ranks  on  various  groups 
of  indices,  while  quite  essential,  does  not  in  general  solve  the 
problem  of  the  minimum  value  of  h  in  (23).  Reduction  to  fewer 

•  Loc.  dt.  note  2. 

•  pTfx:.  Amer.  Acad.  Arts  and  Sd.,  Vol.JiS,  No.  10,  May  1923.  The  mul¬ 
tiple  dot  prtjducts  of  this  paper  may  be  regarded  as  mere  stunmations  on 
multipartite  indices  ni  and  Mi. 
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than  ki .  .k,  terms  depends  on  invariants  of  another  character, 
the  quantities  elsewhere  denoted  by  ((P^))  where  P  is  the 
polyadic.’  They  are  always  expressible  as  p-way  determinants, 
and,  from  their  very  form,  are  multiply  invariant.  These  state¬ 
ments  I  shall  illustrate  in  the  next  article  by  a  study  of  the  sim¬ 
plest  possible  case  where  ir  exceeds  2,  namely  the  problem  of 
expressing  a  triadic  in  two-space  as  a  sum  of  two  triads. 

13.  The  case  7r«p  =  3,  n  — 2,  h=“2. 

We  have  to  solve  the  polyadic  equation 

Aaa,a,eo,ea,ea,-aiataj+bib,b,  (28) 

where  the  components  are  8  given  numbers  and  the  6 

vectors  on  the  right  are  required.  This  is  equivalent  to  8  ordinary 
equations 

(28a) 

where  the  12  numbers  on  the  right  are  unknown. 

To  solve,  equate  values  of  the  covariant  Fi((A*))  obtained  from 
the  two  members  of  (28).  The  operation  Fi  implies  two  steps: 
first,  multiply  each  member  into  itself,  preserving  the  natural 
order  of  indices  (multiple  indeterminate  product) ;  second,  replace 
each  group  of  vectors  of  like  index  by  its  space  complement 
(folding),  excepting  the  third  index. 

Thus  from  the  right  of  (28)  we  first  form  the  product 

aia  lazaiaiaj + aib  laibsajbj  -f-  b  laibiaibsas + bib  ibsbibsbs  (29) 

We  then  take  the  space  complements  of  the  8  dyads  aiai,  aiaj, 
aibi,  aibt,  biai,  bjai,  bibi,  and  bjbi,  which,  because  n=£,  are  the 
respective  determinants  of  the  components  of  the  vectors  con¬ 
cerned.  The  space  complements  of  the  first,  second,  seventh,  and 
eighth  of  these  dyads  therefore  vanish  and  the  result  is 

(aibi)  (ajbj)aiba-|-  (bi^i)  (bjai)b3a,i  (30) 

where  (aibi),  etc.,  are  determinants.  This  may  be  written 

(aibi)(ajbj)[aabs-fb,a,]  (31) 

where  the  quantity  in  brackets  is  a  symmetrical  dyadic. 

^Loc.  cit.  note  1,  p.  233. 
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The  same  process  applied  to  the  left  member  of  (28)  yields  a 
cubic  determinant  with  vector  elements  which  develops*  into  the 
symmetrical  dyadic 

®i®i>wii+(eiej+eiei)wii-}-ejeiWii  (32) 

where 

”2(AiiiAbi~  AuiAjii),  mn  2(Au*Ajjj— AijjAju) 
mij  “  AiuAbj — AtiiAin — AijiAjij+ AjuAm  (33) 

so  that  by  equating  the  two  values  of  Fi((A*))  from  (31)  and  (32) 
®i®imii+(®i®i+®j®i)wtij-l-eieimij“  (aibi)(aibi)(ajb3+b*a3]  (34) 
We  now  consider  three  cases. 

Case  I.  The  binary  quadric 

Xihnu+2xiXtmu-\-Xi'hnn  (35) 

does  not  vanish  identically  and  has  linearly  independent  factors. 
Let  these  factors  be 

xiri—xtrt'  and  jci5j— **13'  (36) 

and  assume 

a3  =  ®ifj — ®iri^  and  bi^Ci^a — ®tSs^  (37) 

These  two  vectors  not  being  parallel  we  may  certainly  write 

’A-Xsa+Yb,  (38) 

where  X  and  Y  are  dyadics.  I  shall  now  show  that  X  is  the  product 
of  two  vectors,  hence  may  be  written  aiSj,  and  similarly  for  Y; 
so  that  (38)  takes  the  required  form  (28). 

Proof.  Let  the  result  of  multiplying  A  into  bs  and  taking  space 
complements  of  bj  with  the  postfactors  of  A  be  denoted*  by  Axbj. 
Th\is  from  (38) 

AXb,-X(a,b,)  (39) 

both  members  of  which  are  dyadics.  The  operation  AXba  is  the 
same  as  replacing  Ci  and  ®j,  basis  vectors  of  the  third  index  in 
A,  by  —  Jj'  and  —St  respectively;  for  (eiba)  =  —  and  (®ibs)  “  —  ii, 
by  (37).  Multiply  each  side  of  (39)  into  itself  and  fold  on  both 
factors,  i.e.,  perform  the  operation  Fq.  The  right  side  gives 
•Loc.  cit.  note  1,  p.  235. 

•  Using  the  notation  of  Dr.  Naess,  which  is  consistent  because  the  space 
complement  is  a  generalization  of  Gibbs’  “cross  product.’’ 
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(a»bj)*Fo((X*)),  that  is  (ajbi)*XxX.  which  is  2(a»b»)*|X|  where 
I X  I  is  the  determinant  of  X.  The  left  side  gives  the  same  result 
as  making  the  above  mentioned  replacement  in  (32),  i.e.,  —Si  for 
Cl  and  —  5i  for  e*.  because  it  is  immaterial  whether  we  make  this 
replacement  before  or  after  folding  A  on  its  first  two  indices;  but 
this  result  is  zero,  by  definition  of  b*  in  (37).  Hence  Ixj—O 
and  X  can  be  written  as  a  dyad.  Similarly  |Y|— 0  and  the 
required  form  (28)  is  established. 

It  has  thus  been  shown  that  (28),  or  (28,),  is  a  possible  develop¬ 
ment  for  (with  w  =  2)  provided  (35)  has  linearly  independent 
factors;  i.e.,  if  we  write 

Io*2(miimM-m*u)  '  (40) 

this  sufficient  condition  is  that  la  be  not  zero.  If  we  denote  (32) 
by  M  we  have 

Fo((M*))-Ia  (41) 

that  is  la^MxM,  a  multiple  invariant  of  A.  Comparing  with 
(34)  we  have 

Ia=2(a,b,)*(a,lh)*(a,b,)*.  (42) 

Case  n.  Ij^O  and  A  is  of  rank  unity  on  at  least  one  index. 

The  form  (28)  is  at  once  established  by  Theorem  IV.  For 
suppose  A  of  rank  1  on  iV  We  may  write  A  »  Ba  where  B  is  a  dyadic 
and  a  is  a  vector.  B  may  certainly  be  written  as  the  siun  of  two 
dyads,  hence  (28)  exists,  with  aj^-bs^a.  Similarly  (28)  exists 
if  A  is  of  rank  1  on  ti  or  on  *». 

Case  HI.  la  =  0  and  A  is  of  rank  2  on  all  indices. 

The  form  (28)  is  now  impossible,  for  if  (28)  exists  (42)  also  exists. 
If  la  =  0  one  of  the  three  determinants  on  the  right  must  vanish. 
But  then,  by  (28)  A  must  be  of  rank  1  on  some  index,  contrary  to 
hypothesis.  ' 

For  example,  if  the  taken  in  natural  order  (Art.  7)  are 

the  first  8  integers  1,  2,  •  •  ,  8,  it  will  be  found  that  la“0  while 
ranks  on  t'l,  t'l,  and  it  are  all  2,  and  (28)  is  impossible. 

Remarks  on  the  above  cases.  It  is  evident  that  every  triadic 
in  two  dimensions  which  does  not  vanish  identically  must  belong 
to  one  of  the  above  three  types,  the  classification  being  with 
reference  to  rank  on  the  indices  and  to  la,  all  of  which  are  multiple 
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invariants.  Thus  the  classification  applies  without  change  to  any 
tensors  of  the  third  order  when  n^2.  This  relatively  simple 
example  illustrates  very  well  the  statement  of  Art.  12  that  classi¬ 
fication  of  tensors  and  polyadics  (with  respect  at  least  to  their 
expression  as  sums  of  products)  depends  on  quantities  Fi,((P^)). 

14.  Case  h^2,  n  arbitrary.  Reduction  of  any  triadic 

or  third  order  tensor  to  a  sum  of  two  triads. 

The  results  of  Art.  13  may  be  at  once  extended  to  any  triadic 
or  third  order  tensor  by  virtue  of  the  following: 

Theorem  V.  If  the  polyadic  development  (2)  exists  for  any 
assigned  value  of  h,  the  simple  rank  of  k  on  any  index  cannot  exceed  h. 

For  there  are  only  h  vector  factors  of  any  one  index.  Hence 
these  factors  lie  in  an  /t-space,  and.  by  Theorem  I,  the  rank  on  this 
index  is  not  greater  than  h. 

If,  therefore,  we  assume  A  *  2  for  any  triadic,  the  rank  on  any 
index  can  be  at  most  2.  By  Corollary  III  of  Theorem  II  we  may 
reduce  the  triadic  to  the  form  of  a  triadic  in  2-space  without 
altering  any  multiply  invariant  property.  The  entire  argument 
of  Art.  13  may  then  be  applied. 

What  la  now  becomes  deserves  mention.  This  quantity  was 
formed  by  first  taking  M=*Fi((A*)),  which  may  be  indicated  by 
the  briefer  notation  (A*)i.  Then  I,  =  Fo((M*))=»MxM.  Thus  we 
may  briefly  write 

I.=  (A*),5(A*)..  (43) 

The  operations  F©  and  Fi  are  both  mutiply  invariant.  Applying 
the  results  of  Art.  13  we  have  the  result:  any  triadic  or  third  order 
tensor  whose  rank  on  any  index  does  not  exceed  2  may  be  expressed 
as  the  sum  of  two  triads  except  when  the  quantity  (A*)ix(A*)i  van¬ 
ishes  and  none  of  these  ranks  is  unity.  It  should  be  noticed  that 
this  quantity  is  no  longer  a  scalar. 

15.  Case  rr»3,  h^2,  n  and  p  arbitrary.  Reduction  of  any  poly¬ 
adic  or  tensor  to  a  sum  of  two  terms  each  of  which  is  the 
product  of  three  polyadics  or  tensors  of  lower  order. 

In  a  similar  manner,  the  argviment  of  Art.  13  applies  to  any 
polyadic  or  tensor  when  we  divide  the  indices  into  three  groups 
and  assign  A  =  2  in  the  development  (23).  This  is  by: 
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Theorem  VI.  If  the  multiple  polyadic  development  (23)  exists 
for  an  assigned  value  of  h,  the  multiplex  rank  of  k  on  any  multi¬ 
partite  index  cannot  exceed  h. 

.  For  there  are  only  h  polyadic  factors  of  any  one  multipartite 
index.  Hence  by  Theorem  III  the  multiplex  rank  on  this  index  is 
not  greater  than  h. 

If  therefore,  with  three  multipartite  indices,  we  assiune  h~2 
in  (23),  the  multiplex  rank  on  none  of  these  indices  exceeds  2.  By 
Corollary  II  of  Theorem  IV  we  may  reduce  A  (or  an  isomer)  to 
the  form  of  a  triadic  in  2-space.  The  argument  of  Art.  13  may 
then  be  applied,  the  scalars  {cf.  (27))  replace  the  of 
Art.  13  and  the  B’s  replace  basis  vectors. 

Interesting  questions  arise  when  we  consider  a  generalization  of 
la  for  this  case,  to  be  obtained  from  the  original  A  instead  of  using 
the  g’s.  The  form  would  be  that  of  the  right  of  (43),  but  the  fold¬ 
ing  operations  apply  to  polyadic  factors  instead  of  to  vectors. 
It  can  be  shown  that  the  results  of  these  operations  are  still 
invariants.^*  Applying  Art.  13  we  have  the  result:  any  polyadic 
or  tensor  may  be  expressed  as  the  sum  of  two  products  of  the 
form  (23)  if  indices  may  be  taken  in  three  groups  in  such  a  manner 
that  no  multiplex  rank  on  these  groups  exceeds  2,  with  the  fol¬ 
lowing  exceptional  case:  when  none  of  these  ranks  is  unity  and 
the  quantity  (A*)ix(A*)i,  in  which  the  folding  operations  refer  to 
the  multipartite  indices,  vanishes. 

16.  Case  ir»/>»4,  n=*h^2.  Reduction  of  a  tetradic  or  fourth 
order  tensor  in  2-space  to  the  sum  of  two  tetrads. 

We  now  consider  the  next  simplest  possibility,  a  tetradic  in 
two-space  n  *  2  and  desire  to  express  it  as  the  sum  of  two  tetrads, 

‘  A  « aiSiSsa^ + bib2b3b4  (44) 

or 

*\"hb/.i^bf,i^bi  (44,) 

a  system  of  16  equations,  the  16  numbers  on  the  right  unknown. 

As  a  first  step  in  the  solution,  note  the  following: 

Theorem  Vn.  If  the  polyadic  development  (2)  exists  for  an 
The  demonstration  is  contained  in  a  forthcoming  paper. 
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assigned  value  of  h,  the  multiplex  rank  of  A  on  any  group  of  indices 
cannot  exceed  h. 

For  grouping  the  vector  factors  into  polyads  to  correspond  with 
the  grouping  of  indices.  (2)  takes  the  form  (23)  with  the  same 
value  of  h.  There  are  now  h  polyad  factors  on  any  one  multi- 
pjartite  index.  Hence  by  Theorem  III  the  multiplex  rank  on  this 
index  is  not  greater  than  h. 

In  the  present  case  it  follows  that,  if  (44)  exists,  the  respective 
duplex  ranks  on  t'lij,  *iti,  and  iiu  do  not  exceed  2. 

Next,  equate  values  of  Fo((A*))  from  the  two  members  of  (44), 
i.e.,  fold  each  side  into  itself  on  both  factors,  giving 

|A, I  =  (a,b.)(a,b,)(a3b,)(*4b4)  (45) 

where  |  is  the  four-way  full-sign  determinant”  of  the  com¬ 

ponents  of  A,  that  is 

|Ajjtjt^t^  1  ”  AunAjjjJ~AnijAmi— AimAaii+AuaAau 

“  AijiiAjia + AijijAii  ji  4- Aiai  Aiuj  ~  AiaiAjiu. 

We  now  consider  three  cases. 

Case  I.  The  determinant  (46)  is  not  zero. 

Since  the  duplex  rank*  on  tii*  must  not  exceed  2  we  may  write 
by  TTieorem  IV 

A-=B.C,4-B,C2  (47) 

where  the  factors  on  the  right  are  dyadics.  I  shall  now  show  that 
Bi  and  Bj  may  be  so  chosen  as  to  be  dyads,  and  that  when  they 
are  so  chosen  Ci  and  Ci  are  also  dyads,  thus  establishing  (44). 

Proof.  At  least  one  of  the  dyadics  Bj,  Bj  can  be  taken  as  a  dyad. 
For  if  Bi  is  not  a  dyad  at  least  one  dyadic  of  the  pencil  Bi+xBj 
is  a  dyad,  since  equating  the  determinant  of  the  pencil  to  zero 
gives  a  quadratic  in  *  having  at  least  one  root.  Take  this  dyad 
instead  of  Bi.  Thus  assuming  B|  a  dyad,  by  a  suitable  transfor¬ 
mation  (4)  on  t'l  and  another  on  tj  we  can  identify  Bi  with  CiCi; 
and  (46),  being  a  multiple  invariant,^*  will  not  be  made  to  vanish. 
Assume  Bj  =  bijeiej-|-bjiejei-t-biieie2  If  b»  is  not  zero  a  dyadic 

**Loc.  cit.  note  1,  p.  234,  Theorem  IX. 
cit.  note  3,  p.  246,  Ex.  1. 
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can  be  chosen  from  the  pencil  Bi  which  shall  be  a  dyad.  Take 
this  instead  of  B^ 

If  bji  could  be  zero,  by  transformations  (4)  we  could  make 
Bj-CiCi-l-ejei  and  then  write  by  (47) 

A  *  eiei(eieiAini+eie*Ainj+®j«iAnii4-*2CjAnij) 
-|-(e,e,-|-e,e,)(e,eiA  mi+CiCjAiiij+Cjei  Aijji+et®jAijji).  (48) 

The  two-way  matrix  of  the  duplex  files  on  iiu  is  now 

Ann  Anij  Ann  Am* 

Anti  Ann  Ami  Ami 

Ann  Ann  0  0  (49) 

Ami  Ami  0  0 

If  this  is  of  rank  not  exceeding  2  we  must  have 

AniiAmi — AnnAmi  =  0. 

But  this  reduces  |A|  ,•  |  to  zero  for  this  determinant  is  now 

—2(AnnAmi— AnnAmi).  Hence  (48)  is  impossible  and  our  assump¬ 
tion  that  b«  *  0  is  contradictory.  Thus  bn  is  not  zero  and  Bi  can 
be  taken  as  a  dyad. 

Taking  Bi  and  Bi  as  dyads,  by  suitable  transformations  (4)  we 
can  identify  these  with  CiCi  and  Ci®!.  By  (47)  we  may  write 

A“®i®i(®i®iAnn+®i®iAniff®i®iAmi+®i®iAmt) 
-f-®i®i(®i®iAini+®i®iAini+®i®iAini+®i®»Aim).  (50) 

The  two-way  matrix  of  duplex  files  on  t'ltj  is  now 

0  0  Ann  Ann 

0  0  Ami  Aim  (51) 

Aim  Ann  0  0 

Aim  Aim  0  0 

whence  by  inspection  the  determinants  of  Ci  and  Ci  vanish  if 
this  is  of  rank  2.  Ci  and  Ci  may  be  taken  as  dyads,  and  (47) 
takes  the  form  (44).  Thus  it  has  been  shown  that  (44)  exists  if 
I  duplex  ranks  are  2.  (It  may  be  noted 

that  if  none  of  these  ranks  exceeds  2  while  some  one  of  them  is 
unity,  the  determinant  (46)  vanishes,  as  is  easily  proved.) 


TENSOR  OR  POLYADIC  AS  A  SUM  OP  PRODUCTS  185 

Case  n.  The  four-way  determinant  (46)  vanishes  and  one  of 
the  simple  ranks  is  unity. 

By  Theorem  IV  we  may  now  write 

(52) 

where  a^  is  a  vector  whose  index  is  that  one  of  the  four  indices 
iiititu  on  which  the  rank  is  unity,  and  B^/m  is  a  triadic  whose 
indices  correspond  to  the  remaining  three.  The  solution  may  then 
be  completed  by  Art.  13. 

Case  ni.  The  determinant  (46)  vanishes  while  all  simple 
ranks  are  2.  By  (45)  the  required  form  (44)  is  then  impossible. 

Remarks  on  the  above  cases.  The  solution  of  Case  I  was  arrived 
at  without  assuming  the  duplex  rank  on  iiu  to  be  2,  but  this  is  a 
necessary  condition.  Hence  it  follows  that  if  neither  of  the  ranks 
of  tit'i  nor  I'lta  exceeds  2,  the  same  is  true  of  that  on  iiu.  It  also 
follows  from  the  method  of  proof  that,  with  these  ranks  not 
exceeding  2,  the  condition  that  the  pencil  xBi-HyBj,  in  the  nota¬ 
tion  of  (47),  shall  contain  only  one  dyad  is  the  vanishing  of  (46). 

The  four-way  determinant  (46)  in  this  example  plays  the  same 
part  as  did  la  in  Art.  13,  an  interesting  analogy.  The  difference 
in  form  of  these  two  invariants  illustrates  the  contrast  between 
polyadics  of  odd  and  of  even  order. 

17.  The  case  ^-  =  4,  h  =  2,  n  and  p  arbitrary. 

As  in  articles  14  and  15  we  may  at  once  generalize  to  any  tetradic 
and  further  to  any  polyadic  with  indices  in  four  groups.  The 
necessary  conditions  being  imposed  upon  the  ranks,  and  develop¬ 
ment  made  by  (21)  or  (27),  the  reasoning  of  Art.  16  applies  with¬ 
out  formal  change. 

18.  Case  iT=p=n=h’=‘3.  Reduction  of  a  triadic  or  third  order 
tensor  in  three-space  to  a  sum  of  three  triads. 

Taking  m  =  3  the  simplest  case  which  is  of  interest  arises  when 
we  assign  h  =  3.  For,  as  shown  in  Art.  14,  if  we  assign  h  =  2  the 
necessary  conditions  on  the  ranks  practically  reduce  the  problem 
to  a  binary  one.  Let 

A^aiaiaj-l-bibibs+CiCsCj  (53) 
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eqtiivalent  to  27  equations.  As  in  Art.  13  equate  values  of  Fi((A*)) 
from  both  sides.  The  right  side  gives 

(a,b,)(ajb,)  [a,b,+b3asl  -H  (biC,)(b,Cj)[biCs+C|bj] 

+  (c,ai)(c,a,)[cA+aiCil  (54) 

where  the  space  complements  (aibi),  etc.,  are  now  vectors  because 
»i*3,  and  may  be  denoted  by  aiXbi,  etc.,  whenever  convenient. 
The  quantities  in  brackets  are  symmetrical  dyadics.  Hence  (54) 
is  a  tetradic.  The  left  of  (53)  gives  a  cubic  determinant'*  which 
develops  as 

Caj  (55) 

where  the  Cq*  are  a  set  of  9  symmetrical  dyadics;  their  scalar 
components  resemble  win,  wu,  and  win  of  Art.  13.  We  may  write 

Cai  =  ®  r^s^abrs  (56) 

where 

ni  /  /  ri  *  A/n-A  — AgsrAjn  —  AstrAus  d"  A5.i»-A«,  (57) 

m/m®“  ~Af/rAj.«+A^.f|.A  j/  j + A  j/  r Af  f j — AasfAtis  (58) 

and  so  on.  Thus  there  are  54  of  these  m’s,  cubic  determinants  of 
the  second  order,  becoming  twice  a  flat  determinant  when  r=s. 
And  mai»f5*moi5f- 

If  the  basis  vectors  of  the  third  index  u  of  Ai^i^i^  be  replaced 
by  a  set  of  scalar  variables  the  vectors  aj,  bj,  and  Cs  become 
linear  forms  a^aaXa^,  etc.,  which  may  be  abbreviated  a*,  bx,  and 
Cx-  The  vectors  (aibi),  etc.,  may  be  abbreviated  fi,  pi,  qi  and  rj, 
Pj,  q2.  Then  (54)  becomes  2pipiCxax+2qiqiaxbx+2rirtbxCx.  The  9 
symmetrical  dyadics  Ca^  becomes  9  ternary  quadrics  which  may 
be  written  and  regarded  as  conics.  Equating  results  from 
(54)  and  (55)  we  then  have 

«a®flC^  *  2p,p2('xax+ 2q,q,axbx+ 2r,r,bxCx  (59) 

equivalent  to  9  equations  which  must  hold  if  (53)  exists.  Evi¬ 
dently  any  four  of  the  nine  conics  must  be  linearly  related,  and, 
when  three  conics  C|,  C*.  and  C|  are  chosen  in  terms  of  which  all 

WI..<)C.  cit.  note  1,  p.  227,  determinant  (28)  with  the  two  triadics  equal. 
The  method  of  development  is  very  fully  exemplified  in  that  paper. 
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may  be  expressed,  their  Jacobian  must  have  three  linear  factors  or 
else  vanish  identically.  These  are  necessary  conditions  which  the 
^‘iVi  satisfy  if  (53)  is  possible. 

Conversely,  assume  the  nine  conics  expressible  in  terms  of  three 
conics  Cl,  Cl,  C|,  whose  Jacobian  has  three  factors  not  linearly 
related,  ax.  bx,  and  Cx.  Let  as,  bi,  Ci  be  the  vectors  obtained  by 
restoring  ei,  ei,  and  e*  in  place  of  xi,  xt,  *i.  We  may  write 

A^Xas+Ybj+Zc,  (60) 

where  X,  Y,  and  Z  are  dyadics.  T  shall  show  that  X  is  the  product 
of  two  vectors,  hence  may  be  written  aiRi,  and  similarly  for  Y 
and  Z;  so  that  (60)  takes  the  required  form  (53). 

Proof.  Let  the  result  of  multiplying  A  into  bjCj  and  taking 
space  complements  with  the  postfactors  of  A  be  denoted**  by 
A'X*b|C|.  Thus  by  (60) 

A«xn),c,  =  X(a,b,c,)  (61) 

both  members  of  which  are  dyadics.  The  operation  A*X*bsCj  is 
the  same  as  replacing  ei,ei,  and  Ci,  basis  vectors  of  the  third  index 
in  A,  by  their  cofactors  in  the  determinant 


ei 

e* 

ej 

bi,i 

b,,, 

b,,,  . 

(62) 

Cy,i 

Ci,t 

Ci,> 

Multiply  each  side  of  (61)  into  itself  and  fold  on  both  factors,  i.e., 
perform  the  operation  Fq.  The  right  side  gives  (ajb3Cj)To((X))*, 
that  is  (ajbjCi)  *X  JX,  whose  vanishing  is  necessary  and  sufficient 
that  X  be  the  product  of  two  vectors.  The  left  side  gives  the 
same  result  as  making  the  above  replacement  in  (56),  because  it 
is  immaterial  whether  we  make  it  before  or  after  folding  A  on  its 
first  two  indices;  but  this  result  is  zero,  by  definition  of  bi  and  Ci, 
(three  conics  pass  through  double  points  of  their  Jacobian). 
Hence  X  can  be  written  as  a  dyad,  and  similarly  for  Y  and  Z; 
and  the  required  form  (53)  is  established. 

Remarks  on  the  necessary  conditions  for  (53).  To  say  that  any 
four  of  the  nine  conics  Ca^  are  linearly  related  is  the  same  as 
saying  that  the  four-way  matrix  of  the  components  of  the  tetradic 
Fi((A*))  is  of  duplex  rank  3  on  its  first  two  indices,  the  81  (54  dis- 
Again  using  the  notation  of  Dr.  Naess. 
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tinct)  quantities  mabrs  being  arranged  in  a  two-way  matrix  as 
described  in  Art.  9.  The  mo^ri  are  cubic  determinants  picked  from 
the  original  matrix  cubic  minors,  we  may  say,  of  the 

second  order. 

The  Jacobian  of  any  three  of  the  nine  conics  must  vanish 
identically  or  have  three  linear  factors.  It  is  well  known  that  a 
cubic  has  three  linear  factors  when  and  only  when  it  is  propor¬ 
tional  to  its  own  Hessian.  Hessians  and  Jacobians  thus  arising 
out  of  the  mabrs  are  componepts  of  polyadics  obtainable  by 
further  folding  of  Fi((A*)).  Sp>ecial  cases  arise  according  to  whether 
the  linear  factors  are  linearly  dependent,  or,  perhaps,  all  Jaco¬ 
bians  vanish  identically. 

19.  Conclusion.  Continuance  of  the  problem  requires  further 
extension  of  the  notion  of  rank,  which  would  too  greatly  lengthen 
the  present  paper.  The  simple  and  duplex  ranks  which  have  so 
far  arisen  have  been  two-way,  in  the  sense  that  the  p-way  matrix 
of  the  A|, . .  ip  was  arranged  in  some  manner  as  a  flat  matrix  in 
defining  these  ranks.  But  to  continue  the  present  problem  it  is 
necessary  to  consider  the  vanishing  of  k-way  determinants  picked 
from  the  p-way  matrix  without  flattening  it. 

A  number  of  relations  exist  among  the  simple  or  multiplex 
ranks  already  defined,  some  of  which  were  suggested  in  the  course 
of  the  work.  These  app>ear  more  clearly  if  the  matrix  is  not 
flattened,  i.e.,  a  multiplex  file,  instead  of  being  straightened  out 
and  treated  like  a  vector,  is  left  in  position,  as  a  couche  in  the 
original  matrix.^*  In  this  paper  the  analogy  of  a  multiplex  file 
with  a  vector  has  been  expressly  emphasized,  bringing  out  the 
analogy  of  Theorem  IV  with  Theorem  II;  this  is  undoubtedly 
somewhat  artificial,  but  it  enables  us  to  extend  results  when 
Tr  =  p  immediately  to  arbitrary  p,  with  the  same  value  of  it,  by 
virtue  of  (27). 

Finally,  a  word  as  to  the  space  complement  and  notations  for 
expressing  it  appears  necessary.  Any  space  complement,  by  Dr. 
Naess’  definition,  is  a  determinant.  Its  components  can  be  expressed 
by  summation  with  the  <f,.. etc.,  of  Ricci  and  Levi-Civita.  The 

My  colleaj^e,  Mr.  L.  H.  Rice,  to  whom  I  am  indebted  for  many  helpful 
suggestions,  will  treat  these  relations  in  a  paper  shortly  to  appear. 
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determinant  of  Naess  having  elements  of  every  row  the  basis 
vectors  ei  •  •  is  analogous  to  the  pseudo  scalar  of  Grassmanian 
analysis.  What  notation  we  employ  is  partly  a  matter  of  con¬ 
venience,  but  should  embody,  if  possible,  those  analogies 
which  are  of  most  importance  in  the  problem  concerned  and  in 
the  logic  employed.  In  the  algebra  of  tensors  or  polyadics,  of 
which  the  present  problem  is  a  part,  the  most  important  analogy, 
in  the  author’s  opinion,  is  with  the  symbolic  method  of  handling 
invariants  and  other  concomitants  of  quantics.  Real  vector 
factors  behave  like  the  symbolic  factors  of  that  method.  Folding 
is  analogous  with  “Faltung,”  due  regard  being  had  for  the  non- 
commutative  character  of  the  symbols.  The  quantities  Fi,((A'*)) 
are  analogous  with  transvectants.  This  is  why  the  notation 
(tiaiai),  etc.,  has  been  employed  for  space  complements. 


A  GEOMETRIC  CHARACTERIZATION  OF 
EQUIPOTENTIAL  AND  STREAM  LINES* 

By  Philip  Pianklin 

1.  Introduction.  A  family  of  equipotential  lines  is  obtained 

by  taking  a  harmonic  function  u(x,  y),  and  plotting  the  curves 
«(*.  Given  any  family  of  curves  in  the  plane,  the  question 

arises  as  to  whether  they  may  be  obtained  as  a  family  of  equipo¬ 
tential  lines,  and  if  so  whether  there  is  more  than  one  harmonic 
function  which  will  produce  them.  In  this  note  we  obtain  geometri¬ 
cal  conditions  on  the  curves  which  answer  these  questions. 

Similar  questions  are  answered  for  the  stream  lines  of  an  incom¬ 
pressible  fluid,  moving  in  a  plane,  conservative,  force  field. 

The  results  are  applied  to  determine  when  certain  simple  families 
of  curves,  such  as  straight  lines  and  circles,  may  be  equipotential 
or  stream  lines.  Applications  of  this  type  may  be  of  interest  in 
connection  with  practical  problems  of  hydrodynamics  and  aero¬ 
nautics. 

In  the  latter  part  of  the  paper  the  results  are  extended  to  families 
on  curved  surfaces. 

2.  Equipotential  lines.  As  an  equipotential  line  is  necessarily 
an  analytic  curve,  we  shall  assume  the  given  family  we  are  testing 
may  be  defined  by  equations  of  the  form  f(x,  y)“C,  where  /(*,  y) 
is  an  analytic  function  of  x  and  y.  If  the  family  are  actually 
equipotential  lines,  they  will  also  be  defined  by  a  harmonic  function 
h(x,  y)^k,  so  that  we  shall  have 

uix,y)~F(J).  (1) 

But,  since  u{x,  y)  is  harmonic,  we  have 

(2) 

On  writing* 

Atf~{df/dxy+{df/dyy,  (3) 

1  Presented  to  the  American  Mathematical  Society,  January  2,  1926. 

*  The  notation  is  that  of  Eisenhart,  EHfferential  Geometry,  Boston,  1909, 
pp.  84,  86,  89.  See  also  section  6  below. 
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and  substituting  (1)  in  (2),  we  find; 

-  F"(f)  ^xf+F'if)  Atf~  0.  (4) 

Since  u{x,  y)  and  fix,  y)  vary  as  we  go  from  curve  to  ciuve,  neither 
can  be  constant.  Hence,  from  its  form,  Aj  cannot  be  identically 
zero,  and  F'if)  cannot  vanish  identically.  Thus,  in  general,  we 
may  write 

A^/A,f~-F"if)/F'(f)-  (5) 

We  note  in  passing  that  if  /(x,  y)  is  itself  harmonic,  F"if)  must 
vanish,  so  that  F(/)  *  «(x,  y)~A  fix,  y)+B.  Hence  we  formulate 

Theorem  I.  A  given  set  of  curves  admissible  as  equipotential 
lines  determines  the  corresponding  harmonic  function  to  within  a 
linear  transformation. 

As  any  linear  function  of  a  harmonic  function  is  itself  harmonic, 
this  degree  of  indetermination  was  to  be  expected. 

Since  the  right  member  of  (5)  is  a  function  of  fix,  y),  it  is  con¬ 
stant  along  any  one  curve  of  our  family,  and  the  same  is  true  of 
the  left  member.  Conversely,  if  Atf/ Aj  is  a  function  of  fix,  y), 
from  (6)  we  may  firtd  an  Fif)  which  will  satisfy  (4),  and  hence 
ttix,  y)*‘Fif)  to  satisfy  (2).  Thus  we  have  an  analytic  solution 
to  our  problem  in 

Lemma  1.  A  necessary  and  sufficient  condition  for  the  family 
of  curves  fix,y)^c  to  be  a  family  of  equipotential  lines  is  that 
Atf/  Aj  be  constant  along  each  curve  of  the  family. 

To  translate  this  condition  into  geometric  form,  we  define  cer¬ 
tain  operations  and  quantities  related  to  our  given  family.  If 
wix,  y)  is  any  point  function,  we  define  the  normal  derivative  of 
this  function  at  a  given  point  with  reference  to  the  given  family, 
as  its  directional  d^vative  in  the  direction  normal  to  the  curve 
of  the  family  passing  through  the  point  in  question.  That  is 
(denoting  partial  derivatives  by  subscripts) 

-i=.  (6) 

VAi/  \/ Aif 

The  operation  Niw)  is,  except  for  its  sign,  independent  of  the 
particular  choice  of  the  function  fix,  y)  used  to  define  the  given 
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family  of  curves.  We  next  define  the  distance  function  for  our 
given  family  as 

D(f)^l/N(f)^l/Vjj:  (7) 

This  point  function  is  proportional  to  the  distance  between  near 
curves  of  our  family  in  the  sense  that  if  the  distance  between  two 
curves  of  the  family  is  measured  along  the  normals  to  the  first  curve 
at  two  of  its  points,  their  ratio,  as  the  second  curve  approaches 
the  first,  will  approach  the  ratio  of  the  values  of  D(J)  at  these 
two  points.  From  this  interpretation,  or  by  direct  calculation,  it 
follows  that  the  function  D(J)  is  determined  to  within  a  constant 
factor  along  each  curve  of  the  family,  independently  of  the  choice 
of  fix,  y)  for  the  family.  The  constant  may  change  from  curve 
to  curve. 

We  find  in  consequence  of  these  definitions  that 


N[D(f)] 


On  evaluating  the  curvature  of  the  curve  /(at,  y)  <■  c,  we  find 


P  il+y^r^ 


[Nif)]* 

where  e  is  plus  or  minus  one  according  as  /(*,  y)  increases  or  de¬ 
creases  as  we  move  along  the  normal  towards  the  center  of  curva¬ 
ture. 

From  (8)  and  (9)  there  results 

N[D{f)]-\-eD/p^  -  Atf/Aif.  (10) 

This  relation  enables  us  to  translate  Lemma  1  into  the  con¬ 
dition  we  are  seeking.  We  have 

Theorem  n.  A  necessary  and  sufficient  condition  for  a  given 
family  of  curves  to  be  a  family  of  equipotential  lines  is  that  the  sum 
of  the  normal  derivative  of  the  distance  function  with  reference  to 
the  given  family  {taken  in  the  direction  towards  the  center  of  curva¬ 
ture)  and  the  product  of  the  distance  function  and  the  curvature 
be  constant  along  each  curve  of  the  family. 
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3.  Application  to  special  families.  We  shall  now  apply  the 
preceding  results  to  determine  when  a  family  of  curves  of  given 
type  may  be  equipotential.  Let  the  family  be  given  /(*,  y)“C, 
or  in  implicit  form  by 

F(x,y,c)-0.  (11) 

Here  the  dependence  on  c  involves  certain  unknown  functions  of 
c,  but  F  is  otherwise  known.  We  find 


(12) 


and  from  these  and  repeated  differentiation  we  may  evaluate 
either  member  of  (10)  in  the  form 


A./  F, 


a/dc  (F,*+F,*)_^F,(F„+F^) 


(13) 


In  order  that  the  given  family  be  equipotential,  the  unknown  func¬ 
tions  of  c  must  be  so  determined  that  this  expression  will  be  con¬ 
stant  along  each  curve,  i.e.,  in  virtue  of  (11). 

If  we  wish  to  find  out  when  a  family  of  straight  lines  may  be 
equipotential,  we  must  put 

F{x,  y,  c)  =  Aic)x+  B(c)y+C{c)  ~0.  (14) 

In  this  case,  using  primes  for  c  derivatives,  we  may  write  (13) 
in  the  form 

A"x+B"y-^C"  2iAA'+BB') 


A'x+B'y+C 


A'A-EA 


(15) 


The  second  term  is  obviously  constant  along  each  curve  of  our 
family,  while,  provided  i4^0,  the  first  may  be  written 


{AB"-BA")y\-AC"-CA" 
{AB’-BA')yA-AC-CA'  ’ 

in  virtue  of  (14). 

This  can  only  be  constant  along  each  curve  (14)  if  either 


or 


AB"-BA^'~AB'-BA'~Q, 

AB"-BA"_  AC'-CA^' 
AB'-BA'  "  AC-CA'  * 


(16) 


(17) 


(18) 
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The  integral  of  (18)  is 

kxA-\-ktB-\-k^^O,  (19) 

and  the  integral  of  (17)  is  the  special  case  of  this  in  which  ib»»0. 
We  have  assumed  A^Q,  which  will  be  true  in  some  region  unless 
A  is  identically  zero.  If  this  is  the  case,  we  may  use  B,  since  (14) 
no  longer  represents  a  family  of  straight  lines  if  A  and  B  are 
both  identically  zero. 

Thus  (19)  is  the  sought  condition  in  all  cases.  If  i^s^O,  the  lines 
are  parallel;  if  not,  they  go  through  the  point  ki/ki,  kt/ky  This 
proves 

Theorem  m.  The  only  families  of  straight  lines  admissible  as 
equipotential  are  linear  families,  i.e.,  either  the  straight  lines  through 
a  point,  or  a  family  of  parallel  lines. 

To  find  when  a  family  of  circles  may  be  eqtiipotential,  we  must 
put 

F(x,  y,  c)  -  A(c)x'+A (c)y*+2S(c)*+2C(c)y  +  Die)  ~ 0.  (20) 
In  consequence  of  this,  (13)  becomes 

A"x*+A'y+2B"x+2C"y+D" 

A'x*+A'y‘+2B'x+2C’y+D' 
_2iA'x+B')iAx-\-B)+2iA'y+C')(Ay+C)  (21) 

iAx^-B)*+iAy+Q* 
,AiA'x^-\-Ay^2B'x+2C'y+D') 
iAxA-B)'-\-{Ay-\‘Q' 

The  last  two  terms  combine  into  a  function  of  c  alone  in  view  of 
(20).  If  A  is  identically  zero,  the  family  reduces  to  the  straight 
lines  already  treated;  if  not,  in  some  region  we  have  ^4^0,  and 
we  may  write  the  first  term  in  the  form 

2iAB”- A  •'B)x^2iAC"  -  A  "Qy-h  AD" -A  "D  . 

2iAB^-A'B)x^2iAC-A’C)y^-AD'-A^D  ' 

This  can  only  be  constant  along  each  curve  (20)  if  either 

AB"-A''B~AC"-A"C~AB'-A'B~AC'-A'C^0,  (23) 

or 

AB"-A"B_AC"-A"C_AD"-A"D  . 

AB'-A'B  "  AC-A’C  ~  AD'-A'D‘  ^ 
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The  integral  of  (24)  is 

kiB-\-kM^k^-¥kt*A^ktD-¥kt’A,  (25) 

and  the  integral  of  (23)  is  the  special  case  of  this  in  which 

If  the  circles  are  concentric;  if  not,  they  are  coaxial. 

Thus  we  have 

Theorem  IV.  The  only  families  of  circles  admissible  as  equi- 
potential  are  linear  families,  i.e.,  the  circles  are  either  concentric  or 
coaxial. 

In  the  families  just  analyzed,  there  appeared  in  each  case  a 
subclass  of. parallel  curves.*  This  leads  us  to  inquire  if  there  are 
any  other  classes  of  parallel  curves  which  are  equipotential. 
Theorem  II  enables  us  to  answer  this  question.  For,  if  the  curves 
of  our  family  are  parallel,  the  distance  function  will  be  constant 
along  each  curve,  and  also  its  normal  derivative  will  be  constant 
along  each  curve.  Thus  from  Theorem  II,  we 'see  that  the  curva¬ 
ture  must  be  constant  along  each  curve,  and  the  curves  are  either 
straight  lines  or  circles.  That  is 

Theorem  V.  The  only  families  of  parallel  curves  admissible  as 
equipotential  are  straight  lines  or  circles,  i.e.,  families  of  parallel 
lines,  or  concentric  circles. 


4.  Stream  lines.  Consider  the  steady  streaming  of  a  perfect 
fluid  in  a  two-dimensional  force  field.  Euler’s  equations  of  motion 
become* 


p  dx 


X- 


du  du 
u — —V — 
dx  dy 


‘  p  dy  dx  dy’ 


(26) 


where  p  is  the  pressure,  p  the  density,  u,  v  the  velocity  components 
and  X,  Y  the  force  components.  If  the  fluid  is  incompressible,' 
p  will  be  constant,  and  the  equation  of  continuity  becomes 


— -0. 

dx  dy 

*Por  a  discussion  of  parallel  curves,  see  e.g.  Eisenhart,  1.  c.,  p.  206. 
*Cf.  e.g.  Appell,  M6canique  Rationnelle,  1921,  Vol.  3,  p.  352. 


(27) 
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If  the  force  field  is  conservative,  we  must  have 


dX_  dY 
hy  Bx 


-0. 


(28) 


The  condition  of  integrability  for  p  of  (26)  is  obtained  by  equat¬ 
ing  the  two  values  of  i^pfxy  found  from  these  equations.  In 
view  of  (27)  and  (28),  it  takes  the  form 


d  /3«_ B  /Bu_Bv'\^^ 
Bx\.By  BxJ  3y\5y  Bxy 


(29) 


Because  of  (27)  there  exists  a  function  /(x,  y)  such  that 

BfjBx^v,  BflBy^—u.  (30) 


The  curves  /(x,  y)  — c  are  the  stream  lines,  since  they  are  every¬ 
where  tangent  to  the  velocity  direction.  In  terms  of  /(*,  y), 
(29)  is 


Bf/By  BIBx{dl^flB^+Bl^flBf)-Bf!Bx  a/ay(a*//ax*-|-d*//ay*) -0. 

(31) 


As  this  expresses  the  vanishing  of  the  Jacobian  of  /  and  A^,  it  is 
equivalent  to 

—  {Bu/By—Bv/Bx)^Atf^F(J).  (32) 

As  the  term  in  parentheses  is  twice  the  only  non-vanishing  com¬ 
ponent  of  rotation  in  two-dimensional  flow,  and  /  is  constant  along 
a  stream  line,  we  have 

Theorem  VI.  For  the  steady  streaming  of  a  perfect,  incompressible 
fluid  in  a  two-dimensional  conservative  force  field,  the  rotation  is 
constant  along  a  stream  line. 

This  theorem  is  essentially  a  limiting  case  of  a  theorem  of 
Helmholtz  which  states  that  the  flux  of  rotation  across  a  surface 
moving  with  the  fluid  is  constant,*  but  apparently  the  simple 
form  of  the  result  in  this  special  case  has  not  been  noticed. 

If  a  family  of  stream  lines  are  given  by  f(x,  y)  *  k,  where  /  is 
the  stream  function,  it  will  satisfy  (32).  If  the  family  is  given  by 
some  other  function,  g(x,  y)**c,  we  shall  have: 

fix,  y)  -(7(g). 


*AppeII,  I.  c.,  p.  390. 


(33) 
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On  substituting  (33)  in  (32),  we  find  {cf.  (4)), 

(^'(g)  A,g+<7'(g)  dtf -f  ((7(g))  -  Kig).  (34) 

Suppose  that  g(x,  y),  as  well  as  /(x,  y),  is  a  stream  function.  By 
(32),  Atg  will  be  a  fxmction  of  g.  Consequently  (7"(g)  Aig  will  be 
a  function  of  g,  and  we  shall  have  either  (7  "(g)— 0,  or  Aig  equal 
to  a  function  of  g.  In  the  first  case,  /(x,  y)  "‘G(g)  —  Ag(x,  y)+B. 
Thus  the  curves  determine  the  stream  function  to  within  a  linear 
transformation.  In  the  second  case  (34)  is  satisfied  for  any  function 
Gig),  so  that  any  function  having  the  curves  as  level  lines  is  a 
stream  ftmction.  But  in  this  case,  since  Aig  and  Atg  are  both 
constant  along  each  curve  of  the  family,  by  Lemma  1,  the  curves 
are  a  family  of  equipotential  lines.  Also  by  (7),  the  distance 
function  will  be  constant  along  each  curve,  so  that  the  curves 
are  parallel.  Hence,  by  Theorem  V,  they  are  either  parallel  lines 
or  concentric  circles.  Thus  we  may  formulate 

Theorem  VU.  A  given  set  of  curves  admissible  as  stream  lines 
determines  the  corresponding  stream  function  to  within  a  linear 
transformation,  and  hence  the  fluid  motion  to  within  a  factor  of 
proportionality  in  the  velocities,  unless  the  family  consists  of  parallel 
straight  lines  or  concentric  circles. 

We  observe  that  when  g  is  the  stream  function,  Atg  is  the  square 
of  the  velocity  along  a  stream  line,  so  that  in  the  exceptional 
case  the  velocity  is  constant  along  each  stream  line.  Conversely, 
the  velocity  along  a  stream  line  is  constant  along  each  such  line 
only  if  the  stream  lines  are  parallel  straight  lines  or  concentric 
circles. 

We  shall  now  return  to  (34),  and  find  from  it  a  somewhat  simpler 
analytic  condition  for  the  family  g(x,  y)  —  c  to  be  stream  lines. 
As  neither  (7'(g)  nor  Aig  can  be  identically  zero,  in  general,  we 
have 

-  Atf/A,g-(7"(g)/(7'(g)-A:(g)/((7'(g)  Aig).  (35) 


p.  That  is,  along  each  curve  of  the  family,  the  left  member  is  a  linear 

function  of  1/Aig.  Conversely,  if  such  a  linear  relation  holds 
7  along  each  curve  of  the  family,  we  shall  have 


-  Atf/ Aig- A(g)  +  B(g)/ Aig. 


(36) 
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This  enables  us  to  identify  (35)  and  (36),  obtaining  G{g)  from  i4(g) 
by  two  quadratures,  and  then  K{g)  from  B{g).  As  these  values 
satisfy  (34),  our  family  is  a  family  of  stream  lines.  We  may  express 
this  analytic  solution  of  our  problem  in 

Lemma  2.  A  necessary  and  sufficient  condition  for  the  family 
of  curves  g(x,  y)"‘C  to  be  a  family  of  stream  lines  is  that  Atg/  Aig 
be  a  linear  function  of  1/  dig  along  each  curve  of  the  family. 

This  condition  may  be  immediately  translated  into  geometric 
form.  For,  by  (7)  and  (10),  Lemma  2  is  equivalent  to 

Theorem  Vin.  A  necessary  and  sufficient  condition  for  a  given 
family  of  curves  to  be  a  family  of  stream  lines  is  that  the  sum  of  the 
normal  derivative  of  the  distance  function  with  reference  to  the  given 
family  {taken  in  the  direction  towards  the  center  of  curvature)  and 
the  product  of  the  distance  function  and  the  curvature  be  a  linear 
function  of  the  square  of  the  distance  function  along  each  curve  of 
the  family. 

The  corresponding  equation  is 

N  D{g)+eD/p~A{g)  +  B{g)[D{g)\‘.  (37) 

5.  Application  to  special  families.  We  shall  now  apply  the 
results  just  obtained  to  determine  when  a  family  of  curves  of  given 
type  may  be  stream  lines.  We  begin  with  the  family  of  straight 
lines  (14),  We  find  for  them 

I  _  F*  _  {A'x+B'y+Cy 
Atf~F*+F,*  ■ 

Our  condition  is  that  (15)  be  linearly  dependent  on  (38)  along  each 
curve  of  the  family.  This  will  be  true  if 

AyfByfC/ ^  ^ B'y+cy,  (39) 

A'x+B'y+C' 

where  P  and  Q  are  constant  along  each  curve  of  the  family.  If 
i4^0,  by  using  (14),  we  may  write  this  in  the  form 

iAB"-BA")y+AC"-CA'' 

{AB'-BA')y+AC  -CA' 


P+^[{AB'-BA')y+AC'-CAy 


FRANKLIN 


This  can  only  be  so  when  Q^O  if 

AB'-BA'~0.  (41) 

But  in  this  case,  as  well  as  if  (2“0i  (40)  reduces  to  the  condition 
that  (16)  be  constant,  i.e.,  to  (17)  or  (18).  As  the  only  effect  of 
the  additional  condition  (41)  is  to  insure  that  we  have  (17),  we 
may  finally  conclude  that  (40)  will  hold  if  and  only  if  (19)  does, 
giving 

Theorem  IX.  The  only  families  of  straight  lines  admissible  as 
stream  lines  are  linear  families,  i.e.,  either  the  straight  lines  through 
a  point,  or  a  family  of  parallel  lines. 

For  the  concurrent  lines,  the  motion  is  necessarily  irrotational, 
while  for  the  parallel  lines,  it  may  or  may  not  be,  owing  to  the 
indetermination  in  this  case,  one  of  the  exceptional  cases  of 
Theorem  -VII. 

We  next  consider  when  the  family  of  circles  (20)  may  correspond 
to  stream  lines.  We  find  for  them 

1  _(A'i^+Ay+2B'x+2cy+iy)' 

Aj”  4(Ax-|-B)*+4(Ay+0* 

_  (A'**+Ay+2B'*-|-2C'y+D0* 
4{B*-^C'-AD) 

TTie  second  form  is  found  by  using  (20).  Our  condition  is  that  (21) 
be  linearly  dependent  on  (42)  along  each  curve  of  the  family. 
This  will  be  true  if 

A"x*+A'y+2B”x+2C"y+D'' 

A'x*+A*  y^+2B’  X+2C'  y+D'  (43) 

-  P+(2(A'**+ A  V+2B'*+2C'y+£)0*. 

where  P  and  Q  ar§  constant  along  each  curve  of  the  family.  If 
A  is  identically  zero,  the  family  reduces  to  the  straight  lines  already 
treated;  if  not,  in  some  region  we  have  .4  ^0,  and  we  may  write 
the  equation  (43)  in  the  form 

2(AB”-A''B)x+2(AC'-A''C)y+AD"-A"D 

2(AB'  -A'B)x+2iAC  -A'Qy-^-AD'  -A'D  (44) 

l2iAB'-A'B)x-i-2iAC-A'C)y+AD'-A'DJ‘. 

A* 
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U  Q^O,  this  can  only  be  so  if  (23)  holds;  while  if  Q—O  we  mxist 
have  (23)  or  (24).  Thus  we  may  conclude  that  (44)  will  hold  if 
and  only  if  (25)  holds,  giving 

Theorem  X.  The  only  families  of  circles  admissible  as  stream 
lines  are  linear  families,  i.e.  the  circles  are  either  concentric  or  coaxial. 

For  the  coaxial  circles,  the  motion  is  necessarily  irrotational, 
while  for  the  concentric  circles,  it  may  or  may  not  be,  owing  to 
the  indetermination  in  this  case,  one  of  the  exceptional  cases  of 
Theorem  VII. 

A  result  for  stream  lines  which  are  parallel  curves,  analogous  to 
Theorem  V,  has  already  been  proved  in  connection  with  Theorem 
VII.  We  restate  it  here  as 

Theorem  XI.  The  only  families  of  parallel  curves  admissible  as 
stream  lines  are  straight  lines  or  circles,  i.e.,  families  of  parallel 
lines,  or  concentric  circles. 

As  the  stream  function  for  an  irrotational  motion  is  a  harmonic 
function,  it  was  to  be  expected  that  the  classes  of  circles  and 
straight  lines  here  found  would  include  those  found  in  section  3. 
We  would  not  have  been  able  to  predict  that  the  classes  of  curves 
would  be  identical,  however. 

6.  Equipotential  lines  on  curved  surfaces.  Prom  the  intrinsic 
nature  of  the  results  of  section  2,  we  would  expect  them  to  carry 
over  to  equipotential  lines  on  curved  surfaces.  Let  there  be  a 
curved  surface,  whose  arc  length  in  terms  of  its  parameters  u 
and  V  is 

dj*  “  Edw* + 2Fdu  dv-fCdv*.  (45) 

As  all  our  operations  are  confined  to  the  surface,  it  is  immaterial 
whether  we  think  of  it  as  a  Riemann  two-space,  as  a  surface  in 
«-dimensional  Riemann  space,  or  an  ordinary  curved  surface  in 
Euclidean  three  space.  As  any  surface  (45)  is,  im  klienen,  applicable 
to  one  of  the  third  kind,  there  is  no  real  loss  of  generality  in  con¬ 
fining  our  attention  to  this  case. 

A  family  of  equipotential  lines  on  this  surface  is  given  by 

<^(«,  t»)*Ar, 


(46) 
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A  A.  1  a  I  j  ,  a  I  ^  I 

1  aX-R-J  +A—H—J 1 

fi^y/EG-F*. 

If  the  family  are  given  by  a  second  function  p{u,  v)^c,  we  shall 
have 

<f»iu,v)~Pip).  (48) 

On  writing’ 


— 


and  substituting  (48)  in  (47)  we  find: 

A,P-  P"(p)  A,p+P’{p)  Atp.  (50) 

As  this  is  of  the  same  form  as  (4),  by  the  reasoning  applied  to  it, 
we  establish  the  generalizations  of  Theorem  I  and  Lemma  1. 

Theorem  XII.  A  given  set  of  curves  admissible  as  equipotential 
lines  on  a  curved  surface  determines  the  corresponding  function  to 
within  a  linear  transformation. 

Lemma  3.  A  necessary  and  sufficient  condition  for  the  family 
of  curves  on  a  curved  surface  p{u,  v)^c  to  be  a  family  of  equipo¬ 
tential  lines  is  that  Atp/  Aip  be  constant  along  each  curve  of  the 
family.* 

To  obtain  the  geometric  form  of  this  condition,  we  define  the 
normal  derivative  of  a  function  with  reference  to  our  given  family 
as  the  directional  derivative  of  the  function  in  the  surface  and 
normal  to  our  given  family.  If  the  function  is  w{u,  v),  its  maximxun 
directional  derivative  will  be  n/  and  in  a  direction  making 
an  angle  6  with  the  normal  to  ti;(i«,  v)  »c,  the  directional  derivative 

*  Eiaenhart,  1.  c.,  p.  89. 

V  Eiaenhart,  I.  c.  p.  84. 

*  This  is  essentially  the  theorem  on  p.  96.  Eiaenhart,  I.  c. 
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will  be  COS  Aiti/.*  But  for  the  angle  between  r) 
p{u,  at  their  intersection  we  have“ 

-  Ai(p,  w) 

nrya  As  _ ULl 1 _ 


Consequently,  the  normal  derivative  as  we  have  defined  it  is 


N{w)  *  cos  Ss/  Aiir”  ~r==“'  (52) 

V  Alp 

We  define  the  distance  function  by 

Dip)^l/N(p)-l/\/J^  (53) 

This  is  analogous  to  (7),  and  the  geometric  meaning  is  the  same 
as  that  for  the  plane  case. 

•  Finally  we  recall  the  expression  for  the  geodesic  curvature'*  of 
the  curve  p{u,  r)*  const.  It  is 


where  e  is  plus  or  minus  one  according  as  p{u,  v)  increases  or 
decreases  as  we  move  towards  the  concave  side. 

From  (62),  (53)  and  (54)  there  results  the  analogue  of  (10) 

N[Dip)]+eD/p,~  -  A,p/  Alp.  (55) 

From  this  and  Lemma  3  we  have 

Theorem  XUI.  A  necessary  and  sufficient  condition  for  a  given 
family  of  curves  on  a  curved  surface  to  be  a  family  of  equipotential 
lines  is  that  the  sum  of  the  normal  derivative  of  the  distance  function 
with  reference  to  the  given  family  {taken  in  the  direction  of  con¬ 
cavity)  and  the  product  of  the  distance  function  and  the  geodesic 
curvature  be  constant  along  each  curve  of  the  family. 

*Eiaenhart,  1.  c.,  pp.  83,  84. 

*  ^*Eiaenhart,  1.  c.,  p.  86. 

u  Bisenhart,  1.  c.,  p.  135. 
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7.  ApplicRtioii  to  qiecial  families.  As  the  direct  process  used 
in  sections  3  and  5  becomes  complicated  for  families  on  a  ctirved 
surface,  we  must  resort  to  an  indirect  procedure.  We  first  inquire 
when  a  family  of  lines  on  a  curved  surface  which  are  parallel  may 
be  a  family  of  equipotential  lines.  Since  the  curves  are  parallel, 
the  distance  function  will  be  constant  along  each  curve,  and  also 
its  normal  derivative  will  be  constant  along  each  curve.  Thus 
from  Theorem  XIII,  we  see  that  the  curves  must  be  of  constant 
geodesic  curvature.  But  as  these  curves  are  parallel,  their  ortho¬ 
gonal  trajectories  are  geodesics,  and  as  these  are  necessarily  also 
equipotential,  the  surface  is  applicable  to  a  surface  of  revolution, 
with  these  lines  as  parallels,  and  the  orthogonal  geodesics  as 
meridians.**  If  there  were  two  such  systems,  since  the  surface 
could  be  deformed  on  itself  along  two  systems  of  curves,  any 
point  would  be  applicable  to  any  other  point,  and  it  would  be  of 
constant  curvature.  Thus  we  have  established 

Theorem  XIV.  The  only  families  of  parallel  curves  on  a  curved 
surface  admissible  as  equipotential  are  curves  of  constant  geodesic 
curvature.  There  are  no  such  systems  unless  the  surface  is  applicable 
to  a  surface  of  revolution,  and  then  only  one  such  system  unless  the 
surface  is  one  of  constant  total  curvature. 

We  may  treat  the  case  in  which  our  family  are  geodesics,  by 
recalling  that  if  the  curves  of  an  equipotential  family  have  con¬ 
stant  geodesic  curvature,  their  orthogonal  trajectories  are  an 
equipotential  family  with  the  same  property.**  Consequently,  if 
the  curves  are  geodesics,  or  of  zero  curvature,  their  orthogonal 
trajectories  are  parallel,  and  by  Theorem  XIV  we  have: 

Theorem  XV.  The  only  families  of  geodesics  on  a  curved  surface 
admissible  as  equipotential  are  the  orthogonal  trajectories  of  curves 
of  constant  geodesic  curvature.  There  are  no  such  systems  unless 
the  surface  is  applicable  to  a  surface  of  revolution,  and  then  only 
one  such  system  unless  the  surface  is  one  of  constant  total  curvature. 

The  property  just  quoted  also  proves 

Theorem  XVI.  The  only  families  of  curves  of  constant  geodesic 
curvature  on  a  curved  surface  admissible  as  equipotential  are  the 

U  Eiaenhart,  1.  c.,  ex.  9,  p.  209  based  on  p.  206. 

UBisenhart,  I.  c.,  ex.  9,  p.  140  based  on  pp.  134,  137. 
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orthogonal  trajectories  of  families  of  curves  of  constant  geodesic 
curvature.  There  are  no  such  families  unless  the  surface  is  appli¬ 
cable  to  one  of  special  type. 


8.  Stream  lines  on  curved  surfaces.  We  now  consider  the 
steady  streaming  of  a  perfect  fluid  in  a  two-dimensional  force 
field,  on  a  curved  surface  with  arc  element  given  by  (45). 
Using  Lagrangian  coordinates,  we  find  the  analogues  of  Euler’s 
equations.** 


In  these  equations 

(57) 


and  the  subscripts  on  T  indicate  partial  derivatives  taken  with 
u,  V,  u'  and  v'  as  independent  variables.  As  in  section  4,  p  is  the 
density,  and  p  is  the  pressure,  while  u'^dujdt,  v'^dvjdt  are  the 
generalized  velocity  components,  and  (/,  V  are  the  generalized 
forces.  If  the  fluid  is  incompressible,  the  density  p  will  be  con¬ 
stant,  and  the  equation  of  continuity  reduces  to 


b{Hu')  ^  a(//pO 
du  dv 


(58) 


h^veg-p. 


If  the  force  field  is  conservative  in  the  surface,  we  shall  have 

dU  dV 
dv  du 

Cf.  Appell,  I.  c.,  pp.  348f,  SOSf. 


0. 


(59) 
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We  now  apply  the  condition  of  integrability  for  p  to  (56),  and 
taking  account  of  (58)  and  (59),  write  it  in  the  form 

a«l//L  dv  du  Jj 

(60) 

,  a  j  1  rd(Eu'-hFv')  d{Fu^-\-Gv’)'[  1 

arl//L  ar  a«  Jj 


But,  by  (58)  there  exists  a  function  /(m,  v)  such  that 

a//att -//»',  a//ar (6i) 

The  curves  /(«,  t»)=c  are  the  stream  lines,  since  they  are  every¬ 
where  tangent  to  the  velocity  direction.  On,  recalling  (47),  we 
may  write  (60)  in  terms  of  /(u,  v)  in  the  form 

a//a»  a/a«(  a^/) — a//a«  a/a»(  a^/)  *  o.  (62) 

As  this  expresses  the  vanishing  of  the  Jacobian  of  /  and  A^/,  it 
is  equivalent  to 

V*  A'(/).  (63) 


Since  /  is  constant  along  a  stream  line,  Ai/  is  also. 

We  may  identify  this  with  the  theorem  of  Helmholtz  as  in 
section  4,  by  recalling  that  the  circulation  along  a  closed  curve  is 
the  line  integral  of  the  tangential  velocity  component,  i.e.. 


+ Fv')du  -f  (Fu ' +Gv')dv 


+Fv')  d{Fu'+Gv') 


Bu 


dudv 


(64) 


But  we  also  have** 


J  j  Atf  Hdudv^JJ  AtfdS. 
C~2jja^, 


(65) 


where  U,  is  the  projection  of  the  rotation  on  the  normal  to  the 
'•Appell,  1.  c.,  p.  398. 
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surface.  Hence,  since  we  are  assuming  our  functions  continuous, 
we  may  identify  20,  and  A^f,  obtaining 

Theorem  XVll.  For  the  steady  streaming  of 'a  perfect,  incom¬ 
pressible  fluid  in  a  two-dimensional  conservative  force  field,  on  a 
curved  surface,  the  projection  of  the  rotation  on  the  normal  to  the 
surface  is  constant  along  a  stream  line. 

Suppose  we  have  a  family  of  stream  lines  on  our  surface  given 
by/(«,  v)^k,  where  /  is  the  stream  function.  It  will  satisfy  (63). 
If  the  family  is  given  by  some  other  function,  p(u,  »)=c,  we  shall 
have: 

f(u,v)~P{p).  (66) 

On  substituting  (66)  in  (63),  we  find  (c/,  (50)), 

P"(p)  A.p+P'(/>)  A,p-  K{P{p)  )  -  Lip).  (67) 

As  this  is  of  the  same  form  as  (34),  by  the  reasoning  applied  to  it, 
and  Theorem  XIV,  we  obtain  the  generalization  of  Theorem  VII. 

Theorem  XVin.  A  given  set  of  curves  on  a  curved  surface  admis¬ 
sible  as  stream  lines  determines  the  corresponding  stream  function  to 
within  a  linear  transformation,  and  hence  the  fluid  motion  to  within 
a  factor  of  proportionality  in  the  velocities,  unless  the  surface  is 
applicable  to  a  surface  of  revolution,  with  the  given  family  corre¬ 
sponding  to  the  parallels. 

As  before,  we  conclude  that  in  the  exceptional  case  any  func¬ 
tion  with  the  given  curves  as  level  lines  may  be  used  as  a  stream 
fimction.  Also  in  this  case  the  velocity  is  constant  along  a  stream 
line,  and  this  can  only  be  true  in  the  exceptional  case. 

We  find  as  the  generalization  of  Lemma  2, 

Lemma  4.  -A  necessary  and  sufficient  condition  for  the  family 
of  curves  on  a  curved  surface  p(u,  ^^c  to  be  a  family  of  stream  lines 
is  that  Atp/ Alp  be  a  linear  function  of  1/  Aip  along  each  curve 
of  the  family. 

Using  (55),  we  may  write  this  condition  in  the  form 

N[D(p) ]^eD/p, *  A  (p) -H B(p) [Dip) ]*.  (68) 

This  gives 

Theorem  XIX.  A  necessary  and  sufficient  condition  for  a  given 
family  of  curves  on  a  curved  surface  to  be  a  family  of  stream  lines  is 


that  ikt  swn  of  tiu  normal  derivative  of  the  distance  function  with 
reference  to  the  given  family  (taken  in  the  direction  of  concavity)  and 
the  product  of  the  distance  function  and  the  geodesic  curvature  be  a 
linear  function  of  the  square  of  the  distance  function  along  each 
curve  of  the  family. 


9.  .^)plicAtkm  to  tpecial  families.  The  argument  given  in 
section  7  for  equipotential  lines  on  curved  surfaces  to  prove 
Theorem  XIV  applies  equally  well  to  stream  lines,  using  Theorem 
XIX  in  place  of  Theorem  XIII.  We  thus  establish 

Theorem  XX.  The  only  families  of  parallel  curves  on  a  curved 
surface  admissible  as  stream  lines  are  curves  of  constant  geodesic 
curvature.  There  are  no  such  systems  unless  the  surface  is  applica¬ 
ble  to  a  surface  of  revolution,  and  then  only  one  such  system  unless 
the  surface  is  one  of  constant  total  curvature. 

These  are  the  cases  of  indetermination  of  Theorem  XVIII. 

The  determination  of  families  of  stream  lines  of  constant 
geodesic  curvature  is  not  as  simple  as  the  corresponding  problem 
for  equipotential  lines,  and  we  shall  not  enter  into  it  here,  beyond 
noting  that  such  systems  do  not  exist  in  general,  but  only  if  the 
surface  is  applicable  to  one  of  special  type.  This  type  does  not 
seem  to  be  easy  to  characterize  geometrically. 


ON  THE  CONDITIONS  OF  VALIDITY 
OF  MACROMECHANICS* 

By  M.  S.  Vallabta 

In  recent  papers,  De  Broglie'  and  Schrddinger*  have  devel¬ 
oped  a  remarkable  theory  of  atomic  dynamics  based  upon  the 
conception  that  mechanics  is  fundamentally  subject  to  the  laws 
of  wave  phenomena,  the  dynamics  of  small-scale  systems  (micro- 
mechanics)  being  related  to  that  of  large-scale  models  (macro¬ 
mechanics)  in  much  the  same  way  as  wave  optics  is  connected 
with  geometrical  optics. 

As  is  well  known,  the  dynamical  trajectories  in  macromechanics 
are  the  orthogonal  curves  to  the  surfaces  of  constant  action.  In 
micromechanics,  as  we  shall  see,  the  rays  may  be  defined  as  the 
curves  orthogonal  to  the  equiphase  surfaces.  It  becomes  of  some 
interest  to  investigate  under  what  conditions  the  equiphase  sur¬ 
faces  coincide  with  the  surfaces  of  constant  action  and,  therefore, 
it  is  possible  to  determine  the  dynamical  trajectories  by  the 
methods  of  classical  mechanics.  In  this  paper  we  intend  to  show 
that  macromechanics  (geometrical  optics)  coincides  with  micro¬ 
mechanics  (wave  optics)  when :  (a)  the  frequency  of  the  associated 
wave  becomes  infinite  or,  what  amounts  to  the  same,  Planck’s 
constant  vanishes;  or  (b)  the  “medium”  (field)  in  which  the 
wave  propagates  is  homogeneous.  Condition  (o)  is  embodied  in 
Bohr’s  Correspondence  Principle  and  has  also  been  studied  in 
Optics.  Condition  (6)  leads  to  the  conclusion  that  the  failure  of 
macromechanics,  in  the  atom  must  be  definitely  traced  to  the 
non-homogeneous  force  field. 

The  close  relationship  between  Newtonian  dynamics,  as  devel¬ 
oped  by  Hamilton  and  Jacobi,  and  geometrical  optics,  as  embodied 

•Presented  at  the  American  Physical  Society,  New  York,  February  28, 
1927. 

good  resume  of  De  Broglie’s  work  will  be  found  in  his  paper  "Les 
principes  de  la  nouvelle  mtouiique  ondulatoire,”  Journal  de  Physique,  Vol.  7, 
p.  321,  November,  1926. 

*  Schrddinger’s  fundamental  contribution  is  found  in  his  "Quantisierung 
als  Bigenwertproblem”  (II  Mitteilung),  Annalen  der  Physik,  Bd.  79,  p.  489, 
1926. 
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in  Fermat’s  principle,  was  discovered  by  Hamilton  himself.*  Thus 
all  of  geometrical  optics  is  contained  in  Fermat’s  principle 

(I) 

JA  V 

vix,y,x)  being  the  velocity  of  light,  defined  through  the  index  of 
refraction  n{x,  y,  z).  Thus  (1)  determines  the  path  of  a  light-ray 
between  two  fixed  points  A  and  B  in  a  non-homogeneous  medium. 
All  of  Newtonian  dynamics,  on  the  other  hand,  is  contained  in 
Hamilton’s  principle,  which  for  conservative  holonomic  systems  of 
energy-constant  E  can  be  written 

I  V2(E-  V)ds - 0,  (2) 

Jh  J  A 

T  being  the  kinetic  energy  and  V (x,  y,  z)  the  potential  energy, 
to  and  ti  are  the  times  at  which  the  system  goes  through  A  and 
B,  respectively.  Equation  (1)  can  be  transferred  to  (2),  and 
conversely,  by  writing  the  optico-mechanical  relation. 

E 

P~-  (3) 

or 

--v^2(£-V).  (30 

The  problem  of  determining  the  motion  of  a  dynamical  system 

is  therefore  equivalent  to  finding  the  path  of  light  in  an  inhomo¬ 
geneous  medium,  and  conversely  the  trajectory  of  a  light-ray  can 
be  found  by  solving  (2)  for  the  path  of  a  dynamical  model,  the 
potential  energy  of 'which  is  given  by  (3)  or  (30.  The  suggestion 
is  immediate  that  a  mass-point,  for  instance,  moves  in  a  force  field 
as  it  would  in  an  inhomogeneous  medium  of  suitable  properties. 
This  remark  finds  its  direct  expression  in  general  relativity  where 
for  example  motion  in  a  gravitational  field  is  substituted  by  free 
motion  in  a  non-Euclidean  space,  and  the  highly  artificial  notion 
of  potential  energy  is  discarded. 

•See  for  example  the  references  in  Whittaker’s  "Analytical  Dynamics,” 
p.  288,  Cambridge,  1917. 
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It  was  shown  by  Hamilton  and  later  by  Bruns*  that  the  solu¬ 
tion  of  the  variational  problem  (1)  can  be  reduced  to  finding  a 
function  i/r  which  satisfies  the  equation 

(4) 

r*  JA  V 

The  path  of  light  is  then  given  by  the  orthogonal  trajectories  to 
the  family  of  surfaces  i/»«const.,  by  Likewise  in  the 

mechanical  problem  the  trajectory  is  orthogonal  to  the  family 
S— const.,  where  S(x,  y,  r)  is  a  solution  of  the  Hamilton- Jacobi 
equation 

(75)* - 2(£-  VO^  S- ^  v'2(£-  V)ds.  (5) 

It  is  well  known  that  geometrical  optics  gives  results  in  accord¬ 
ance  with  experiment  only  so  long  as  the  medium  is  homogeneous 
or  so  long  as  the  dimensions  of  the  optical  system  are  large  com¬ 
pared  with  the  wave-length  of  the  light  used.  Otherwise  inter¬ 
ference  phenomena  take  place  and  we  find  light  where  according 
to  Fermat’s  principle  there  should  be  none,  and  conversely.  Thus 
a  physicist  acquainted. only  with  geometrical  optics,  who  had  no 
knowledge  of  the  hypothesis  that  light  is  a  wave  phenomenon, 
would  find  all  his  optical  experiments  in  agreement  with  his  theory 
so  long  as  he  operated  with  continuous  homogeneous  media  or 
with  large  models,  but  when  he  came  to  work  with  non-homoge- 
neous  media  or  small  models  he  would  be  unable  to  make  his  theory 
agree  with  his  experiments.  He  would  thus  conclude  in  the  sense 
of  a  breakdown  of  his  theory. 

Precisely  the  same  thing  occurs  when  we  apply  classical  Newton¬ 
ian  mechanics  to  the  atom.  It  is  known  since  Planck  and  forcibly 
brought  to  the  fore  by  Bohr’s  theory  and  its  developments  that 
Newtonian  mechanics,  even  when  supplemented  by  entirely 
foreign  notions  such  as  the  quantum  conditions,  is  unable  to 
account  for  electronic  motions  in  the  atom.*  Now  in  geometrical 

*See  an  article  by  P.  Klein  in  Zeitschrift  fOr  Mathematik  und  Mechanilc. 
Bd.  46,  1901  or  in  Klein’s  "Gesammelte  mathematiache  Abhandlungen,’* 
Vol.  2,  p.  603. 

*  Throushout  this  paper  Gibbs’  vector  notation  will  be  used. 

*  Bom,  ‘’Problems  of  Atomic  Dynamics,"  p.  60,  Cambridge,  Mass.,  1926. 
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optics  all  the  difficulties  connected  with  the  study  of  non-homo- 
geneous  media  or  with  small-scale  systems  are  removed  if  only  the 
hypothesis  is  made  that  light  is  a  wave.  Now,  the  fimdamental 
property  of  a  wave  is  that  it  carries  with  it  energy  and  momentum 
and  such  is  also  the  fundamental  physical  property  of  a  moving 
particle.  Hence  De  Broglie’s  suggestion  that  matter  is  a  form  of 
wave  motion.  Perhaps  then  all  the  difficulties  connected  with  the 
study  of  small  systems  will  be  removed.  The  theory  acquires 
extraordinary  significance,  if,  once  the  wave-length  of  the  wave 
associated  with  the  electron  is  calculated,  it  is  shown  that  this 
wave-length  is  of  the  order  of  magnitude  of  the  dimensions  of  the 
atom  itself.  Such  is  Schrodinger’s  essential  remark.  If  then  the 
electron  is  a  form  of  wave,  and  the  trajectory  of  this  wave  in  the 
atom  (in  the  precise  sense  to  be  given  to  this  expression  later)  is 
calculated  by  Newtonian  mechanics,  it  cannot  be  expected  that 
this  path  will  agree  with  experimental  data.  The  reason  for  the 
breakdown  of  Newtonian  dynamics  when  applied  to  the  atom 
thus  becomes  evident. 

Before  proceeding  we  will  set  a  few  definitions.  By  macro¬ 
mechanics  we  understand : 

(a)  Newtonian  mechanics. 

(fe)  Relativistic  mechanics,  including  its  geometrical  inter¬ 
pretation  in  general  relativity.  The  mechanics  of  restricted  rela¬ 
tivity  in  the  Hamiltonian  form  are,  at  least  formally,  identical 
with  Newtonian  dynamics.’ 

By  mtctomechanics  we  understand: 

(o)  Matrix  mechanics  (Heisenberg,  Bom,  etc.). 

(b)  Wave  mechanics  (De  Broglie,  Schrbdinger). 

As  shown  by  Sc^irfidinger,*  matrix  and  wave  mechanics  are 
identical  from  the  mathematical  viewpoint,  but  of  course  entirely 
different  in  their  conceptual  significance. 

In  the  same  way  that  Hamilton  wrote  the  relation  (3),  enabling 
us  to  go  over  from  macromechanics  to  geometrical  optics,  De 
Broglie  and  Schrodinger  have  established  relations  between  the 
fundamental  parameters  of  a  wave  and  the  parameters  determin- 

^See  for  example  Sommerfetd's  "Atombau  und  Spektrallinien,”  p.  826, 
Braunschweig,  \WA. 

S  E.  SchrOmnger,  Annalen  der  Physik,  Bd.  79,  p.  734,  1926. 
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ing  a  (conservative)  mechanical  system.  In  other  words,  it  is  as¬ 
sumed  that  the  motion  of  any  system  may  be  represented  by  the 
motion  of  a  wave.  Whether  this  wave  is  merely  a  representation 
or  whether  it  has  actual  physical  existence  is  a  question  for 
experimental  physics  to  answer,*  Since  we  are  concerned  only 
with  boimded  systems  in  the  steady  state,  none  but  strictly 
periodic  waves  can  come  into  consideration.  If  for  simplicity  we 
should  tentatively  consider  sinusoidal  waves  first,  then  prominent 
among  the  wave  parameters  are  the  frequency  and  the  phase 
velocity.  Likewise,  prominent  among  the  parameters  of  a  con¬ 
servative  mechanical  system,  are  the  energy  and  the  momentum. 
For  simplicity  we  restrict  our  consideration  to  a  moving  mass- 
point.  Following  De  Broglie  we  write  the  relations 

E-hv,  />-£.  (6) 

f 


h  being  a  constant  and  v  the  frequency.  The  wave  length  is  then 
defined  by 

Xp-p.  (7) 


The  second  relation  (6)  is  a  generalization  of  the  optico-mechanical 
relation  already  noted.  It  will  be  shown  presently  that  v 
defined  by  (6)  is  the  phase  velocity. 

A  particular  type  of  wave  equation  is 


V*N - - 

®*dF 


■0, 


(8) 


V  being  a  real  fimction  of  the  coordinates  x,  y,  z.  More  general  types 
of  such  equations  may  be  considered  later. 

For  a  sinusoidal  wave  the  function  u  may  be  written^ 

exp[2Tri(vi-\-<f>)]  (9) 

where  A  is  a  constant  and 

y,  2) +*’?(*.  y.  a)  (*»>/- 1).  (10) 

*  Evidence  for  the  second  alternative  is  furnished  by  the  experiments  of 
C.  Davisson.  Nature,  1926. 

*I  am  indebted  for  this  remark  to  Prof.  William  S.  Franklin. 

**  The  constant  2v  is  necessary  if  the  angles  ti  and  4*  are  measured  in  radians. 
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The  function  u  given  by  (9)  is  then  a  solution  of  (8)  provided  that 
<f>  satisfies  the  equation  (obtained  by  substituting  (9)  in  (8)  and 
performing  the  indicated  operations) 

-4ir«(V<^)*-|-2ir*V»<^+^^-0.  (11) 

B* 

By  (10)  this  may  be  written 

-4ir«I(vft*-(Vil)*J-27rV*i7+-^-0 


-8tf«vf  •  Vi7+27rV*f-0. 


If  we  now  place 


(9)  may  be  written 


a~Ae-^, 

V 


U"*a(x,  y,  z)  cos  2irv(/— i^)  (14) 

where  a  and  are  real  functions  of  (x,  y,  x).  The  equiphase  stu*- 
faces  are  the  family  i/»(*,  y,  z)— const.  Since  »  is  a  function  of 
(x,  y,  z),  but  not  of  direction  (otherwise  stated  since  we  are  dealing 
with  inhomogeneous  isotropic  wave  propagation),  the  rays  may 
be  defined  as  the  orthogonal  trajectories  to  the  equiphase  sur¬ 
faces.  We  now  have,  by  the  second  of  (13) 

(74,)*-i.(vft*.  (15) 

Finally  the  phase  velocity  Vp  will  be  defined  as  the  velocity  with 
which  an  observer  must  move  along  a  ray  so  as  to  see  the  wave 
always  at  the  same  phase,  that  is, 


It  follows  that 


1,  — L-_J_ 

^  V’(v^)* 

dr 

Ja  Vp  Vp' 
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We  now  prove  that  the  phase  velocity  defined  by  (16)  is  identical 
with  the  velocity  v  defined  by  the  second  of  (6).  Comparing  (17) 
with  (4)  it  is  readily  seen  that  the  phase  velocity  v,  plays  the  part 
of  the  velocity  v  in  Fermat’s  principle,  which  latter  is  defined  in 
terms  of  the  refractive  index,  and  the  phase  angle  i/t  the  part  of 
Bruns’  “Eikonal”  function.  Further  it  is  seen  from  the  optico- 
mechanical  relation  (3)  that,  by  (6),  with  v^v,,  i.t.,  if  macro¬ 
mechanics  is  valid. 


Except  for  a  proportionality  factor  Bruns’  "Eikonal”  function  is 
identical  with  Hamilton’s  action  function  and  also,  by  (13),  with 
the  function  ^  of  (10).  But  from  (18)  we  have,  by  (16) 


dr  E  v' 


(19) 


which  is  identical  with  the  second  of  (6). 

SchrOdinger  determines  his  wave  equation  in  such  a  way  that 
v^Vp.  This  restriction  is  of  course  not  necessary  in  order  to  have 
a  wave  theory  of  mattCT,  although  it  may  be  to  obtain  the  cor¬ 
rect  characteristic  values  of  the  wave  equation.  The  problem  to 
be  now  investigated  then  becomes  this: 

Under  what  conditions  is  it  possible  to  determine  the  equi- 
phase  surfaces  and  therefore  also  the  rays  by  means  of  either  of 
the  two  equivalent  equations, 

W-A'  (VS)*-2(E-V0.  (20) 

tr 


It  might  be  proper  to  note,  before  proceeding  with  the  analysis 
of  this  question,  that  any  variational  problem 


y,  »,  X,  y,  *)df—0 


can  be  solved  in  two  ways:  Either  through  the  Euler  equations 


d(dj\  df 


n 


At/* 
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or  through  the  Hamilton-Jacobi  equation 

(vF)*-y»  F- 

In  macromechanics  the  former  are  the  familiar  Lagrange  equa¬ 
tions  and  the  latter  the  Hamilton-Jacobi  eqmtion.  In  the  first 
method,  the  trajectories  orthogonal  to  the  surfaces 

F.jy, 

are  obtained  directly  in  the  form  of  parametric  equations  /(l) 
and  the  surfaces  themselves  are  then  obtained  by  integration. 
These  trajectories  f(t)  are  known  to  be  the  mechanically  possible 
paths  followed  by  the  moving  mass-point.  In  the  second  method 
the  surfaces  F{x  y  2)  “  const,  are  obtained  directly  and  the  orthog¬ 
onal  trajectories  /  are  then  obtained  by  taking  the  gradient  VF. 
This  is  the  geometrical  meaning  of  Jacobi’s  celebrated  theorem 
and  sheds  a  clear  light  on  the  relationship  between  the  Lagrangean 
and  the  Jacobian  methods  in  macromechanics.  Use  will  be 
made  of  this  remark  later. 

By  the  second  of  (13)  we  may  write  (12)  as  follows: 

1 

-2Tr(Vi/»)*-f-(2ir(Vi7)*-V*i;]-h  _-0 

I/*  v* 

2trVi(»-VT7-Vh/»-0 

and  in  order  that  (Vi^)*—!/®*  we  must  have 
either  (a) 

2ir(VT7)*-V»i/  (22) 

or  (6) 

I/- «  (23) 

satisfied.  Either  condition  is  sufficient.  The  necessary  and  suffi¬ 
cient  condition  is  then  that  there  exist  a  family  of  equiphase 
surfaces  const,  which  satisfy  the  equation  (20)  (ri/»)*  — l/c*. 
The  condition  (22)  may  be  expressed  in  another  form  which  lends 

The  writer  is  indebted  for  this  important  remark  to  a  conversation  with 
Dr.  D.  J.  Struik. 
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itself  more  readily  to  direct  interpretation.  From  the  first  of 
(13)  we  have 

V*a  « [ — 2srV*i7 + 4ir*(Vi7)*l  a 

and  therefore  since  a^O  for  any  non- vanishing  solution  of  the 
wave  equation  (8),  the  condition  (22)  may  also  be  written 

V*a«0.  (24) 


It  remains  now  to  establish  some  of  the  consequences  of  (a)  and 
(b)  and  to  investigate  their  physical  meaning. 

A  possible  solution  of  (22)  is  obviously  17 —  const.  Equations 
(21)  then  become, 


(25) 


and  it  follows  from  a  known  theorem  of  piotential  theory  that  these 
two  equations  are  consistent,  for  it  is  always  possible,  provided 
the  function  v  satisfies  very  general  conditions  which  have  to  be 
assiuned  for  physical  reasons,  to  find  a  solution  of  Laplace’s 
equation  satisfying  the  boundary  condition  — 1/v  on 
const.'* 

We  now  show  that  (25)  are  precisely  the  equations  of  macro¬ 
mechanics  for  motions  in  free  space.  Equations  (25)  can  also  be 
written 


(VS)*-2(£-V0 

V*5-0 


(26) 


the  first  of  (26)  is  the  Hamilton-JacoW  equation,  and  that  the 
action  function  5  of  macromechanics  satisfies  the  second  of  (26) 
is  readily  seen  from  its  definition 

iS-  f‘\E-V)dt. 

V*S— 0  follows  frcHn  the  fact  that  the  potential  energy  fimction 
V{x,  y,  z)  satisfies  the  Laplace  equation  everywhere  in  free  space. 
For  motions  in  free  space  Newtonian  macromechanics  therefore 
correspond  to  the  case  17— const,  or  a  — const. 

uSee  for  example  Bieberbach’s  "DifTerentialgleichuiigen,"  p.  330,  Berlin. 
1926. 
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For  any  other  solution  y,  s)  of  (22)  or  a(x,  y,  x)  of  (24), 
equations  (21)  become,  analogously, 

(VS)*-2(£-V) 

V*S-2ir£VS-VT; 


The  second  of  (27)  would  then  be  analogous  to  Poisson's  eqxiation. 
Equations  (27)  are  then  the  macromechanical  equations  of  motion 
in  a  region  enclosing  matter. 

TTie  physical  meaning  of  the  condition  (24)  V*a—0  will  now  be 
examined.  It  is  well  known  from  general  theorems  of  potential 
theory  that  if  a  is  harmonic  and  regular  everywhere  within  any 
finite  region,  then  a  either  increases  without  limit  at  infinity  or 
else  has  a  constant  value. ^  From  the  physical  meaning  of  a 
(amplitude  of  the  associated  wave),  it  follows  that  the  former 
alternative  is  not  possible,  hence  a  must  be  a  constant.  Further, 
it  is  also  well  known  that  if  the  phase  ftmction  x/t  is  harmonic 
(equations  (25) )  then  |v</f  |  is  also  harmonic.  Hence  when  V*a*B0 
and  macromechanics  is  valid,  ±l/v  is  a  harmonic  function.  Now, 

by  (6)  _ 

1  _\/2m(E-V)^  ^28^ 

V  E 


where  the  potential-energy  ftmction  V  is  harmonic  outside  of 
matter.  We  investigate  now  the  following  problem:  If  K  is  har¬ 
monic,  what  is  the  condition  that  1/v  be  also  harmonic? 

The  problem  reduces  to  the  following:  if  w*  is  harmonic,  what 
is  the  condition  that  w  be  itself  harmonic?  The  question  is  easily 
answered,  for  we  have 

V  (a/*)-2iyVa; 


and 


V*(a;*)  -2(Vw)*+2u;V»u/, 


but 


V*(tr*)-0, 


hence  the  condition  is 

Vw  -0,  V^-0  (29) 

usee  for  example  P.  Appell,'  "Trait4  de  m4canique  rationndle,**  Vol.  3, 
p.  95,  Paris,  1921. 
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and  therefore  ii;— const.*  It  follows  that  the  only  harmonic  function 
which  will  make  \/v  harmonic  and  keeps  macromechanics  valid  is 
l/t«const.  Now,  by  (28),  1/v  —  const.  means  V  —  const.  or  V«>0. 
Hence  free  motion  and  motion  in  a  constant  potential  field  can 
be  fotmd  by  macromechanical  methods.  The  corresponding  optical 
case  is  that  the  light-ray  can  be  determined  by  geometrical  optics 
so  long  as  the  medium  is  continuous  and  homogeneous,  no  matter 
what  the  wave  length.  If  the  potential  field  is  nearly  constant,  or 
the  medium  almost  homogeneous,  we  may  still  be  able  to  deter¬ 
mine  the  orbit  approximately  by  macromechanical  methods.  The 
criterion  proposed  for  the  validity  of  such  approximations  is  that 
V*a  should  almost  vanish. 

We  now  go  over  to  the  discussion  of  condition  (6),  equation 
(23).  Since  the  energy  E  of  the  mechanical  systenl  is  finite,  it 
follows  from  the  fimdamental  relation  E^^hv  that  for  v—  <» ,  h 
must  vanish.  We  have  thus  the  well-known  concliision,  common 
to  all  forms  of  the  quantum  theory,  but  first  stated  in  Bohr’s 
principle  of  correspondence,  that  classical  Newtonian  mechanics  is 
the  limiting  case  of  quantum  mechanics  for  the  limit  /i*0.  We 
also  have  here  the  result,  first  established  by  Sommerfeld  and 
Runge,  following  a  suggestion  of  Debye,^*  that  wave  optics  goes 
over  into  geometrical  optics  for  the  limit  of  infinite  frequency. 
Macromechanics  is  thus  the  micromechanics  of  infinite  frequency 
waves.  For  k^O,  v  finite,  there  are  two  cases  in  which  macro¬ 
mechanics  is  applicable,  according  to  condition  (a)  already  dis¬ 
cussed. 

A  few  remarks  should  find  a  place  here.  If,  as  Schrodinger  feels, 
the  constant  k  is  to  be  identified  with  ITanck’s  "k,”  i.e.,  a  uni¬ 
versal  constant,  which  certainly  is  a  most  plausible  assumption, 
then  the  frequency  of  the  associated  wave  is  always  finite  and 
Schrodinger’s  remark,  that  the  wave  length  of  the  wave  associated 
with  the  electron  is  of  the  order  of  magnitude  of  the  atomic  diam¬ 
eter  itself,  throws  an  extremely  clear  light  on  the  reasons  for  the 
breakdown  of  macromechanical  laws  when  applied  to  the  atom, 
for  then  it  cannot  in  general  be  expected  that  the  micromechanical 
ray  will  coincide  with  the  macromechanical  orbit.  It  is  noted  at 

*  I  am  indebted  for  the  proof  and  for  valuable  criticisms  to  Prof.  Norbert 
Wiener. 

u  Annalen  der  Physik,  Bd.  35,  p.  277,  1911;  particularly  pp.  290-291. 
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once  from  (21)  that  v—  with  V*a^0  does  not  lead  to  the 
macromechanical  eqtiations  of  motion  of  a  free  particle  (26).  nor 
to  the  equations  (27),  but  to  different  equations,  since  now 
7f(x,y,s)  is  no  longer  determined  from  the  relation  V*a»0.  In  other 
words  the  functions  5  or  need  not  satisfy  the  relation 
V*S— 0  or  0.  This  is  of  no  consequence  since  even  then  our 
necessary  and  sufficient  condition  above  for  the  validity  of  macro¬ 
mechanics  is  still  satisfied. 

De  Broglie^*  has  suggested  that  the  condition  for  the  approxi¬ 
mate  validity  of  macromechanics  is 

V*<^<<(7<^)*.  (30) 

Since  is  a  complex  function,  the  above  condition  as  written  by 
De  Broglie  has  not  a  definite  meaning.  If  it  is  interpreted,  as  he 
does,  in  the  sense  that  the  second  term  in  (11)  is  to  be  dropped, 
then  (11)  becomes 

(31) 


but  since  v  is  a  real  ftmction,  (29)  means  that 

(Vr;)*-  0  IVt^I-O 


(32) 


but  from  the  geometrical  meaning  of  the  gradient  it  is  obvious 
that  solutions  satisfying  the  second  of  (32)  are  tj  — 0  or  17 ■•const. 
Hence  De  Broglie’s  statement  "si  v  est  r^l,  <f>  Test  4galement’’  is 
not  necessarily  true.  If,  however,  we  place,  as  he  does, 
then  the  condition  (22)  for  the  validity  of  macromechanics  is 
always  satisfiec^,  no  matter  whether  <  <  (V<^)*  or  not.  Hence 
De  Broglie’s  relation  (28)  is  not  a  true  criterion  of  the  validity  of 
macromechanics. 

This  can  easily  be  shown  as  follows.  If  we  place  in  (11), 
(De  Broglie’s  equation  (8),  loc.  cit.)  it  becomes 

-4w*(vft*+2irtV*f+  -^^-0. 

Loc.  dt.,  footnote  1,  pp.  322-323. 
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but  since  v  is  real  and  ^  is  also  real,  this  is 


V(0*-^  or 

IT 

ir 

or  (VS)*-2(£:-V) 

V*f  —0  or 

o 

i 

or  V*S  —0 

which  are  precisely  the  equations  of  macromechanics  (26). 

For  circular  orbits,  it  is  permissible  to  write  an  empirical 
condition. 


tf^d0~nh, 
J  Be 


(33) 


i.e.,  an  azimuthal  quantum  condition  in  Bohr-Sommerfeld’s  sense. 
This  alone  explains  why  it  was  found  possible  to  derive  Balmer’s 
formula  by  macromechanical  methods  supplemented  by  a  quantum 
condition  (33).  On  the  other  hand  a  radial  quantum  condition  is 
in  general  impossible  and  meaningless,  because  micromechanics 
allows  no  ray  which  corresponds  to  an  elliptic  orbit  in  macro- 
mechanics.  The  success  of  Sommerfeld’s  extension  of  Bohr’s 
original  theory  is  accounted  for  by  the  fact  that  only  the  main 
quantum  number  enters  into  the  energy  expressions,  i.e.,  the 
azimuthal  quantum  numl:«r  of  the  circular  orbit  whose  diameter 
is  the  major  axis.  On  the  other  hand,  as  pointed  out  before,  we 
should  not  expect  the  theory  of  fine  structure,  where  the  radial 
quantum  condition  and  elliptic  orbits  play  a  predominant  rdle,  to 
be  amenable  to  macromechanical  methods. 

In  a  recent  paper  Wentzel“  has  generalized  the  quantum  con¬ 
ditions  and  finds  that  the  validity  of  Balmer’s  formula  in  micro¬ 
mechanics  depends  on  a  radial  quantum  condition  which  he  obtains 
from  his  generalized  quantum  condition.  To  examine  Wentzel’s 
results  in  the  light  of  the  ideas  developed  in  this  paper,  we  must 
first  find  the  relation  between  Wentzel’s  variable  y  and  our  vari¬ 
able  <f>.  Restricting  ourselves  as  he  does  to  a  single  coordinate  x, 
we  have,  comparing  Wentzel’s  equation  (3)  (loc.  cit.)  with  our 
equation  (9) 

exp  ydx-\-2irii^  “  exp  ^2ir»<^-)-2irt*^j  (34) 

^G.  Wentzel,  ZmIs.  fiir  Phys.,  Bd.  38,  p.  518,  1926. 
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where  <*A/2in.  Hence  we  have  the  relation 
h  d<f> 


(35) 


Wentzel’s  result  (eqtiation  (11),  loc.  cit.,  p.  520)  can  be  written 


I 


—  fd<^’"nh, 

dx  Jo  ^ 


(36) 


which  is  the  well-known  condition  that  our  function  u  be  well 
defined  everywhere  in  space.**  This  condition  reduces  to  Ein¬ 
stein’s  condition 


L 


dS"*nh 


(37) 


when  and  17  =  0.  Therefore  (36)  reduces  to  (37)  giving  the 
ordinary  quantum  conditions.  Wentzel’s  recursion  formula  (8) 
(p.  519)  seems  to  be  open  to  objection,  for  it  is  readily  seen  by 
substituting  in  his  Riccati  equation  (4),  that  all  the  y’s  vanish 
except  yo  and  yi,  and  therefore  none  but  the  poles  of  yo  and  yi 


contribute  anything  to  the  integral 


i 


ydx. 


Since  the  power  series 


expansion  (7)  has  only  two  non-zero  terms,  y  need  not  be  a'  solu¬ 
tion  of  Riccati’s  equation  and  Wentzel  has  merely  recalculated 
Sommerfeld’s  radial  action  integral. 

A.  Einstein,  Berichte  d.  deuts.  phys.  Ges.,  p.  82,  1917. 


* 

# 
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CONTACT  TRANSFORMATIONS  IN 
INTRINSIC  GEOMETRY 
By  S.  D.  Zbldin 

Introduction.  The  extension  of  the  theory  of  transformation 
groups  of  the  plane  to  intrinsic  geometry  has  been  developed  by 
G.  Pick  in  a  paper  published  in  1906.*  In  that  paper  the  author 
introduces  the  idea  of  the  arc  element  of  the  group  and  of  the 
covariant  coordinates.  By  the  arc  element  is  meant  the  lowest 
invariant  differential  of  the  group.  The  covariant  codrdinates  are 
defined  as  follows:  Let  x,  y  represent  the  coordinates  of  a  point 
on  a  given  curve,  and  let  X,  Y  he  the  coordinates  of  an  arbitrary 
point  in  the  plane.  Then,  assuming  that  the  r-parameter  group 
is  transitive  for  the  elements  of  order  r— 2,  two  functions  of 
X,  Y,  X,  y,  y\  y'\  •  •  •  ,  can  be  found  which  determine  the 
position  of  the  point  {X,  Y)  and  are  invariant  under  those  infini¬ 
tesimal  transformations  of  the  group  which  transform  a  line  ele¬ 
ment  of  order  r— 2  on  the  curve  («,  y,  y',  •  •  •  ,  y''"**)  into  a  neigh¬ 
boring  element  of  the  same  curve.  These  two  functions  are  called 
the  covariant  coordinates  of  the  point  {X,  Y).  It  follows  then  that 
the  derivatives  of  the  covariant  coordinates  with  respect  to  the 
element  of  arc  can  be  expressed  as  functions  of  the  covariant 
coordinates  and  of  the  lowest  differential  invariant  alone.  The 
resulting  differential  equations  are  called  Identity  Conditions. 

E.  Nohel  has  applied  this  theory  to  several  groups  of  point 
transformations  of  the  plane,'  and  A.  Kawaguchi  has  obtained 
analogous  results  for  the  inversion  group.* 

It  is  the  purpose  of  this  paper  to  apply  Pick’s  theory  to  contact 
transformations  of  the  plane. 

Method.  Let  UJ,  Uxf,  *  •  •  ,  U,f  be  the  infinitesimal  trans¬ 
formations  of  a  given  contact  group  C,,  where 

UJ^^i  (*,  y,  yO  ^  y>  f)  y,  /) 

ox  ay  dy 

IG.  Pick,  Naturliche  Geometrie  ebener  Transformatioiugruppen,  Wiener 
Sitzungsber.,  Bd.  115,  Ila  (1906),  p.  139. 

SB.  Nohel,  Zur  Naturlichen  Geometrie  ebener  Transformationagruppen, 
Wien.  Sitzungsber.,  Bd.  123,  Ila  (1914),  p.  2085. 

s  A.  Kawaguchi,  Beitr&ge  zur  Natdrlichen  Geometrie  in  der  Inverskmaebene, 
T6hoku  Science  Reports,  Ser.  I,  v.  XV,  No.  2,  p.  193. 
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then  considering  the  variables  x,  y,  y'  of  the  contact  group  of  the 
plane  as  variables  of  point  transformations  in  space  of  3  dimen¬ 
sions,  the  system  of  eqtiations 

(/r-1.2.....r),  (I) 

ax  dq> 

where  is  the  extended  infinitesimal  transformation,  deter¬ 

mines  the  essential  dijfferential  parameter 

_ 1 _ ^ _ 

f^ix>y,y\  •  •  • .  dx  K{x,y,y,  •  • 


and 


d(r  -■  Kdx 


represents  the  element  of  arc.*  The  lowest  differential  invariant  of 
the  group  is  determined  by  the  complete  system  of  equations 

(ib-1.2,  (II) 

The  covariant  coordinates  are  determined  by  the  system  of  equa¬ 
tions 

E,(x,  Y,  n  ^+Fk(x,  n  h,{x,  k.  n  ^  -  o 

(*-1,2,  •••.f),  (III) 

where  £*,  F*,  //*  are  expressed  in  terms  of  X,  Y,  Y'  as  f*,  17*, 
are  expressed  in  terms  of  x,  y,  y' .  In  what  follows  we  shall  discuss 
the  groups  G%,  Gj  and  Gm  into  which  the  contact  transformations 
of  the  plane  can  be  classified  * 


The  Group  G* 

The  differentikl  parameter  and  element  of  arc.  The  six- 
parameter  group  consists  of  the  infinitesimal  transformations 

p,  q,  xq-}-q',  \x*q-i-xq',  xp-y^q', 

where 


Bf  Bf  , 

9“—.  Q  ' 
Bx  By 


B/  '  dx ' 


*  For  compahaon,  see  G.  Pick,  Loc.  dt. 

*Lie-Biigel,  Transformationsgruppen,  V.  II,  pp.  389-434. 
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If  the  citrve  is  in  the  parametric  form 

z-*(0.  yyit). 


da-  -  -  yx'")  -  3x"(x'y'  -  yx'yt, 


dr 


Letting  now 


we  obtain  the  following  equation: 

x'‘~x'ixY'-yx'")-3x"(xY-yx").  (5) 

where  the  Roman  nvunerals  indicate  differentiation  with  respect 
to  a.  This  equation  corresponds  to  the  equation 


in  ordinary  geometry. 

The  lowest  differential  invariant.  For  the  group  G$  equations 
(II)  can  be  written  as  follows: 

*9-1=9' -0,  (6) 

^  t//"/-i*»9-f*9'+9"“0. 

i/»"y-*p-2ifey*v*‘-o, 

1 

y'p-|-iy'»9-/'*9"-3/'y'"9'"-  (3/"*-|-4/'y^>)9'^’ 

-  5(2y'"y  -I-  -  0. 

This  system  reduces  to  the  two  equations 

3/"9'"-|-4y  -  0.  .  . 

3y'"g(4)  ^  «) «  0.  ^  ^ 


CONTACT  TRANSFORMATIONS  IN  INTRINSIC  GEOMETRY  227 


Introducing  the  new  variables 
we  obtain  the  equation 

“0.  (66) 

0^1  ©01 

The  integral  of  this  eqtiation,  which  is  the  lowest  dijfferential 
invariant  of  (7«  is 


y. 


If  the  curve  is  in  parametric  form,  having  <r  for  its  parameter,  the 
lowest  differential  invariant  can  be  written 


r_  Jo 
729  x" 


(8) 


The  covariant  coordinates.  Equations  (III)  can  be  written  as 
follows: 


dy  dY 

dy  dY  dy'  dY' 

ix>^+iX*^+x%-hX^^+  -%~0. 
dy  dY  dy'  dY'  dy" 


(9) 


dx  dX  dy'  dY'  2'  dy 

^  dx^  dX^^^  dy^^  dY  ^  dy'" 

-(3y''*+4/y^')^,-0. 
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IntTxxlucing  successively  the  following  sets  of  new  variables; 

1.  Cl-—,  ci-ac/,  Ci-*F',  c*-**’V*"*’(*“4, 5, 6), 

X 

6-y-y, 

2.  <^i-ci(l-ci),  <^*-c*+i(l-Ci)*"'(*-3,  4,  5), 

3.  i/»i— 

4.  yi- 1^1 +1^1.  y*“2i/»,-<^i. 

system  (9)  reduces  to  the  equation 

(yi-yO* ^  +3«^4(yi-yi)  ^  -f (4<^».  (yi-yi)-3<^«»] ^ -0, 

dy,  a<^4  d<Pt 

(9a) 

whose  solutions  expressed  in  the  old  variables  give  the  following 
covariant  coordinates: 

U~2{Y-y)-{X-x)^rJry’), 

y_W-Y'-y'\x-X)Y 

y  '  (10) 

I  ^y'"^'^{x-X) 
y>-Y'-y'(x-X)  ' 


The  covariant  codrdinates  in  the  parametric  form  are  • 

t/-  2(  K-y)  -  y'x'±y\ 


where 


M* 

X- 

3x”  3x'(x-X) 
y  M  ' 


M  -  x'*(y'  -  x'  KO  -  (y'‘«'  -  x'V')  (*  -  A-). 


(11) 


0 

0 
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(12) 

t'  • ' 

The  Group  Gr 

The  differentiel  panuneter  and  element  of  arc.  The  contact 
group  of  order  seven  consists  of  the  transformations  • 

p,  q,  xq-hq'.  ^x^q+xq',  xp-y'q',  yp+^'^q,  xp-\-2yq+y'y. 

System  (I)  consists  here  of  the  equations 

p— 0,  9*0,  xq+q'^0, 

h^q+xq'+q'' - 0.  xp- %  “0,  (13) 

1  dqt' 

-  5(2y"y  '’)9‘'’  -  y”<f>'  —,~0, 

*p+2>^+y9'-  2(ife-2)y*v*’-<^'  -X,  -0. 

S  dtp 

This  system  reduces  to  the  equations 

s*y*V*’+<^'  i/  .0, 

3  dq>' 

3y'V^’+10y‘V'’-0,  •  (14) 

Z(*-2)>‘*V"+f  #,  - 

3  d9' 


Finally,  the  identity  conditions  are: 

d<r 


dV_ 

d<r 


-VW, 


d<T  3  3V‘^ 


] 


I 

f 

I 

I 


I 


,!i 


0. 
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Introducing  successively  the  two  sets  of  new  variables: 

1 

y^’ 

2.  /3,-a.a,*. 

at 

system  (14)  reduces  to  the  single  equation 

(6/8,- 10^, ^  +3/8,  J^-0.  (15) 

op,  o/B, 


The  integral  of  this  equation,  expressed  in  terms  of  the  old  vari¬ 
ables  gives  the  differential  parameter 


_  y"dift 


(16) 


and  the  element  of  arc  is 

y/f 


(17)  . 


The  lowest  differential  invariant.  Here  Equations  (II)  can  be 
written  as  follows: 

(18) 

1 

yp+  §y'*9-y  V'-3y'y 'V"-  (3/"*+4y'y^’)<7‘<> 

-  6(2y  "y  + y'y _  ( 1 0j,«»  + 1 (') + 6y'y  •’)9‘*’  -  0, 
*f>-f  2y«7+/y  -  2(ik  -  2)y*V**  -  0. 

3 

Introducing  successively 

y">*  y">%  yff't 

“‘"yiw'  ®*"yi»8* 

2.  /8.-^‘.  /8..^. 

a,  a, 
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equations  (18)  reduce  to  the  equation 

(6/8, -10/8, *^^+(9)5, -0.  (19) 
3pi  ofit 

The  solution  of  this  equation  is 


7  _9/8.‘^-45/8,‘^+40 
9(6/8,*'*- 10)’^ 


(20) 


Therefore,  the  lowest  diferential  invariant  of  Gi  can  be  written: 


7_n  7  _9y"V'’-5y‘^’(9y"y'’-8y^**) 
(6/V'’  -  10y‘^’*l*'* 


(21) 


The  covariant  coordinates.  System  (III)  consists  of  the  equa¬ 
tions 

tL  +  ^.o.  V+V.o, 

a*  dX  dy  dY 


dy  dY  dy'  dY' 
dy  dY  dy'  dY'  dy" 

^l+xK-y^L-Y'^.^Zky^^^^f-O, 
dx  dy'  dY'  2  ay*> 


dx 


(22) 


4-  Y'^  K'*  -  y"*  -£L -zy'^'^L 

dx  dX  dy  dY  dy"  dy'" 

-(3y"*-|-4yV>)  -5(2/V^’-l=/y'^-^  -0, 

ay«  dy'" 


dY  ^dy'  ar  ay 


a*  aA^ 


ay 


,(« 


■  0. 
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Introducing  successively  the  following  sets  of  variables: 

1.  ci~—,ct~xy\  c*-z*-*y*-*’  (ik-4.  5.  6,  7), 

X 

b~Y-y, 


2.  —cO*** 

(*-3,  4,  5,  6). 

4.  yi~2if/i-<f>t, 


5. 

yi 


)8* 


(ife-2,  3,4), 


<^*+a 

system  (22)  reduces  to  the  equation 

^  3)8,  )8,  3)8, 


+  ^,  (4A>/3.-4/3./8,'ft-3/SA’)r|^  (23) 

)0i)0*  ‘'fj* 

H-q  (^*^1^4  —  —  ■*  0. 

PlPtP»  VP4 

The  integrals  of  this  equation  give  us  the  following  three  covariant 
co&rdinates  for  G,: 


Pi 


y"T, 


2/3 


(PiV^’4-30y'"*).  (24) 

Pi* 

T,/_  P.  W'’+5P,W"(2Pi*y‘^’+30y"*). 

.  p,“ 

where 

Pi-r-y-y'(x-x). 

Pf-2(K-y)+(r+y)(x-:^0. 

0-2(K-y)+2/(x-A)-y'(*-^*. 
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The  Group  Gio 

The  differeutkl  parameter  and  element  of  arc.  The  contact 
group  of  order  ten  consists  of  the  following  infinitesimal  trans¬ 
formations: 

P>  9.  xq+q',  \3^q-j-xq',  xp-y'q\ 
yp+h''q,  xp+2yq+y'q\  {y-xy)p-\xy''q, 

Wp-¥xyq-\-yq\  (xy 

To  determine  the  differential  parameter  we  have  the  system  of 
equations 

p*0,  9*0,  *9-1-9' *0,  i**9+*9'-|-9''“0, 

xp  -  2ifey<*'9‘*’  -  -  0,  (25) 

I  dqt' 

yp+h''q-y"'g"+  2  —  -0. 

3  d<ft' 

*p-f-2y9-f  y'9'-|- 2  W*’ -  -  0. 

3  39' 

(y-*y0f>-i*y'*9-W+2W’ 

2  d<p 

i**p-|-*y9-|-y9'-|-  28y,‘*’9‘*’  *  0, 

3  09 

(*y- J**y')p-|-(y*-  ix*y*)9+(yy'-iW 

3  d<f> 

hf~  #(«*>). 

dx  dx 

8*«*y',  8*7«*,  8ac,«y— *y',  8*»*J**, 

8*io**y— §**y,  Sy/'— — y"*,  Sy;"  — 0, 

V.- hio'~yy'-hxy\ 


where 
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Introducing  successively  the  following  sets  of  new  variables: 


1.  a*. 


2.  /8*- 


^,^3  2 . 5).  a,- 


Oi 


*+i 


(^-1.2.  3.  4). 

a*+i  at* 


„  25 _ ^  70  49  10 

A-'"’  A''* 

6  ^  133 


84 


4.  8i-14yi-y,,  8,- -(14yi+ya), 
system  (25)  reduces  to  the  single  equation 

5/  3/ 


(700-48.)  j^+3A5^^-0. 


(26) 


The  integral  of  this  equation,  expressed  in  terms  of  the  old  vari¬ 
ables,  gives  the  differential  parameters 


and  the  element  of  arc 


where 


V/*dx’ 


L}'* 

d<T~—dx. 


(27) 


(28) 


L-  175y^’*-280y"y^‘*y‘'^+70y">‘^’y*’+49y'"*y<'’*-  10y'"y<^\ 

t 

The  lowest  differential  invariant  The  complete  system  (II) 
for  Gio  can  be  written  as  follows: 

t/iW/-p-0, 

tZ4‘*y-i:r*9+*?'+«Z^'-0. 
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1 

V'+ 28y;*v*’  -0.  (29) 

s 

Ui^^f  -  *p+2)^+>' Y+  ”  0, 

3 

28W‘V*’  “0. 

3 

w'+ 2V*v*’ » 0. 

3 

t/.o‘'y-  {xy  -  \x'y')p-\-  (y  -  (yy'  -  ixy'*)«7'+  2Sy,„<*V*’ 

3 

-0, 

where  the  8y/‘^’s  are  determined  as  above.  The  solution  of  this 
system,  which  is  also  the  lowest  differential  invariant  of  the  group 
(7io,  can  be  written 


5Ar+5572(10M,+49)-264(10M,+49)» 

(lOA/,+49)*'* 

where 

Ar-3(84M,+5A/4V-4(28Af,*+5Af,)(10M,+49), 

A/, “-^,(*  =  2.  3.  4.5). 

L,-r 


(30) 


Li~5ki*-3kt,  Lt~-40ki*+45k4kt-9kt, 
L,:^35ki*-105k^^kt+63kikt-9k7, 

Lt  -  840ife«‘  -  -  2Skt, 

L,  -  -  5775ife«‘+ 1 1025/t/ib,-  630fe«*jb,  -  mbk^k^- 1 134ik«*ife7 
+  1134Ar4Jktib,+324ife4iki-27ife,. 

y*  * 

•  ■ 

*  For  comparison,  see  G.  Noth,  Ehflerential-Invarianten  und  Differential 
gleichuncen  Zweier  2^hnEliedriEer  Gruppen,  Leipziger  Ber.,  v.  56  (1904), 
p.  19. 


236 


ZELDIN 


The  coyariant  coordinates.  The  system  of  equations  (III) 
which  determines  the  covariant  codrdinates  can  be  written  for 
the  group  Gw  as  follows: 


!/  +  ?/. 0,  V+V-o, 

)x  »X  »y  BY 

-0, 

By  BY  By'  BY' 

By  BY  By  BY'  By' 


U+x^l-y^-Y’^  -zky‘’JJ.o. 

Qjf  av  a,.'  av'  «  a„(*) 


dX 


By' 


dV 


By 


(31) 


a«.  av  a..  *  av  a^/'  ,  ■'  a..(*) 


+2y^+2Y^  +K'-^  +28^7“'-^  -0. 

dx  dX  dy  dY  By'  BY'  z  3^*' 


iy-xy') 


+(Y-xY')^-ixy'^ -iXY'^^-iy'^^ 


Bx 


BX 

-\Y''^  +28y,<«^  «0. 

BY'  2 


By 


BY 


By' 


ix*^  +  iX'^-hxy  ^+XY^  +  y  Y' 28y,<*> 

*  a^  *  a  V  a,.  a  v  a^.'  a  v'  «  . 


>B/  ,  Bf 


Bf^Bf^^yBf 


Bx 


BX 


By 


BY  By' 


BY' 


Bf 

ay*^ 


{xy-\^y')^{-^XY-\X^Y')  ^  +(>*-  Wy'^  ^ 

Bx  ,  BX  By 

+(r>- +(V'r-}xy'^ 

o  Y  dy  0  Y 


2  3y'  ' 


where,  again,  the  8yy^*’’s  are  defined  as  above.  Introducing  suc¬ 
cessively  the  following  sets  of  new  variables: 


% 


t 

0 
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1.  c^xy',  c-xV',  (*-4.5.  •••.10). 

6-K-y. 

2.  <^i— c*(l— Cl),  — c»(l~Ci),  <^**"C»+i(l— Cl)***  (*“3.  4.  •  •  • ,  9), 

3.  1^1  — 6+<^i.  V»*  — 


^1 

l/»i 

(*-2.  3. ---.O), 

6.  <r,-2±i, 

(*-3.4,  •••,7), 

y> 

y« 

r» 

6.  8i  — o’lVo'i.  (<ri+4)*,  8|  — <ri(cr4+10<ra+20), 

8«- <ri*^(o-»4- 18<r  4+90or,+ 120), 

8»  -  (ri*(<r  4-f  28<r  4-f- 252<r  4+8400-, +840) , 
8,-(ri»^(o-7+40o-,+560o-,+3360o-4+8400o-,+6720), 

7.  Xi— 48i*^+8,*^,  Xi— 58,-48,. 

X,-484+158,»^-188,''^8,+io8,‘^». 

\.-28.-148,''«S.  +  |SA-^8.’. 

X.-  8.-  io8,''»8.+358,8.+(428,''>-  1558,>»)8, 

2 

105  o  5/2  105  o  3/2 


„  .  X,*  ,  X,+10Xj  ^  X4-49X,+980 

8.  »i“T 7:7.  *»* r-; — .  **“ - rz - . 

X,— 40  Xj*  Xj* 

_X,+42X,  21(X,-40) 

'•  vT  2X.-  • 

system  (31)  reduces  to  the  equation 

(«,.+, 0,fl^-(9,.+  f-|)|-(l2,.+  ^)l 

dix  '  2li  2'  d/j  '  4li^  dig 

Ji +?L)£.o. 

V  2  16(,>  SI,/  S(. 
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The  three  integrals  of  this  equation,  expressed  in  terms  of  the 
old  variables,  give  the  following  covariant  coordinates  for  Gvt’. 

“9(240y'"*P(A’-x)»+160y'"*0*+80P0r/"-»-P*Lj’'* 

_ P*(PRl+QSt) _ 

10l240y'"*P(X-xY-hl60y'"^+80y'"PQT+I^LP  (33) 

^  _  P»(P«/g,+ P»/?«+ PQRi+P^^R,-h  PRj-hQR,) 
~240l240y"'*P(X-xY+160y'"^+80y'"PQT+P*LY^ 

where 

P^2(y-y)-(y'-h/)(x-x), 

Q~y"(X-xY+2y'(X-x)-2(y-y), 

T^4y'"-y^*\X-x), 

L~40r-24y"'ly^"^(X-xY-10y^^\X-x)+2y'"l 

/?  -  4(x  -  A0*(9/' V*’  -  45>'"y  + 40y' 

-24y'"(x-X)*(3y"y‘^-5y^^^^-t-l20y'"'/^\x-X)+160y'"\ 
S^120y"y^^’(x-X)*+4y"y^\x-X)(35y'"-l8)-h230y'"*, 
M^120y'"*y^*\x-X)+480y"'* 

Si  -  \40y"''\y^\X-xY-W‘\X-x)'->rWiy^*\X-x)  -  \2Qy'"] 

Ri  -  2(x-^<(103^"  V'’-49y"  V'’*+2800y"y^  V'’-  175y^>^) 
+5y'"*(x-^*(l  12/'y*’+343y^y'>) 
+30y'"*(*-^)*(211/'y'’+42(>y‘^’*) 

+ 29700y"  V^’(*  -X)-\- 29700y'"«, 

/?,-  (x-^‘(1203i"'y'’-  1040y'"y^y'’-40320y"V'y*’ 

+  180656/'V^V"’*-379820y"y^V'’+  190925y^^’*l 

+ y"'{x  -  X)*l640y'"*/^^  -  378840y'"  V^y  -3l36y'"'y^^^ 

-  4557840y"  V'’ + 20300y‘^>^I 

-  y'^'ix  -  ^•[639960>'"  V"’ + 6738480y">^^ 

-43317800y'^'’j 
1751680>'"y'’+ ni678000y<^>*) 

-  90585600J'"  -  7519840()y'"‘. 
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~y''*(*-X)M4480/'V*’+22400()y''y^y'’+280()0(b'‘^’’l 

-y"»(*-^(44800y'y^+279050(b'‘^'*) 

-8959100y'V^\*-^  -8960000y'"», 

Ri  -  -/"•(*- J0»[36288(b''"*y*’  -  Hsesecb^'V 

+1141876y^^J 

-/"«(*-^»(528736/'y -  86310(^‘^’*] 

-  l«3520y'"‘(*-X)», 

R^~  -y"«(*-X)»[322560y"y'’-398300y‘^’*] 
-39200y'"y^’(*-A)«-78400y'"»(*-;O*, 

/?,-  -806400y"'®/»P(*-;iO®/2, 

Ri~ -W720Oy’"*T{x-X)\ 

/?,-  -322560()y'"K*--Y)*. 


CONVERGENT  INTERPOLATION  COEFFICIENTS 
WITH  CONVERGENT  SUM 
By  Gborck  Rutledge 


1.  Introduction.  The  n*  functions  of  n, 


A 

20^"’ 


(1) 


where  is  the  cofactor  of  in  the  determinant 


1  2*  •  «* 
1  2*  -  ft* 


1  2^"-  •  •  n*" 


(2) 


are  essentially  involved  in  certain  important  interpolation  coeffi¬ 
cients.*  The  object  of  this  paper  is  to  exhibit  not  only  the  con¬ 
vergence  of  the  numbers  (1)  individually  but  also  the  convergence 
of  their  sum,  as  n  becomes  infinite. 

It  will  be  shown  that,  with  fixed  i,  or  fixed  the  partial  sums 
are  as  here  indicated: 


9iiii 

+  9i3ii 

+9i3i.  +  •  " 

ir* 

iT 

+92111 

+92211 

+  9231.  +  •  •  • 

2ir* 

51 

(3) 

+93111 

+  98211 

+983*  +  •  •  • 

Sir* 

71 

. 

sinh  TT 

sinh  ir 

sinh  rr 

7r(l*+l)  ir(2*-)-l)  w(3*+l) 


1  Rutledge,  Transactions  of  the  American  Mathematical  Society,  Vol.  26 
(1924),  pp.  113-123. 
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Then,  adding  the  sums  obtained  from  columns  of  (3), 

smbn*  1  _sinhir  ircothTr— 1  ' 

2  ’ 

as  may  be  shown  by  expanding  p*  in  a  Fourier  Series  on  the  interval 
(-IT,  +ir). 


Also,  adding  the  sums  obtained  from  rows  of  (3), 
*ir*'  sinh  IT  Trcothrr— 1 


(5) 


t:-(2i+l)!  TT  2 

as  may  be  derived  from  the  expansion  of  the  integral  fimction 
sinh  X  xcothx— 1 


X*  2x* 

-  +  — + 
3!  5! 


(6) 


The  numerical  value  of  the  limit  of  the  sum  of  the  numbers 

go-  is 


j^_^  coth»-l  .3  55793+ 
TT  2 


(V 


Forn«7,  the  sum  of  the  49  numbers  is  1.90154 ■*■,  and  for  n—8,  • 
the  sum  of  the  64  numbers  is  2.00445‘*'.  A  table  of  these  numbers, 
is  in  preparation. 

The  partial  sums  exhibited  in  (3)  will  be  derived  in  the  sections 
to  follow. 


2.  Determination  of  the  numbers  .  The  polynomial 


I  ■■ 


A  (") 

-  O  **4-  Hfi—  X*  + 
2D‘"’  2D‘"' 


.Aj;^  a. 

2D‘-’ 


(8) 


vanishes  for  x*— 0,  1*.  2*,  •  •  • ,  0  — 1)*»  (/+!)*»  '  ’ '  •  ”*f  foi* 
x*-*y*  is  equal  to  one-half.  ^ 

Likewise  the  polynomial 


x>(x*-l^(x^-V)  >  •  •  (x»-;^(x»-;^  •  •  •  (x»-»i«) 

2;V-i‘)0’-2‘)  •  •  •  0’-/-i")0’-y+i0  •  •  •  (;■*-«*) 


vanishes  for  x*— 0,  1*.  2*,  •  ••  ,  0  —  1)*.  0+1)*  * '  ’ .  ***•  ^<1  lor 
X*— y*  is  equal  to  one-half. 


242 


RUTLBDGB 


Since  the  polynomiab  (8)  and  (9)  are  each  of  degree  2n,  and  the 
number  of  values  of  x  for  which  they  agree  in  value  is  2n+l, 
these  polynomials  are  identical. 

We  have  therefore 

^“2;’(;’-l*)0’-2*)  •  •  •  (;'*-;^")0’-/+P)  •  •  *  O’’-")’ 

{n+Mn-jV 


U) 


(10) 


if) 

where  2  fiVj*  •  •  •  f*»-<  represents  the  sum  of  products  of  squares 
of  the  first  n  integers  excepting  j,  taken  n—i  at  a  time.  These  pro¬ 


ducts  are 


in  number.  With  a  similar  notation  for  the  sum 


of  products  of  squared  reciprocals  of  the  first  n  integers  excepting  j 
we  may  write  an  expression  equivalent  to  (10)  and  more  useftil 
for  our  present  purpK)se,  as  follows: 


/2«  \ 

2/?*"’  pn\ 


(11) 


3.  Sum  of  squv'cd  reciprocals  of  integers.  It  is  obvious  and 
wefl-known  that  the  product 

“^*-(>+i:)(‘+?)(-^5)  ••• 


may  be  regarded  as  a  convergent  double  series  of  positive  terms, 


4=7 


**+ 


(18) 
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from  which  by  comparison  with 


sinh  ir***  _j_  _l  •***  _i_ 


we  obtain  the  known  results, 


6i’>'  3!  iS'W  »'  SnW  7!’ 

In  the  same  manner  we  may  obtain  the  limits  of  the  sums 
appearing  in  (11).  We  regard  the  expansion 

^  (,+  . .  ,(,6) 

WX  V  V  0-1)*''  0+1)*' 

;■* 

as  a  convergent  double  series  of  positive  terms, 

(i)  -  ^  t  <-^1 

from  which  by  comparison  with 

•0+f+f+'Tf+-) 

+  (18, 

V5!  j*3l 

V?!  f5\  i*Z\  ft 


+  *  *  • . 
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we  obtain 


V—  — -i 

j-' 

'  (19) 

tJrJr.V  5!  ;’3!  j* 

^  1  _  IT*  1  W*  I  'tT*  1 

t^nVr,**?!  ;-»5!‘^?3!  j*’ 

The  sums  (15)  and  (19)  are  the  limits  as  n  becomes  infinite  of  the 
corresponding  sums  for  n  finite.  We  shall  now  observe  that 
formulas  corresponding  to  (19)  hold  for  finite  n.  For  we  have 

^  r.*  r.*  ;■* 

1  1  _  1  1 
^  ^  ^  f? 

-V-L-iVi+i,  (20) 

^  fiV^*  y*  ^  ri*  j* 

U)  .  .  .  ,  (i)  , 

XT'  *  _  ^ 

^  ^  r,*r,*r,*  p  2^ 

^r,’r,W  j' r,' 


Formulas  (20)  enable  us  to  write 

/2«\  .. 

2Z>">  /  2«  \ 


1 

(2n\ 

1 , 

(-!)'+> 

1 

\n-j} 

f  2«  V 

1 

\  n  ) 

- 

l' 

_ 1 

r,W  •  • 

•  ^<-1  i* 

It  then  follows  that 


y  y 


:(1*+1)(2*+1)  •••(»»*+ 1)  V  _L 

jn  (2n)!  ;->+l 


/2«\ 

Vw  — // 

1 

.(,+i)(,+L)...(,+i)y w_L.  (23: 

V  l>/ V  2’/  V  n'f  I2ny+l 

Then,  since  the  quotient  of  binomial  coefficients  in  (23)  in¬ 
creases  with  unity  as  its  limit  as  n  becomes  infinite,  we  have 


Limy  y  Ml. 

«-•  2/^"’ 


Thus  we  obtain 


Lim  y  y 

■  -00 

i-1  i-1 

in  agreement  with  (3)  and  (7). 

Since  it  is  important  in  applying  the  coefficients  (1)  to  inter¬ 
polation  problems  to  know  whether  they  diminish  more  rapidly 
in  the  rows  of  (3)  or  in  the  columns,  we  now  effect  the  summation 
by  replacing  the  numbers  9^,  by  their  limits  and  then  summing 


TTCOth  TT— 1 
2  ' 
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these  limits  as  a  double  series,  first  by  columns,  and  then  by 
rows.  It  is  evident  from  (11)  that  qtjn  increases  with  n  to  a  limit 
as  n  becomes  infinite.  This  limit  is  obtained  by  replacing  the 
quotient  of  binomial  coefficients  by  unity,  and  the  sum  by  its  limit. 


5.  The  sum  by  columns.  The  limits  of  the  elements  in  the 
;th  column  of  (3)  are,  by  reference  to  (11)  and  (19), 


1 

i*' 

1 

/TT* 

iV 

\Jl~ 

■7) 

1, 

1-  TT* 

Is! 

’?3! 

(26) 


For  />  1,  we  may  obtain  the  sum  of  the  numbers  (26)  by  means 
of  the  absolutely  convergent  double  series, 

V  3!  6!  7!  / 

V  3!  6!  7!  /  i*  (27) 

V  3!  5!  7!  /  f 


The  sum  of  this  double  series  is 
sinh  v/  1 


nhff/1  _  J_  .  J_ _ \ 

ir  \j*  i*  ' 


sinh  ir  1 

IT  ;’+! 


(28) 


To  show  that  the  sum  (28)  is  still  valid  for  ;*1,  we  resort  to 
consideration  of  the  sum  of  the  elements  of  the  first  column  of 
(3),  as  obtained  in  (22)  and  (23),  for  n  finite.  This  sum  is 
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j_(^ 
....  (.») 


(29) 


Since  only  positive  quantities  are  involved,  the  limit  of  this  sum 
is  equal  to  the  desired  sum  of  limits,  which  is  therefore 

sinh  IT  1 
~1t  * 

The  summation  is  now  completed  as  indicated  in  (4). 


(30) 


6.  The  sum  by  rows.  If  we  sum  the  ntimbers  (26)  with 
respect  to  j  we  obtain 


go  % 

V— — - V— 

V— — -V— —  V— . 

^  ft  2^  f*  ai"*"  2^  f*  ’ 

jml  J  J.l  7  >»•  y-1  7 


(31) 


By  use  of  the  Bemoullian  numbers  we  may  write  these  sums  as 
follows: 


(32) 


'IT^  ' 

[  2B, 

1 

[l!2! 

/ 

~3\ 

1 

[  2B, 

_2^BA 

-  2»r‘ 

[3!  2! 

if  4!j 

”  5! 

'  2B, 

_  2*54  2‘B,  ) 

1 

.5!  2! 

3!4!  1!6!  J 

~  7\' 

The  summation  is  then  completed  as  iiulicated  in  (5).  The 
relations*  between  Bemoullian  numbers  here  used  may  be  written: 
■SaalschOtz,  Vorlesungen  uber  die  Bernotilli’schen  2^ahlen  (Berlin,  1803), 

p.  12. 
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*-*(; 

;)b,+2'(; 

i)B..o, 

(33) 

3-2(’ 

:)b..o. 

Though  these  relations  are  well-known  it  is  worthy  of  remark 
that  they  may  be  derived  from  obvious  relations  between  sums  of 
squared  reciprocals  of  integers. 

We  have,  both  for  n  finite  and  for  n  infinite, 


(34) 


(35) 


and  by  use  of  (15^,  for  n  infinite, 

■ii-csi)-"- 


(36) 
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Formtilas  (36),  being  rectirsion  formulas  for 


are  directly  convertible  into  the  recursion  formulas  (33)  for  Bt,  Bt, 
Bt,  •  •  • ,  by  means  of  the  definitions 


(37) 


In  concluding  we  note  the  relatively  rapid  convergence  of 
ir*  211*  3ir* 

as  compared  with 

+_L.  +  _JL  +  . .  . , 

1*+1  2*+l  3»+l 


and  the  consequent  advantage  of  formulas  for  interpolation  co¬ 
efficients  involving  numbers  from  the  array  (3)  in  columns.  Coeffi¬ 
cients  for  interpolation  without  differences  are  easily  computed 
because  of  this  advantage. 


